Forcing the IT-Uniformization Property

Stefan Hoffelner*

27.03.2023

Abstract

We generically construct a model in which the II}-uniformization
property is true, thus lowering the best known consistency strength
from the existence of M1# to just ZFC. The forcing construction can
be adapted to work over canonical inner models with Woodin cardinals,
which yields, for the first time, universes where the IT3, -uniformization
property holds, thus producing models which contradict the natural
PD-induced pattern.

1 Introduction

The question of finding nicely definable choice functions for a definable family
of sets is an old and well-studied subject in descriptive set theory. The
uniformization problem, first mentioned by N. Lusin in 1930 (see [14]), asks
to find choice functions which lie at the same projective level as the set
they aim to uniformize. Recall that for an A C 2¥ x 2¥ we say that f
is a uniformization (or a uniformizing function) of A if there is a function
f:29 =2 dom(f)=pri(A) and the graph of f is a subset of A.

Definition 1.1. We say that a pointclass I' has the uniformization property
iff every element of I' admits a uniformization in I.

It is a classical result due to M. Kondo that lightface IT}-sets do have
the uniformization property, this also yields the uniformization property for
Yi-sets. This is as much as ZFC can prove about uniformization. In the
constructible universe L, as shown by J. Addison in [2], ¥} does have the
uniformization property for n > 3, which follows from the existence of a
Mi-good wellorder of the reals, thus the II}-uniformization fails for n > 3.
On the other hand, by the celebrated results of Y. Moschovakis (see [19],
Theorem 1), Al -projective determinacy implies H%n y1-uniformization, yet
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the determinacy assumption exceeds in logical stength ZFC. It is known
due to H. W. Woodin (see [17],), that Al-projective determinacy implies
the existence of Ml# , hence yields an inner model with a Woodin cardinal.
As with other regularity properties of the reals like Lebesgue measurability
or Baire property, which both follow from PD as well, it is natural to ask
whether the ITi-uniformization property bears large cardinal strength as well.
We shall answer it negatively.

Theorem. There is a generic extension of L in which the H%-uniformz’zation
property s true.

The proof can be adapted such that it applies to canonical inner models
with Woodin cardinals. This can be used to obtain better lower bounds in
terms of consistency strength for the I} uniformization property for odd
n. For even n we can produce for the first time models where the I} uni-
formization property holds true.

Theorem. Let M, be the canonical inner model with n Woodin cardinals.
Then there is a generic extension of M, in which the H}HS uniformization
property holds true.

Questions concerning the forcability of (local) consequences of PD do
have a long tradition in set theory. There is a vast body of literature con-
cerning the forcability of local levels of the projective hierarchy satisfying
(Boolean combinations of) the Baire property, the perfect set property or
Lebesgue measurability. There has been very little progress in the past,
however, concerning similar questions for the separation, the reduction and
the uniformization property. Indeed, even the question of whether one can
force the E?l)—separation property, which is the weakest of said properties,
remained an open problem for 50 years (see [15], Problem 3029).

This article continues this line of research and provides a natural end-
point to the work which started with [10]. It is organized as follows: in
the preliminaries section, we briefly introduce the forcings which we will use
in the proof and produce a generic extension W of L which will be a well-
suited ground model for our needs. We then start to prove the theorems
from above. The main idea is to turn the problem of finding a partial order
P which forces the ITi-property into a fixed point problem. We shall define a
derivation operator which acts on a specific set of forcing iterations of length
w1. This operator will be applied transfinitely often, and will produce better
and better approximations to the set of forcings we actually want to use in
the end. The process is shown to converge in that eventually a fixed point
P, i.e. a suitable set of forcings is reached. Forcings which belong to this
fixed point P allow for a certain, seemingly self-referential definition of an
wi-length iteration which forces the H:I,,—uniformization property over W. We
then follow up, to alter the said process such that it becomes applicable to
the canonical inner models M,, with n Woodin cardinals.



There are some similarities to [10], in particular the two proofs rely on
a similar ground model W, which is a generic extension of L, and use a
similar coding method which relies on a suitably chosen wi-sequence of wi-
Suslin trees. However a more straightforward application of the ideas of [10]
will fail badly to produce a model of the Hé—uniformization property. As
a consequence, a solution has to necessarily introduce several new ideas in
order to succeed. The presentation of those is the goal of this paper.

2 Preliminaries

2.1 Notation

The notation we use will be mostly standard, we hope. We write P = (P, :
a < 7y) for a forcing iteration of length 4 with initial segments P,. The a-th
factor of the iteration will be denoted with P(«). Note here that we drop
the dot on P(«), even though P(«) is in fact a P,-name of a partial order.
If o/ < a < 7, then we write P, to denote the intermediate forcing of P
which happens in the interval [o/, a), i.e. Py is such that P = Py * Py,

We write ¥, (X), for X an arbitrary set, to denote the set of formulas
which are X, and use X as a parameter.

We write P IF ¢ whenever every condition in PP forces ¢, and make de-
liberate use of restricting partial orders below conditions, that is, if p € P is
such that p IF ¢, we let P’ := P<), := {g € P : ¢ < p} and use P’ instead
of P. This is supposed to reduce the notational load of some definitions and
arguments. We also sometimes write V[P] = ¢ to indicate that for every
P-generic filter G over V, V[G] = ¢, and use V[P] to denote the generic
extension of V' by P in case the particular choice of the generic filter does
not matter in the current context.

2.2 The forcings which are used

The forcings which we will use in the construction are all well-known. We
nevertheless briefly introduce them and their main properties.

Definition 2.1. (see [3]) For a stationary R C wy the club-shooting forcing
for R, denoted by Pr consists of conditions p which are countable functions
from a+1 < w1 to R which are increasing and continuous. Pg is ordered by
end-extension.

The club shooting forcing P is the paradigmatic example for an R-proper
forcing, where we say that P is R-proper if and only if for every condition
p € P, every 6 > 2IF (we will utilize the common jargon and say in that
situation that € is sufficiently large) and every countable M < H () such
that M Nw; € R and p,P € M, there is a ¢ < p which is (M, P)-generic; and



a condition g € P is said to be (M, P)-generic if ¢ IF “GN M is an M-generic
filter”, for G the canonical name for the generic filter. See also [§].

Lemma 2.2. Let R C w; be stationary, co-stationary. Then the club-
shooting forcing Pr generically adds a club through the stationary set R C w1.
Additionally Pr is R-proper, w-distributive and hence wy-preserving. More-
over R and all its stationary subsets remain stationary in the generic exten-
sion.

Once we decide to shoot a club through a stationary, co-stationary subset
of wy, this club will belong to all w;-preserving outer models. Using an
antichain R = (R, : « < wi) in the Boolean algebra P(w;)/NS,,, the
club shooting forcing thus becomes a tool of coding up arbitrary W;-sized
information relative to R. The following method is well-known and has been
used already several times (see e.g. [6]).

Lemma 2.3. Let (R, : a < wy) be a partition of wy into N1-many stationary
sets. Let r € 2% be arbitrary, and set

X = U{Rga : « such that r(a) = 1} U U{RQQH .« such that r(a) = 0}
and Y the complement of X which is
Y = U{R2a+1 : a such that r(a) = 1} U U{Rga . a such that r(a) = 0}.

Then forcing with Py will create a universe where the information r is coded
into (Rq @ o < wi) in the following way: in V[Py] it holds that Vo < wy :

r(a) =1 if and only if Ra., is nonstationary,

and
r(a) =0 iff Rz.q)41 s nonstationary.

Proof. Forcing with Py will join a club to Y, so every stationary subset
of X = w;\Y becomes nonstationary and as a consequence we get that if
r(a) = 1, then Ry, is nonstationary and that if r(a) = 0, then Royy1 is
nonstationary.

On the other hand, if Ry, is nonstationary then r(a) can not be 0, as
otherwise the stationarity of Ron, C Y would be preserved by the last Lemma.
The same line of reasoning also shows that if Ra,41 is nonstationary, then
r(a) can not be 1, which ends the proof.

O

The second forcing we use is the almost disjoint coding forcing due to R.
Jensen and R. Solovay. We will identify subsets of w with their characteristic
function and will use the word reals for elements of 2 and subsets of w
respectively. Let D = {d, « < N;} be a family of almost disjoint subsets



of w, i.e. a family such that if r,s € D then r N s is finite. Let X C & for
k < 2% be a set of ordinals. Then there is a ccc forcing, the almost disjoint
coding Ap(X) which adds a new real x which codes X relative to the family
D in the following way

o € X if and only if x N d,, is finite.

Definition 2.4. The almost disjoint coding Ap(X) relative to an almost
disjoint family D consists of conditions (r, R) € [w]<¥ x D<¥ and (s,S) <
(r, R) holds if and only if

I.rCsand RCS.
2. Ifae X and dy, € R then r Ndy = sNdgy.

We shall briefly discuss the L-definable, RI-sized almost disjoint family
of reals D we will use throughout this article. The family D is the canonical
almost disjoint family one obtains when recursively adding the < -least dg C
w such that dg is almost disjoint from all the previous d,, a < j.

The last two forcings we briefly discuss are Jech’s forcing for adding a
Suslin tree with countable conditions and, given a Suslin tree T, the as-
sociated forcing which adds a cofinal branch through 7. Recall that a set
theoretic tree (7, <) is a Suslin tree if it is a normal tree of height w; and has
no uncountable antichain. As a result, forcing with a Suslin tree S, where
conditions are just nodes in S, and which we always denote with S again,
is a ccc forcing of size N;. Jech’s forcing to generically add a Suslin tree is
defined as follows.

Definition 2.5. Let J be the forcing whose conditions are countable, nor-
mal trees ordered by end-extension, i.e. Ty < Ts if and only if Ja <
height(Th) To = {t | « : t € T1}

It is wellknown that J is o-closed and adds a Suslin tree. In fact more
is true, the generically added tree T has the additional property that for
any Suslin tree S in the ground model S x T will be a Suslin tree in V[G].
This can be used to obtain a robust coding method (see also [9] for more
applications)

Lemma 2.6. Let V be a universe and let S € V' be a Suslin tree. LetJ] € V
be Jech’s forcing for adding a Suslin tree and let G be J-generic over V and
assume that T = Uper is the generic tree. Then forcing with T € V[G]
does preserve S, i.e. if H is T-generic over W|[G| we have that

VI[G|[H] | S is Suslin.

Proof. Let T be the J-name for the generic Suslin tree. We claim that J % T
has a dense subset which is o-closed. As o-closed forcings will always preserve



ground model Suslin trees, this is sufficient. To see why the claim is true
consider the following set:

{(p,q) : p € J Aheight(p) = a+ 1A is a node of p of level a}.

It is easy to check that this set is dense and o-closed in J * T'.
O

A similar observation shows that a we can add an wi-sequence of such
Suslin trees with a countably supported iteration.

Lemma 2.7. Let S be a Suslin tree in V' and let P be a countably supported
product of length wy of forcings J with G its generic filter. Then in V[G]
there is an wi-sequence of Suslin trees T= (T, : « € wr) such that for any
finite e C w the tree S x [[;c, Ti will be a Suslin tree in V[G].

These sequences of Suslin trees will be used for coding in our proof and
get a name.

Definition 2.8. Let T = (Ty : o < k) be a sequence of Suslin trees. We say
that the sequence is an independent family of Suslin trees if for every finite
set e = {eg, €1, ...,en} C K, the product T,y X Ty, X -+ X T, is a Suslin tree
again, provided the e;’s are pairwise different.

We will use the following preservation result due to Miyamoto (see [16])

Theorem 2.9. Let P = (P(8) : B < ) be a countable support iteration
of proper forcings, let S be Suslin tree and assume that for every f < 4,
Ps IF “P(B) preserves S as a Suslin tree.” Then S remains a Suslin tree in
the generic extension by P.

2.3 The ground model W of the iteration

We have to first create a suitable ground model W over which the actual
iteration will take place. W will be a generic extension of L, satisfying CH
and has the crucial property that in W there is an wi-sequence S of wy
trees which are an independent sequence of Suslin trees in the inner model
L[S] € W and is 1 (w;)-definable over H(w2)". The sequence S will enable
a coding method which is to some extent not depending on the surrounding
universe, a feature we will exploit to a great extent in the upcoming.

In short, we will construct W in three steps. In the first step we gener-
ically add wi-many Suslin trees denoted by S. In the second step we sub-
sequently destroy all trees S via adding a cofinal wi-branch through every
element of S. In a third step we use a club adding forcing, which will make
the sequence S ¥; (w1 )-definable over the resulting universe. We will later use
a coding forcing over W, which will code up some well-chosen w-branches
through S using almost disjoint coding forcing.



Turning to the detailed definition of W, we start with Godels constructible
universe L as our ground model. Recall that L comes equipped with a ;-
definable, global well-order <, of its elements. We first fix an appropriate
sequence of stationary, co-stationary subsets of w; using Jensen’s {-sequence.

Fact 2.10. In L there is a sequence (an : « < wi) of countable subsets
of w1 such that any set A C wy is guessed stationarily often by the ay’s,
ie. {a < w1 i ag = ANa} is a stationary subset of wi. The sequence
(aq @ a <wi) can be defined in a X1 way over the structure Ly, .

Proof. We shall only prove the claim about the Xi-definability and follow
Jensen’s original construction of the {-sequence. We define a sequence of
pairs (aq,cq) by induction on a. If « = f+ 1, then ap = ¢, =a. If ais a
limit ordinal, then (aq,cq) is the <p-least pair such that ¢, is a closed and
unbounded subset of o, a, C o and such that a, N1 # a, for every 1 € cq,
provided such a pair exists. Otherwise let aq, = ¢ = . It is well-known
that the a,’s defined this way form a {-sequence. We let ¢(«, z) denote the
statement: “z is the a-th entry of the {>-sequence defined as above”.

Now it is straightforward to check that L, is sufficient to correctly com-
pute the sequence ((aq,cq) : @ < wy) in a X1-way. Indeed Ly, can correctly
compute Lg, for 8 < wy with a Yq-formula. The latter structures, provided
B is a limit ordinal, are able to define the <-wellorder up to their respec-
tive ordinal height. Thus if the countable Lg, 8 a limit ordinal, contains
((aq,cq : a < 7), for some v < f3, then Lg will correctly compute (a, c,)
as <z, and being closed and unbounded in some a < § are absolute notions
between Lz and L. Consequently, being a, is ¥1(c)-definable over L,

T = aq < 3B(B is a limit ordinal and Lg = ¢(o, x)
and x € {aq : o < wi} if and only if Ja(x = a,), which gives the claim. [

The {-sequence can be used to produce an easily definable sequence of
L-stationary, co-stationary subsets of wy: we list the reals in L in an w;
sequence (rq : o < wy), and let 7, C wy be the unique element of 2 which
copies 1, on its first w-entries followed by wi-many 0’s. Then, identifying
To € 2% with the according subset of wi, we define for every 8 < wi a
stationary, co-stationary set in the following way:

Ry :={a<w : aa =7gNa}.

That each RIB is stationary is clear by the definition of the <{>-sequence, it is
also co-stationary as wl\ng necessarily must contain (modulo a set bounded
in wy) the stationary R}, for v # a. It is clear that Yo # B(R, N R}y € NS, )
and we obtain a sequence of pairwise disjoint stationary sets as usual via
setting for every 5 < wy

Rj = Rj\w.

and let B = (R, : o < wy). We derive the following standard result



Lemma 2.11. For any 8 < w1, membership in Rg is uniformly X1 -definable
over the model L, , i.e. there is a ¥1-formula ¥ (vy,v1) such that for every

B <wi, (0 € Rg & Ly, EY(o, p)).

Proof. First we note that there is a Xj-formula '(n,z) for which L, |
0'(n,x) is true if and only if “z is the n-th real in <y, the canonical L-
wellorder”. It follows that there is a ¥;-formula 6(n, ¢, z) for which L, =
0(n, ¢, x) is true if and only if “x equals 7, N (7. Further recall that in the
proof of the last lemma we found already a X;-formula, let us denote it with
©(&,y), such that Ly, = ¢(&,y) holds if and only if “y is the &-th element of
the canonical {>-sequence”.
Then membership in Rb can be expressed using the following formula:

a € Ry Ly, = 3z(p(a,z) ANO(B, o, x))

Note here that actually every countable L., for v a limit ordinal, which

models (a sufficiently big fragment of) ZF~ and contains « and f is sufficient

to witness membership of « in R} using the formula 3z(p(a, ) A O(B, @, 7).
It follows that membership in Rg allows this representation:

a € Rg & Ly, Edx(p(o,z) NO(B,a,z)) Nav ¢ w
Note that the last formula is ¥;, thus we found our desired (v, v1). O

We proceed with defining the universe W. Starting with L as the ground
model we generically add Rj-many Suslin trees using of Jech’s Forcing J € L.

We let
QY= H J
Bewr

using countable support. This is a o-closed, hence proper notion of forcing.
In particular the stationarity of every R, € L is preserved. We denote the
generic filter of Q% with § = (S, : @ < w;) and note that by Lemma
S is independent. We fix a definable bijection between [w1]¥ and w; and
identify the trees in (S, : o < wi) with their images under this bijection, so
the trees will always be subsets of wy from now on.

In a second step we destroy all the just added Suslin trees via adding
cofinal branches through each S € S using countable support again. That
is, if we let Sg also denote the partial order when using the nodes of Sz as
conditions, then we define

Q':= ][ s

BEw1

We note that we can rearrange the iteration Q°+Q! and write it as % Bewr (I
Sp) = 15w, (I * Sp), using countable support again. Now by the argument
of the proof of Lemma each factor J * Sg has a dense subset which is
o-closed. So the two step iteration Q° % Q! has itself a dense subset which is



o-closed. In particular QY «+ Q' does not add any reals and is proper, hence
preserves stationary subsets.

In a third step, working in L[Q?][Q!], we code the trees from § into the
sequence of L-stationary subsets R we produced earlier, using the method
introduced in Lemma [2.3] It is important to note, that the forcing we are
about to define does preserve Suslin trees, a fact we will show later. The
forcing used in the third step will be denoted by Q2. Fix first a definable
bijection h € L, between w; X w; and w; and write R from now on in
ordertype wj - w; making implicit use of h, so we assume that R = (Ro :
a<wp-wi).

The third forcing Q2 is defined over L[Q°][Q!] as follows. We fix an
arbitrary a < wy and let S, C wy be the a-th Suslin tree in S. Then we fix
the a-th wi-block of R and let

E, = U{RMQHBH : 8 such that S, (8) = 1}U
U{Rw1a+26 : 8 such that S, (5) = 0}.

E = UEa

a<wi

Then we let

and define
Q* :=Pg
i.e. we shoot a club through F C w;.
This way we can turn the generically added sequence of Suslin trees S into
a definable sequence of Suslin trees using the w-distributive forcing Q? = Pg.
Indeed, if we work in L[S_"* b* G], where SxbxGis Q0+ Q! x Q?-generic over
L, then, as seen in Lemma [2.3

Va,v <wi(y € Sq & Ry, .at2.4 is not stationary and
v & Sa € Ry, .at2.4+1 is not stationary)

Note here that the above formula can be used to make every S, ¥1(w1, @)
definable over L[S * G], which in turn yields the following lemma.

Lemma 2.12. The sequence S is 1 (wi)-definable over L[S = G].

Proof. We claim that already Ni-sized, transitive models of ZF~ which con-
tain a club through the complement of exactly one element of every pair
{(Ra, Ra+1) : @ < w1} are sufficient to compute correctly S via the follow-
ing 31 (wy)-formula:



U(X,wi) = IM(M transitive A M = ZF~ Awy € MA
M VB < wi - wi(either Rog or Rogy1 is nonstationary) A
M = X is an wy - wi-sequence (Xg)a<w;-w, Of subsets of wiA
M EVa,y(y € Xo & Ry, .at2.4 is not stationary and
v & Xo € Ry, .at2.4+1 is not stationary)

We want to show that X = § if and only if (X, w;) is true in L[S % G]. For
the backwards direction, we assume that M is a model and X € M is a set,
as on the right hand side of the above. We shall show that indeed X = S.
As M is transitive and a model of ZF™ it will compute every Rg, 8 < w;
correctly by Lemma As being nonstationary is a Xj(wq)-statement,
and hence upwards absolute, we conclude that if M believes to see a pattern
written into (its versions of) the Rg’s, this pattern is exactly the same as is
seen by the real world L[S * G]. But we know already that in L[S * G], the
sequence S is written into the Rg’s, thus X = S follows.
On the other hand, if X = S, then

L[S % G] = VB < wy - wi(either Ry or Ropy is nonstationary)

L[§ * G] = X is an wy - wi-sequence (Xg)a<w, w, of subsets of wy
and

L[S % G] =Y,y < wi(y € Xo ©Ruy.ar2 is ot stationary and
v ¢ Xo © Ry .a+24+1 I8 DOt stationary)

By reflection, there is an Ni-sized, transitive model M which models the
assertions above, which gives the direction from left to right. O

Let us set
W = L[Q° + Q! + Q7]

which will serve as our ground model for an iteration of length w;.

Our goal is to use S for coding again. For this it is essential, that the
sequence remains independent in L[QY * Q?] (note here that Q!, i.e. the
forcing which destroys each element from S is missing here). First note that
Q"+ Q' + Q? is in fact of the form Q¥ * (Q! x Q?), so considering Q¥ x Q2 is
reasonable.

To see the preservation of Suslin trees in L[Q? x Q2] we shall argue that
forcing with Q2 over L[QV] preserves Suslin trees. The following line of rea-
soning is similar to arguments in [9]. Recall that for a forcing PP, 0 sufficiently
large and regular and M < H(0), a condition g € P is (M, P)-generic iff for
every maximal antichain A C P, A € M, it is true that AN M is predense

10



below ¢. In the following we will write T}, to denote the 7-th level of the tree
T and T | ) to denote the set of nodes of T' of height < 1. The key fact is
the following (see [16] for the case where P is proper)

Lemma 2.13. Let T be a Suslin tree, R C w1 stationary and P an R-proper
poset. Let 6 be a sufficiently large cardinal. Then the following are equivalent:

1. IFp T is Suslin

2. if M < Hy is countable, n = M Nwy; € R, and P and T are in M,
further if p € PNM, then there is a condition q < p such that for every
condition t € Ty, (q,t) is (M,P x T)-generic.

Proof. For the direction from left to right note first that IFp T is Suslin
implies IFp 1" is ccc, and in particular it is true that for any countable ele-
mentary submodel N[Gp] < H(0)VI?] Ikp vt € T(t is (N[Gp], T)-generic).
Now if M < H(#) and M Nwy; =n € Rand P,T € M and p € PN M then
there is a ¢ < p such that ¢ is (M, P)-generic. So g |-Vt € T'(t is (M[G]p], T)-
generic, and this in particular implies that (g,t) is (M, P x T')-generic for all
teT,

For the direction from right to left assume that I A € T is a maximal
antichain. Let B = {(z,s) e PxT : x lFp § € A}, then B is a predense
subset in P x T'. Let 6 be a sufficiently large regular cardinal and let M <
H(#) be countable such that M Nw; = n € R and P,B,p,T € M. By
our assumption there is a ¢ <p p such that V¢ € T,((¢,t) is (M,P x T)-
generic). So BN M is predense below (q,t) for every ¢t € T;,, which yields
that ¢ IFp V¢ € T,3s <7 t(s € A) and hence ¢ IF A C T [ 7, so Ikp T is
Suslin. O

Lemma 2.14. Let R C wy be stationary, co-stationary, then the club shoot-
ing forcing Pr preserves Suslin trees.

Proof. Let T be an arbitrary Suslin tree from the ground model V. Because
of Lemmal[2.13] it is enough to show that for any regular and sufficiently large
0, every M < Hy with MNwy =1 € R, and every p € PrNM thereisa g < p
such that for every ¢ € Ty, (¢,t) is (M, (Pr x T'))-generic. Note first that,
as T is Suslin, every node ¢t € T;, is an (M, T')-generic condition. Further,
as forcing with a Suslin tree is w-distributive, (H(w;))M¢! = (H(w;))M for
every T-generic filter G over V. As Pr C H(wp), we obtain that the set
MI|G] N Pg is independent of the choice of the generic filter G and equals
M NPg. Likewise M[G] Nw; = M Nwy, for every T-generic filter.

Next we note that for a countable M and a V-generic filter G C T, the
model M[G] is (up to isomorphism) uniquely determined by the ¢ € T},, such
that t € G and n» = M Nw;. This is clear as we can transitively collapse
M][G] to obtain a structure of the form M|[t], where M is the image of M
under the collapse map and ¢ € T;, is the unique node in 7" to which G is

11



sent to by the collapse map. So for a countable M < H(#), and n = M Nwy,
we write Mt] for the unique model of the form M[G], for G T-generic over
V and t € G NT;,. With an argument almost identical to the one used in
the proof of Lemma 2.2 it is not hard to see that if M < H(0) is such that
M Nw; € R then an w-length descending sequence of Pr-conditions in M
whose domains converge to M Nw; has a lower bound as M Nw; € R.

We construct an w-sequence of elements of Pr which has a lower bound
which will be the desired condition ¢ such that for every t € T, (q,t) is
(M,Pr x T)-generic. We list the nodes on T;), (¢; : ¢ € w) and consider
the according generic extensions Mt;]. In every M|t;] we list the Pr-dense
subsets of M[t;], (Dl : n € w), write the so listed dense subsets of M|t;]
as an w X w-matrix and enumerate this matrix in an w-length sequence of
dense sets (D; : i € w). If p=pg € Pr N M is arbitrary we can find, using
the fact that Vi (Pr N Mt;] = M NPgr), an w-length, descending sequence
of conditions below py in Pr N M, (p; : i € w) such that pjy1 € M NPg
is in D;. By the usual density argument we can conclude that the domain
of the conditions p; converge to M|[t;] Nw; = M Nw;. Then the p;’s have
a lower bound ¢ = p,, € Pg, namely q = {J;c,,pi U {(n,7)} and (t,q) is an
(M, T x Pgr)-generic condition for every ¢t € T, as any t € T, is (M,T)-
generic and every such ¢ forces that ¢ is (M[T],Pr)-generic; moreover g < p
as desired. O

We add a second proof of the last lemma, which is more straightforward
at the cost of being less general.

Proof. Let T be a Suslin tree from the ground model V. We assume for a
contradiction that there is a condition p € Pr and a Pr-name A such that

plk “A C T is a maximal uncountable antichain”

We let M < H(0), |M| = X, where 6 is an arbitrary regular cardinal
greater than 2™ . Additionally we demand that {A,]P’R, p} C M and, if we
let § := M Nwy, we demand that § € R C w;. The latter is possible as
{MnNw : M < H®)AN{A,Pg,p} C M} forms a club in wy, hence hits the
stationary R. We know that

M E=pl- “A C T is a maximal antichain”

hence, if we let M denote the transitive collapse of M and 7 : M — M be
the collapsing map,

M =pl- “n(A) ¢ #(T) =T N6 is a maximal antichain”

Stepping outside of M, we list the elements of TN § as (t, : n € w).
Starting with p =: pg we recursively define a descending sequence of Pg-
conditions (p, : n € w) such that for every n € w, there is a a,, € T'NJ such
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that pp41 IF “a, € A and G, and t, are compatible in 7”. The sequence
(pn : n € w) can be chosen such that sup,,c,(maz (p,)) = § € R. Hence
there will be a lower bound p,, € P for (p, : n € w) in V. The lower bound
po will satisfy that there is a set B C T in V, namely B = {a,, : n € w}
such that

po IF “B is a maximal antichain in 7' N §”

and by absoluteness of the statement “B is a maximal antichain in 7N §7,
we obtain that

V = B is a maximal antichain in 7°N4”.

As T is a Suslin tree, hence in particular a normal tree, we obtain that the
0-th level of T, denoted by Ty, seals off B, i.e. for every a € B there is
a tqy € Ty such that a <p t5. But this implies that B remains a maximal
antichain in 7', hence py, IF “B = A A |B] = Ry”, which shows that Py forces
that every antichain of 7" is countable, hence T' remains Suslin after forcing
with Pr as claimed.

O

If we let A C wy be an arbitrary subset in L[Q][Q?] and if we let QY :=
HBGA Ss, and finally if o ¢ A, then by the above we know that S, is still a
Suslin tree in L[QY][Q?][QY]. Thus we can freely add w;-branches through
some elements S whose index belongs to a set A C wy, and add them to
L[Q][Q?] without interfering with the Suslinity of all the other trees of S

whose index is not in A. We summarize the last results to:

Theorem 2.15. The universe W = L[Q%[Q'][Q?] is an w-distributive, No-
preserving generic extension of L and contains S which is an independent
sequence of Suslin trees over L[Q%+Q?]. However no tree from S is Suslin in
W. Moreover S is Y1 (wy)-definable over W. If we let A C wq be an arbitrary
set in L[Q°+Q?] and if (bs C Sp : B € A) is a sequence of Q\-generic filters
over L[Q][Q?], (i.e. generically added wi-branches) then for every a ¢ A,
LIQO[(bs € S : B € AlQ?] & “Sq is a Suslin tree”.

We end with a straightforward lemma which is used later in coding ar-
guments.

Lemma 2.16. Let T be a Suslin tree and let Ap(X) be the almost disjoint
coding which codes a subset X of wi into a real with the help of an almost
disjoint family of reals D of size ¥1. Then

Ap(X) IF T is Suslin
holds.

Proof. This is clear as Ap(X) has the Knaster property, thus the product
Ap(X) x T is ccc and T must be Suslin in V[Ap(X)]. O
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3 Main Proof

3.1 Informal discussion of the idea

As the proof we aim for will be rather technical we want to discuss first
some ideas which are used on an informal level. We shall concentrate on
uniformizing one I} set A,,. This is actually sufficient, as A,, could be
the universal II} set. If we fix a real z and consider its (assumed to be)
non-empty z-section of A,,, denoted by A,, ., then our goal is to single out
exactly one real y such that (z,y) is the value of our uniformizing function
f(m,z). We shall aim to make the graph of f(m,-) IIi-definable. This will
be accomplished via coding every pair (z,y') which is not (z, f(m,z)) into
the independent sequence of Suslin trees S. We will see that “being coded
into the g”—sequence isa E%—property, thus not being coded into S is H% and
if we can arrange that, for every z, (x, f(m,z)) is the unique pair of A,
which is not coded into the g—sequence, then indeed, we would have found a
uniformizing function whose graph is Hé, as desired.

The problem is of course, that coding reals into S means extending the
universe, therefore the I} set A,,, will change, and the value f(m, z) we chose,
could end up not being an element of A,,, anymore, while A,, , remains non-
empty. In that situation, our attempt to create a H% uniformizing function
has failed. A closer inspection might lead to the impression that the task of
determining for every real z a real y such that (z,y) will remain in A, even
after we coded every other pair into S is hopeless. Indeed it is e.g. easy to
design a Hé—set Ay, such that Ay, consists of exactly two points yo and y;
and deciding to set f(k,z) = yo, therefore coding up (z,y1) will kick (z, yo)
out of A, while setting f(k,z) = y1 and consequently coding up (z,yo)
immediately kicks (x,y1) out of Aj. This toy example can be extended to
sets with infinite sections. It is also possible to construct two Hé—sets A and
A; for which a setting a value for f(k,x) will kick out the value f(I,x) of A
and so on.

The idea to solve these issues, is to turn the problem into a fixed point
problem. We start with a base set of iterations, which we call allowable. If
we consider a pair (x,y) € A, for which we know that it can not be forced
out of A,, with an allowable forcing, then it is safe to set f(m,z) := y, as
long as we continue our iteration with an allowable forcing.

This reasoning yields a new set of rules for an iteration, and these new
rules determine a subcollection of allowable forcings called 1-allowable. We
can repeat this, via asking for a pair (z,y) € A,,, whether there is an allow-
able P such that after using P, (z,y) can not be kicked out of A,, with an
1-allowable forcing. These rules will form the 2-allowable forcings and so on.

These collections will be shrinking, but always non-empty, therefore they
will stabilize, giving rise to a set we call co-allowable forcings. This is the
right collection of forcings we want to use, and we start an iteration consisting
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entirely of co-allowable factors, where we set values f(m,z) = y whenever a
pair (x,y) can not be kicked out of A, and f(m,x) has not been defined yet;
and otherwise use an oo-allowable forcing which witnesses that (x,y) can be
forced out of A,, with an oco-allowable forcing. As co-allowable forcings are
a fixed point under the derivation operator we roughly described above, this
iteration will yield an oco-allowable iteration again. So all the values we set
for f(m,-) are safe, in that (z, f(m, x)) remains in A,, throughout the whole
iteration. This ends a rough description of how the proof is set up.

3.2 oc-allowable Forcings

We continue with the construction of the appropriate notions of forcing which
we want to use in our proof. The goal is to iteratively shrink the set of
notions of forcing we want to use until we reach a fixed point. All forcings
will belong to a certain class, which we call allowable. These are just forcings
which iteratively code reals into wi-many w-blocks of Suslin trees from S.
To ensure some symmetry, we demand that the set of the wi-many w-blocks
is added by the usual wi-Cohen forcing, but computed as in L. This trick is
inspired by the coding from [7], where they dub the places where the coding
is happening as coding areas. Upshot of this coding method is to ensure,
while being quite easy to define, that products of the coding are themselves
a coding forcing.

3.2.1 Coding reals in inner models of W

Our ground model shall be W. Let x,y € W be reals, let m € w and let
7 < wi be an arbitrary ordinal. In the following we will write (z,y, m) for
the real which recursively codes up z, ¥y and m, using some fixed recursive
coding. We will consider an inner model L[Q°][Q?][(b, : n € w)] of W,
which we assign to (x,y, m), which sees that the triple (z,y, m) is coded into
the S at the ~v-th w-block, and moreover sees no other reals coded this way.
We shall define L[Q°][Q?][(b, : n € w)] now.

First we collect the w-many wi-branches (by4n C Sy1rn : 7 € w) to write
the characteristic function of (,y, m) into the v-th w block of S. To be more
specific, if b% denotes the <-least cofinal Sg-generic branch, which exists in
W, then we let

b= b{w+2n if (z,y,m)(n) =0
! b;'y+2n+1 if (:L’,y,m) (n) =1

This way, working over L[Q°][Q?][(by+r : n € w)], we can read off (x,y,m)
via looking at the w-block of S-trees starting at v and evaluate which tree
in the w-block has been destroyed.
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Lemma 3.1. Using the objects as defined in the discussion above. In the
universe L[QY[Q%][(by4n : n € w)] the real (z,y,m) € W can be defined
using the following formula with one free variable vo, (*)~(vo) which is, over
LIQY[Q?][(by4n : n € w)], equivalent to a ¥1(v,wr,vo)-formula.

(¥)y((x,y,m)) & n € (x,y,m) if and only if Syyt2n+1 has an wi-branch,
and n ¢ (x,y,m) if and only if Sy.yyon has an wi-branch.

Proof. Let us define first the forcing P(, , n, ) for which the sequence (b, :
n € w) is a generic filter over L[Q°][Q?]. The forcing P(4.y,m,) 1s defined over
L[QY][Q?] as a countably (i.e. fully) supported w-length product which writes
the characteristic function of (x,y, m) into the y-th w block of S. To be more

specific, the n-th factor of P( y denoted by P( (n) is defined by

T,,myY x,Y,m,y)

SUJ’Y+2n if (‘Tayvm)(n) =0
(z.y.m) (1) = . _
Sw'y+2n+1 if (l’, Y, m) (n) =1

Note that P, , , ) is a regular subforcing of Q' € L[Q"][Q?], which consisted

of adding cofinal branches through every tree in S. It is clear now that the
sequence of the by,’s is generic for P(;, , ) over L[QY][Q?].

We shall prove the Lemma now and work over L[Q][Q?][(b, : n € w)].
Assume first that n € (x,y,m) i.e. (z,y,m)(n) = 1. Then, by defini-
tion, Py m) (1) = Swyt2n+1, thus Suqi2n41 adds generically an wq-branch
through the tree Syy12n+1. AS Swyi2n+1 1s a subforcing of P, ) 4y, and as
the existence of an wi-branch through S, 2,1 is upwards absolute between
universes of the same Nj, we obtain that indeed, L[Q°][Q?][(b, : n € w)] =
“Swy+2n+1 has an wi-branch”. The proof for the case when n ¢ (x,y,m) is
similar.

On the other hand, if S,12n+1 is not a Suslin tree in L[Q°][Q?][(by, :
n € w)], then we shall show that we must have used the forcing Syy42n+41 at
stage n in P(; y ,, ). Indeed, we claim that the forcing Q := ]_[m7,52n+1 Sery+m
using countable support preserves the Suslin tree Siyi2,41. This is suffi-
cient, as P, , ) is a subforcing of Q, and if Sy42n+1 remains Suslin in
L[QY[Q?][Q], it surely must be Suslin in L[Q][Q?][(b, : n € w)]. To see
that S,yt2n+1 is Suslin in L[Q°][Q?][Q], note that every factor of it preserves
that S +2n+1 is Suslin and so the countable support must do so as well by
theorem 2.9

So, indeed if Siy+2n+41 i not a Suslin tree in L[Q°][Q?][(b,, : n € w)], we
must have used S.y42n+1 at stage n in P, which means that (z,y, m)(n) =1,
as claimed. Again, the dual case when S92, has an wi-branch is similar.

We proceed to show that (x),(vg) is, over L[QY][Q?][(by : n € w)], equiv-
alent to a X1 (v, w1, vo)-formula. First note that, as just shown, P is a proper
generic extension of L[Q°][Q?], which in particular means that the pattern of
stationary, non-stationary members of (R, : @ < wj-wj) remains untouched
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when passing from L[Q°)[Q?] to L[Q][Q?][(b, : n € w)]. Thus the sequence
S e L[Q][Q?] is still definable over L[Q°][Q][(b, : n € w)], using the same
Y1 (wy) formula U(X,w) from the proof of Lemma

As a consequence (),((z,y,m)) is, over L]Q"][Q?][(b, : n € w] equiva-
lent to the following ¥ (w1, 7, (z,y, m))-formula:

O (w1,7, (z,y,m)) = 3IM, (b, : n € w), (M transitive A M = ZF~ A
{wi,(by, : n€ew)} C MA
M EVB € jw - wy,w; - (wy +w))
(either Rgg or Ropg1 is nonstationary) A
M |= There is an w-sequence (X 4k )k<w Of subsets of wiA
M =Yk, 5(6 € Xomtk € Ry (wy4k)+26 18 not stationary and
0 & Xtk € Ry (wy4k)+26+1 18 not stationary) A
M E=Vn € w(n € (z,y,m) < by, is an
wi-branch through X, on41A
n ¢ (x,y,m) < by, is an wi-branch through X, 492, )"))

To verify the claimed equivalence, we shall only argue for the direction from
right to left, as the other one is clear by reflection. We recall that by Lemma
and Lemmal2.12] if some transitive M is a model of ZF~ and contains w;,
it will correctly compute the relevant elements from the g—sequence. Last, if
M is as claimed and M = “bis a cofinal branch through X 42,417, then
it must be true that X, 2,11=Swy+2n+1 and b really is a cofinal branch
through S,y42,+1 which gives the direction from right to left. O]

It is clear that the above coding is not tied to reals from W, that is reals
from L. If we work over W which is an arbitrary outer model of W by a
proper forcing, then for any real r € W, we can go to the according inner
model of W as described above, and the real r satisfies ®(wy,y,r) in that
inner model, and by upwards absoluteness in W as well.

. . g
3.2.2 The Coding Forcing IED(x,z,mn)

We shall define the coding forcing we will use throughout this article. We
let C(w1) € W denote the usual w;-Cohen forcing, which adds a subset to
wy with countable conditions. As W and L have the same reals, the forcing
is just C(w1)*. Let g C C(wy) be generic over W.

The forcing P?x,y,m) is first defined over the universe Wg] but its defini-
tion is, as we will see once the definition is completed, is fully independent
of the surrounding universe as long as it contains g and (z,y, m). will work
over generic extensions using iterated versions of the coding forcing Pi]x’y’m)
as well, which is what we are interested in most.
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Let (xz,y,m) € Wlg] be a real coding the triple consisting of x,y €
W N Wlg] =w* N L and m € w. The coding forcing we are about to define
will use the generically added wi-subset g, whose coded initial segments will
yield the set of starting points of w-blocks of S , where we code up the wq-
branches through S in a way which will correspond to the real (x,y,m).

We shall define the forcing P“?x’y’m) now, working in W/[g] but need to
define several sets first. We fix a constructible bijection p : [w1]¥ — w;, and
we let h := {p(¢g Na) : @ < wi}. Note here that by o-closure of C(wy),
it will generically add a set whose initial segments are constructible, so p
can be applied. To facilitate notation, we say that a set C C w; which
satisfies Vao < w1(C Na € L) is a set coding a constructible sequence of
ordinals, if and only if there is a set A C wi, Va < wi(ANa € L) and
{p(ANa): a<w}=C.

Then we list h = (o : i < wp) and form the set B € W of branches
through S which witness the pattern (x,y,m) on every w-block of S with
starting point in h. That is, for a; € h we let

Bai = {bwai+2n n ¢ (xay,m)} U {bwai+2n+1 tne ($7y7m)}

We further collect all the club subsets we added to correctly define the
elements of S which have an index corresponding to an index of a branch in
B :=J;<y, Ba;- More precisely:

e We let X be the <-least (for some previously fixed wellorder of H (w2))
set of the wi-w-wi-many clubs which are necessary to correctly compute
Swa;+n for every n € w and «; € h using the formula ¥ from Lemma

2.12)

o We let X7 be <-least set of the wi-many wi-branches through elements
of (Sy.a;4+n : M € w,a; € h), so that the least ZF~-model of the form
L¢[X4] witnesses all the formulas () ((x,y,m)), v € h from the last
Lemma in the model L[Q][Q?][B] ¢ W C Wg].

We fix a 31 (w;)-definable bijection m € L between (w; - w) - 2 and wy, and
use 7 to identify Xy x X with its image under m which we denote with X.
So X C wj codes in an easily definable way Xo and X;. It is clear that
in W[g] > L[Q")[Q?[B] any transitive model M € W{g] of a sufficiently
big fragment of ZFC, which contains X as an element will also satisfy the
following (w1, X)-formula with N = L,[X] (for a suitable 1) being a
witness:
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o((x,y,m)) =3N(N transitive , |[N| =Ny, N = ZF ", X € NA
N E “Gh Cwi(Va<wi(hNa € LA
h is a set coding a contructible sequence of ordinals
N (VB € hVn € w(n € (x,y,m) = S,8+2n+1 has an wi-branch A
n ¢ (z,y,m) = Sypion has an wi-branch))))”

Note here that in the above formula, we can actually demand that n € w <
SwB+2n+1 has an wi-branch holds true, and likewise for n ¢ (x,y,m), but
we will not need this strengthening. Note further that whenever we write
SwB+2n has an wi-branch), we intend to actually use the 3 (wq)-formula ¥
from the proof of lemma to define the trees from S.

Our goal is to reshape the set X C w; in such a way that the localized
version of ¢((z,y,m)) also works for suitable countable transitive models.
The following argument takes place in L[X] C L[QY][Q?][B] C W. First we
fix an Ni-sized ordinal 3 such that X € Lg[X] and Lg[X] = ZF~ + “Ry
exists”. Note then, that necessarily Lg[X] = ¢((x,y,m)). Then we pick the
<gx)-least club €' C wy,C € L[X] and the <p|xj-least sequence (M, : o €
() of countable elementary submodels such that

Ya € C(Ma < L,B[X] ANM,Nwp = a)

Now let the set Y C wy, Y € L[X] code the pair (C, X) in the following way.
The odd entries of Y should code X and if E(Y) denotes the set of even
entries of Y and {c, : a < wi} is the enumeration of C, then we demand
that E(Y) satisfies that

1. E(Y)Nw codes a well-ordering of type cg.

2. E(Y)N[w,c) = 0.

3. For all 8, E(Y) Ncg, g+ w) codes a well-ordering of type czy1.
4. For all 8, E(Y)N[cg+w,cpy1) = 0.

The upshot in forming this reshaped Y € L[X] is the following assertion,
which shows that already countable transitive models of ZF~ which satisfy
some mild additional assumptions, are already sufficient to see the branches
corresponding to the characteristic function of (z,y, m).

Lemma 3.2. Work in W which should be an wi-preserving outer universe of
Wilg]. Let X,C,Y Cwi, v <wy and z,y € W Nw® all be as defined above.
For any countable transitive model N € W of ZF~ + “Ry exists”, such that
w) = (W)Y and Y Nwl¥ € N, we have that

N E e((z,y,m))
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Proof. Let N € W be countable and transitive, and assume that w =
(wF)N and Y Nwl € N. Then, w¥ € C, as otherwise there would be ¢, and
cy+1 such that wl¥ € (cy,cy41). Item 3 in the definition of Y yields that N
can see that cyy1 is countable, which contradicts w < Cyt1-

We let M be the transitive collapse of M,y < Lg [X], where M,,n belongs
to the sequence of elementary submodels (M, : o < wy) defined above. As
w) € O, we can infer that M and N share the same wi, i.e. wl¥ = wil.

Moreover

M,,n = “The least ZF~-model L¢[X] witnesses that ((x,y,m)) is true”,

as M,y < Lg[X] and as Lg[X] E“The least ZF -model L/[X] witnesses
o((z,y,m))”. So

M k= “The least ZF~-model Le[XN w{‘z] witnesses o((z,y,m)))”.

But N contains Y Nwi¥, so it contains X Nwi", and N can construct LeXN

wi], so

NE LJfXn w¥] witnesses ¢((x,y,m)) holds true”,

and hence N = ¢((x,y,m)).
O

We shall use our just formed set Y C wy,Y € L[X] to finally define

the forcing P?xym) . We work in W{g| as our ground model, and we let

?x,y,m) be the almost disjoint coding forcing Ap(Y') relative to
our fixed almost disjoint family of reals D = {d, : o < w1} € L (D is
defined right after Definition to code the set Y € L[X] C W]g] into
one real r. Conditions of Ap(Y') are pairs (r, R) € [w]<* x D<% ordered by

(s,S) < (r, R) whenever it holds that

the forcing P

erCsand RCS.
e facY andd, € Rthen rNd, = sNd,.

In particular the definition of Ap(Y) only depends on the subset Y of w;
(which itself only depends on g and (z,y,m)) we code and Ap(Y') will be
independent of the surrounding universe in which we define it, as long as it
has the right w; and contains the set Y. Moreover, we have shown already,
that Ap(Y’) preserves Suslin trees.

We let G(1) be a Ap(Y')-generic filter over W{g], and let ry denote the
generic real added by G(1), which codes the set Y C wj in the following way:

Va < wi(a €Y < ry Nd, is finite).

20



We note that the above equivalence holds for all w;-preserving outer models
W' > Wlg][G(1)] as well (actually in all outer universes, though Y then
might become countable, but we will not need that), by the absolute defini-
tion of D € L. The real ry contains all the relevant information, such that
arbitrary countable ZF~-models which contain ry and satisfy an additional
mild technical assumption, suffice to witness that ¢((x,y,m)) holds true.

Lemma 3.3. Let W be an outer universe of W|g] (G(1)] W = ZFC and let
(z,y,m) be our fized real from the above. Working in W D Wg|[G(1)], the
real ry € Wg][G(1)] has the following T ((z,y, m))-property there:

(%%)py (x,y,m) :=For any countable, transitive model N of ZF~ + “Vy exists’
such that w = (WY and ry € N, we have that
N = o((x,y,m))

Proof. We assume first that W = W/[g][G(1)]. As the assertion of ()., is
a I} (ry)-statement, once we can show its truth in W[g][G(1)], we know it
will be true in all outer W O W(g][G(1)] by Shoenfield absoluteness.

As w) = (W)Y and by the absoluteness of the decoding, we can infer
that NV will decode out of ry, using its own version of D (which is just DNwi¥)
the set Y Nwi", where Y is as in the previous lemma. So if Y Nw; codes
the set Z on its odd entries, then again by absoluteness of the decoding,

Z = X Nwi¥, where X is again as in the previous lemma. Hence
N = “The least ZF~ model L¢[Z] witnesses ¢((z,y,m)) holds true”
so N = ¢((z,y,m)) as asserted by the lemma. O

To summarize, for a given real (x,y, m) € WNw* = LNw* which in turn
is the code for z,y € w* and m € w the forcing P, , .,y € W{g] is a proper
forcing whose factors are of size Ny which generically adds a real ry such
that the I13-property (%), ((x,y,m)) becomes true for (z,y, m). Speaking
more generally, if W D Wlg] is a generic extension of Wg| and if there is
a real r € W which witnesses (x%),((z,y, m)) for a given real (z,y,m) € W
then we say that r witnesses that the real (z,y, m) is written into g, or that
r witnesses that (z,y, m) is coded into S.1f (z,y,m) € W is such that there
is a real 7/ such that (in W) r witnesses that (,y, m) is coded into S, then
we just say that T thinks that (z,y,m) is coded into S or that W thinks
that (z,y,m) is written into S.

The statement “(z,y,m) is coded into S” is a Y2 ((z,y, m))-formula.
Indeed it is expressible using a formula of the form IrvM(AL(r, M) —
A(r, M, (x,y,m)):

IrYM (M is countable and transitive and M |= ZF~ + “Ny exists”
and WM = (WM and 1, (z,y,m) € M — M = o((z,y,m)))
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As already seen in the above the truth of “(z,y,m) is coded into S
is usually established via showing the slightly stronger formula which is
Y2 ((x,y,m)) as well:

3V M (M is countable and transitive and M = ZF~ “Ry exists” and (wi =

(

w

7, (x,y,m) € M — M = “r codes a set Y which in turn codes X C w!

and for the least ZF~-model L¢[X]

L¢[X] = 3h € (w)(R a set coding a constructible sequence of ordinals

AVn € wV§ S h(n S (xaya ) - Swf[)j:]QnJrl

LIX
n ¢ (2,y,m) = Soih,

has an wi-branch
has an wj-branch))”).

The last Lemma has a converse. In particular, the projective and local
statement (xx),((z,y,m)) will determine how certain inner models of the
surrounding universe will look like with respect to branches through S.

Lemma 3.4. Let W O W, W = ZFC be an wi-preserving outer model. Let
x,y be reals in W, let m € w. Let v € W be a real such that (x%),((x,y, m))
is true. Then also uncountable, transitive M € W, {wi,r} € M, M =
wM = w and M |= ZF~ + “Ny exists”, will satisfy that M = o((z,y,m))
holds.

Proof. Assume not, then there would be an uncountable, transitive M which
is a counterexample to the assertion of the Lemma. By Léwenheim-Skolem,
there would be a countable N < M, r € N which we can transitively collapse
to obtain the transitive N. But N would witness that (x*),.((z,y,m)) is not
true for every countable, transitive model, which is a contradiction. O

Corollary 3.5. Assume that W is an outer universe of W with the same
w1 and such that W is stationary set preserving over W, in particular, sta-
tionary subsets of wi in W remain stationary in W. Assume further that
r e W is a real such that W = (x%),.((x,y,m)) for a triple (x,y,m) € W.
Let h C wy be the set coding a constructible sequence whose existence is as-
serted by o((x,y,m)) and which represents the set of w-blocks of S where the
pattern corresponding to ((x,y, m)) is written. Assume that v € h. Then in
W we have that

€ (z,y,m) = L[r] E “Suyt2n+1 has an wi-branch”.
and
n ¢ (z,y,m) = L[r] = “Syyt+2n has an wi-branch”.

Proof. Note first that by the last lemma,

Llrl E ¢((z,y,m))”
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As L[r] is an inner model of W and the latter is a stationary set preserving
outer model of W, we get that the pattern of stationary, not-stationary
subsets of our distinguished sequence of L-stationary, co-stationary subsets
(Rg : B < wi), which code up 5’2 is the same, no matter whether we compute
it in L[], W or W using our formula ¥(X,w;) from the proof of lemma

In particular, L[r] computes S correctly. To finish the proof we just note
that the statement of a of the existence of an wi-branch through some Sg
is a X1 (wi)-formula and hence upwards absolute, so the assertion follows
immediately from the last lemma. O

We aim to iteratively use the coding forcings, and in effect code more and
more real into S ; therefore filling up our distinguished Y1-set which consists
of all reals coded into S.

The definition of P/

(z.p,m) has a certain degree of absoluteness. A fact we
will exploit heavily.

Lemma 3.6. Let (z,y,m) € W and let W o Wlg], W = ZFC, wlw = wi.
Then P?x ym) 95 defined in W contains a dense subset A which is an element

of Wlg]. Forry,ro € A it holds that

WEmr < )7’2(:>W|:r1 <p9 To.
x,y,m

(z,y,m)

Proof. The dense subset A of P?xym) = (C(w))E « Ap(Y) is just A :=
{(p,q) : pe€ P(0) and a ¢ € [w]~* x D<¥}, and this dense set is computed
in an absolute way in every universe which contains .S.

To show that also the order < on }P’?xym) does not depend on the sur-

rounding universe W, it suffices to remark that < only depends on the first
coordinate p € (C(wy))¥, the forcing being of course absolute. Indeed, by

the definition of IP’“E’x ym) all further manipulations of p use absolute compu-

.

tations performed in L[S][p] (see the steps in the definition of IP’?x y.m) Which

define the reshaped set Y C w; in L[X]), so the absoluteness of < of IF"(]m i)
is shown. Ol

3.2.3 Allowable Forcings

Next we define the set of forcings which we will use in our proof. They
belong to a well-defined set, we call allowable forcings:

Definition 3.7. Let W be our ground model. Let a < wy and let FF € W,
F:a — W be a bookkeeping function. A mized support iteration P =
(Ps : B < ) is called allowable (relative to the bookkeeping function F) if
the function F : o« — W determines P inductively as follows:

o Py is the wy-length, countably supported product of C(wy). We let (gq :
a < wy) denote the Py-generic filter over W.
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o We assume that 8 > 0 and Pg is defined. We let Gg be a Pg-generic
filter over W and assume that F(B) = (&,y,m,n), for a quadruple of
Pg-names. We assume that 98 =: x, 48 =: y are reals, m®% =1 m
is a natural number and n°8 is an ordinal < w,.

Then we split into two cases:

— If there is a name of a triple (a, b, k‘) such that a®s = a, bG8 =
b, k5 = k and the forcing IP’?;’M 1s a factor of the iteration up
to 8, Pg already, then we force with the trivial forcing.

— If not, then let P(f) := IP?; ym)”

We use finite support on all factors with index > 1.

Informally speaking, the bookkeeping F' hands us at every step reals of
the form (z,y,m) and uses a C(w;)-set which gives rise to a subset of w;
(these sets we will call coding areas) which corresponds to the places where
we code up the relevant branches through S to compute (z,y, m) using the
coding mechanism described in the previous section. Each such coding area
is used at most once in an allowable forcing, which will ensure that we will
not accidentally code an unwanted (z,y, m) into S.

Every allowable forcing is of the form Py * (¥i1<q<sP(cr)), for Py =
[lo<o, C(w1), and the factors Py, will use a countable set of coding ar-
eas only. By the absoluteness of the definition of the coding forcing due to
Lemma[3.6] we can therefore re-write Pox(d1<a<sP(0)) as Px(Kk1<acsP(a)) X
Q, where P = Ha<n((C(w1))L for a sufficiently large n < w; and Q =
Hae[n’wl)(C(wl))L (which of course is isomorphic to Py). Note that by Eas-
ton’s Lemma (see Lemma 15.19 from [I1]), every real in Py * (k1<a<sP(c))
is in fact a real in P * (J1<q<sP(a)) as Q is still w-distributive over WP
(K1<a<sP(@))]. In particular every allowable name of a real can be written
as a name which depends on a countable set of coding areas only.

If P € W is a forcing such that there is an o < w; and an F' € W,
F : a — W such that P is allowable with respect to F, then we often just
drop the F' and simply say that P € W is allowable.

Definition 3.8. Let P be an allowable forcing over W relative to F : 61 —
H(ws9), and let Q be an allowable forcing over W relative to the bookkeeping
H : 09 — H(wz). Then we say Q is an allowable extension of P, denoted by
QpP,ifd1<doand H] oy =F.

As allowable forcings form the base set of an inductively defined shrinking
process, they are sometimes also denoted by 0-allowable to emphasize this
fact. Intuitively for an allowable forcing,

Lemma 3.9. 1. IfP=(P(B) : <) € W is allowable then for every
B <9, Pgl- |P(B)] =Ny, thus every factor of P is forced to have size
Ny,
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2. Every allowable forcing over W is Xy and CH preserving.
3. The product of two allowable forcings is allowable again.

Proof. The first assertion follows immediately from the definition.

To see the second item we quickly note that every allowable forcing is
of the form P * % 3-sAp(Y3), where P is o-closed and the second part is a
finite support iteration of ccc forcings, hence W; is preserved. That CH is
preserved as well is standard.

Let P1,P, € W be allowable. To see that the third item is true, we first
note that P := [[,,_,,, C(w1) is isomorphic to [ [, Clw1) X [[4,, Clw1) =
P x P via splitting the coordinates into odd and even. If we write

1 _ 9B

and ,
95

2
B =B doco Py ypm)

then consequently P! x P2 is

g/
(P K psP(; ) x (P JpeylP(,

(xﬂvyﬂvmﬁ) b:y’gzmlg))

which is the same as

(P x P)  Je 5P \ *5<5’P?§%

/ /
(zﬁ7yﬁ7m,3 7yg7mﬁ)

and the latter is, using that P = P x P, isomorphic to

95 95
P *ﬂ<5P(fﬁ,yﬁ,mﬁ)*5<5'P(x%vy%7m%)
and the isomorphism ensures that {g; : B <wi}U{gg : B < wi} forms a
pairwise distinct set. In particular the product of P; x Py is allowable. [

The second assertion of the last lemma immediately gives us the follow-
ing:

Corollary 3.10. Let P = (P(B) : 8 <) € W be an allowable forcing over
W. Then W[P| = CH. Further, if P = (P(a) : a« <wy) € W is an wi-length
iteration such that each initial segment of the iteration is allowable over W,
then W[P] = CH.

The set of triples of (names of) reals which are enumerated by the book-
keeping function F' € W which comes along with an allowable P = (P(5) :
B < d), we call the set of reals coded by P. That is, if

P = (J[(Clwi)") = P?Zngmw
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and G C P is a generic filter and if we let for every 8 < 6, l’g =: Tg,
yg =: yg, mg =: mg, then {(zg,y,mp) : B < a} is the set of reals coded
by P and G (though we will suppress the G). Next we show, that iterations
of 0-allowable forcings will not add unwanted witnesses to our distinguished
Yi-formula ¥((z,y,m)), where

Y((z,y,m)) = IrVYM (M is countable and transitive and M = ZF~ + “Ry exists”
and W = (WM and r, (z,y,m) € M — M = o((z,y,m)))

Lemma 3.11. IfP € W is allowable, P = (Pg : f < §), G C P is generic
over W and {(xg,y3, mg) : f < 0} is the set of (triples of) reals which is
coded as we use P. Let 1p(vg) be the distinguished formula from above. Then
in W[G], the set of reals which satisfy 1(vg) is exactly {(xg,ys,mg) : f <
0}, that is, we do not code any unwanted information accidentally.

Proof. Let G be P generic over W. Let g = (gg : f < §) be the set of
the 6 many w; subsets added by the (C(wy))’-part and which are used by
the factors of P as coding areas. We let p : ([w1]*)* — w; be our fixed,
constructible bijection and let hg = {p(gs Na) : a < wi}. Note that the
family {hg : B < ¢} forms an almost disjoint family of subsets of wy. Thus
there is o < wy such that o > hg, N hg, for 81 # P2 < § and additionally, «
is an index not used by the iterated coding forcing PP, where we say that an
index i of S is used by P whenever an w;-branch through S; is coded by a
factor of P.

We fix such an a and S, € §. We claim that there is no real in W[G] such
that W[G] | L[r] & “S, has an wi-branch”. We show this by pulling out
the forcing S, out of P. Indeed if we consider W|[P] = L[Q°][Q!][Q?][P], and
if S, is as described already, we can rearrange this to W[P] = L[Q][Q"* x
Sa)[Q*][P] = W[P'][Sa], where Q" is []5., Sp and P’ is Q° + Q" + Q* + P.

Note now that, as S, is w-distributive, 2* N W[P] = 2¥ N W[P'], as S, is
still a Suslin tree in W[P'] by the fact that S is independent, and no factor of
P’ besides the trees from S used in P’ destroys Suslin trees. But this implies
that

W[P'| E =3rL[r] | “S, has an w;-branch”

as the existence of an wj-branch through S, in the inner model L[r| would
imply the existence of such a branch in W[P’']. Further and as no new reals
appear when passing to W[P] we also get

WIP| = =3rL|r] | “S, has an wy-branch”.

On the other hand any unwanted information, i.e. any (z,y,m) ¢
{(zg,yg,mg) : B < 0} such that W[G] = ¢((z,y,m)) will satisfy that
there is a real r such that

n € (z,y,m) — L[r] = “Syy42n+1 has an wq-branch”
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and
n ¢ (z,y,m) — L[r] = “Syy42n has an wi-branch”.

by corollary [3.5] for wi-many ~’s.
But by the argument above, only trees which we used in one of the factors

of P have this property, so there can not be unwanted codes.
O

Let P = (Pg : B <) € W be allowable. Let A C 8, A € W be such
that the forcing P4 := %,caP(n) (i.e. the iteration which uses the factors
of Ps whose indices are in A using mixed support) is a forcing in W (which
is automatically a subforcing of P) and let i45 be the canonical embedding
which maps P4 to Ps via

p(n) ifne A

ias(p) = p’ where p’ is such that p'(n) =
1 else

Hence there are Ps-names & which can, in a canonical way, be identified
with a P4-name namely as long as all the Ps-conditions of & are in fact P4-
conditions, using the identification 7445. For the rest of this article we will
identify P4-names with their corresponding Ps-names, which will simplify
the language. In particular, in the definition of allowable forcings, if at stage
B, F(B) is a Pg-name for a real, which is also a P4-name under the just
described identification, then we will treat the name as if it was a P4-name,
using i 4.

3.2.4 1-allowability

Given the notion of allowable, we can form a first approximation to the set
of forcings we eventually want to use in our proof. We call these forcings 1-
allowable. To motivate this notion, recall our strategy to force a model where
the I13-uniformization property holds. We list the IT3-formulas (¢, )mew With
two free variables in some recursive way, and let A,, = {(x,y) : om(z,y)}
be the according sets. We let f,, denote the uniformizing function for A,,
and write f(m,x) for f,’s values at . The goal is to pick for every m € w
and every real x for which the z-section of A,, is non-empty, a value f(m,x)
such that (z, f(m,z)) € A, and such that for every vy # f(m,z) with
(z,y") € Ap, the triple (x,y’,m) is coded somewhere in the S, sequence,
using an iteration of length w; such that each countable initial segment is
allowable. As being coded into Sis a Z%—property, the unique (z,y) € A,
which is not coded into S , is a IIi-property. This way, the graph of f,
becomes a Hé—deﬁnable set.

The underlying idea of forming 1-allowable forcings is the following line
of reasoning. We will restrict ourselves to a simplified toy example first
which we will describe now. Work in W. Assume that z € W is a real,
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A, C2¥x2¥is a Hé—set such that the z-section A,,, of A,, has exactly
two elements y; and yo. Assume further that no allowable P € W will add
new elements to the x-section of A,,. Our modest goal is to find a good
value for f(m, ) only, thus we will leave out the question of uniformizing all
other A;’s and all other z-sections of A,, and their interferences among each
other, as these make any easy attempt of a solution immediately extremely
complicated.

Now, when we want to implement the above ansatz, we have to decide
which one of the two reals y; or yo should become the value of our uni-
formizing function. This also means that we have to code up the other real
somewhere into 3.

As we restrict ourselves to only use allowable forcings, we can ask our-
selves whether an allowable forcing P exists, such that P I- (z,y1) ¢ Ay, If
the answer is no, then we can safely code (x, y2) into S and we have found our
value. If the answer is yes, we know that (z,y;) is a potentially dangerous
value for our f,,, and we try (z,y2) instead.

If there is no allowable Q for which Q IF (z,y2) ¢ A, then ys is a safe
value for f,,(z) and we are done again.

In the last remaining possibility, there could be an allowable Q over W
such that Q IF (z,y2) ¢ A, so also (z,y2) is a dangerous value for f,(z).
But in this situation we can use the product P x QQ, which is allowable, and
for which P x Q IF (z,y1) ¢ Am A (z,y2) ¢ Ay holds. As we assumed that
we will not create new values on the z-section of A,,, and by the upwards-
absoluteness of ¥1-formulas, we ensured that the z-section of A,, becomes
empty, hence we do not have to uniformize at x.

This way we have solved the problem of finding a value for the uniformiz-
ing function at z, but at the cost that in the case where we use P x QQ to
force the x-section of A empty, we have no control of which new codes are
added. It could well be that one of the factors adds a dangerous value for
another 7’ for A.

To get past this difficulty we need to find a safe way of forcing x-sections
empty without adding new danger. This is where the reformulation in terms
of a fixed point problem is convenient and will be carried out in the next
sections. In short we are searching for a subset P of allowable forcings such
using a bookkeeping F' the following definition of an iteration lands in P
again: for any pair of reals (x,y) listed by F' in our iteration:

e Either (z,y) can be forced out of A with a forcing in P in which case
we use such a forcing,

e or (z,y) remains in A for each forcing from P, in which case we have
found a value for our uniformizing function and do not code (z,y) into
S , provided we don’t already have one. If we have a value already we
code (x,y) into S.
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To find such a suitable P, which will be the oo-allowable forcing, we will
a sort of derivation operator, which acts on subsets of allowable forcings.

Before we start to define the notion of 1-allowable which is the first
derivation of allowable forcings we remind the reader of the following useful
concept.

Definition 3.12. Let P € W be an allowable forcing and let 7+ € W be a
P-name of a real, i.e. PI-7 € 2¥. Then we say that 7 is a nice (P)-name of
a real, whenever is has the following form

7 ={((n,my),p) : p € An(7)},

where for everyn € w, A, (r) is a mazimal, (necessarily) countable antichain
in P, and for every n € w and every p € An(r), my; € w and for every
plF7(n) =m,.

Note that such a nice P-name is always an element of H(w2)W

There is an analogue notion of nice name of an ordinal, and it is immedi-
ate that if P € W is allowable and 7 € W is a P-name of a countable ordinal
which is a nice P-name, then 7 is an element of H(w2)" as well. We will
often tacitly assume that names are in fact nice names to make notation a
bit easier.

We let < denote some fixed wellorder of H (w2)" which helps us to define
the iteration. We identify equivalent names for reals, that is for each forcing
name 7 of a real, we consider actually the class of all names which are
equivalent to 7, use the <-least element of that class, and then, for different
classes compare their <-least representatives again using <.

Now we define the notion of l-allowability via induction. We work
over W as our ground model. We let < wi, and let F :  — W3 be
a bookkeeping function. The values F(f) are triples and are written as
(F(B)o, F(B)1, F(B)2). With the help of F' we will define two objects induc-
tively.

Assume we are at stage 5 < n of our iteration and that we have already
created the following list of objects:

e The forcing iteration Pz up to stage 8 which is an allowable forcing
over W and Gg a Pg-generic filter over W. For 8 = 0 we let Pg be the
trivial forcing.

e The set Ig = Igﬁ = {(#%9,9%,m% 49) 1 1 is a Pg-name for a
natural number, &,y are Pg-names of reals, ¥ is a name for an ordinal}
of possible preliminary values of f. If (x,y,m,~) € I3, we say that the
potential f(m,z)-value y has rank v, or just that (x,y, m) has rank ~.
The concept of ranked f-values will become clear as we proceed in the
proof. We let Iy = (.
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To make things intelligible, we argue in W[Gpg], that is semantically.
The definitions to come will work uniformly for all possible Gg, so it is
straightforward to translate things back into forcing language using names.

We assume that F(5)o = (&,9,m) and assume that A C 5, A € W is
such that &, 9, m are in fact P4-names where P4 = JgcaP(8), and Py € W.
Let G4 :=Gg | A. Welet x = 98,y = 98, m = m%8. We define the next
forcing P(3), and a new f(m,x)-value which will determine the new Igi;
according to these rules:

(a)

We collect all names for reals @ from P 4. For every such P4-name
a we pick the <-least, nice name b such that aG4 = %4 and
collect these names b into a set called C. We assume that there
is a <-least, nice P 4-name 1jp in C such that y'OGA = 1o, and such
that

WIGs] |= (z,90) € Am

and for which there is no allowable extensionR >Pg such that

W(Gsl = “R/Gp I (2.30) ¢ Au”.

If this is the case, then we define P(3) in W[Gpg] as follows:

e We assume first that F'(8); = n where 71 is a Pg-name of an

ordinal < w; such that 7“8 = 7 and such that gn has not been
used as a coding area by any of the factors of Pg. Also we assume
that F(B)2 is a Pg-name of a triple (&, %,1m), with 94 = z,

2G4 = 7 % yg and W4 = m. Then we let

P(B) =P}, -

Else we just pick the <-least P4-name for a an ordinal < wi, 7
such that 7% = 7 and such that gn has not been used as a coding
area by any of the factors of Pg and the least P4-name Z such
that 264 = z # yo and define

P(B) =P . .-

We also let Pgyq = Pg x P(8) and let Ggy1 = G * G(B) be its
generic filter.

We set a new f value, i.e. we set f(m,z) := yo and assign in
W [Gpg41] the rank 0 to the value (z,yo, m). We update 19040 =

o B+1
Iﬁﬁ U {(x7y07m7 O)}

(b) We assume that case (a) is not true. In that situation we let the

bookkeeping F' fully guess what to force with. We assume that F'(3);
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is a nice P4 name for a pair of reals of the form (2/,2) such that
/G4 = g, 294 = 2, together with a name for an ordinal { such that
Py - § > 0. We assume that F'(8)2 = 7 is a P4-name of a countable
ordinal. If "4 = and gy has not been used as a coding area by one
of the factors of Pg, then we let

. 97
IP(B) T HJ)(:L{,Z,m)

Psy1 = Pg « P(B), and let G(B) be a P(5)-generic filter over W[Gg]
and Ggq1 = Gg x G(B).

Further we do not update our set Iz of preliminary values for f, i.e.
Igyq1 = Ig.

Otherwise, i.e. when F(8); and F'(5)2 do not have the desired form we
pick the <-least pair of P4-names of reals, (', go) such that 2 = T,
yfﬁ A = yo, pick the least P4-name of a countable ordinal 7 such that
1“4 = 5 and n has not been used as a coding area by one of the factors
of Pz, and, working in W[G 4], define

P(B) := P?;,s,m)
Also we let G(B) be a P(3)-generic filter over W[Gg] and set W [Gp41] =
WI[Gg = G(B)].
Finally we do not update and let Ig 1 := Ig.

This ends the definition of 1-allowability in the successor stages.
If we arrive at a limit stage 8 in our iteration, we take the direct limit of
the initial segments, i.e.

Pg :=dir im(P, : v < ).

For an arbitrary Pg-generic filter Gz we let

157 = | 185 = {(m,2,9,0) : 3¢ < B((m,2,5.) € I},
£<pB

Definition 3.13. Work in W. Let n < wi and assume that F :n — W3 is a
bookkeeping function. If P = (Pg : B < n) is an allowable forcing and I = I,
such that P, I are the result of applying the rules (a) and (b) together with F
over W, then we say that (P, I) is 1-allowable with respect to F' (over W ). If
I is clear from the context we often just say P is 1-allowable with respect to
F. We say P is I-allowable if there is an F such that P is 1-allowable with
respect to F.

Before continuing proving some properties of 1-allowable forcings we want
to add a couple of remarks concerning its definition.
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e Note that there are necessarily II}-formulas ¢,,, where case (a) must
apply whenever m € w is considered by the bookkeeping, e.g if ¢,
is logically equivalent to a true ¥i-formula. In that case we can not
alter its truth value by any additional forcing. As a result, the notion
of 1-allowable is different from 0-allowable and the set of 1-allowable
forcings is a proper subset of the set of 0-allowable forcings.

e In the definition of case (a), we refrain from considering all pairs of
reals (z,y) from W[Gp], but instead just scan through all pairs which
are in the inner model W[G 4] with x as the first coordinate. This
stratification has technical advantages which shall become clear in the
process of the arguments later. The upshot of this choice is that it
enables a strategy to pick potential f,,-values in such a way that they
will line up in a nice way as we go along in our l-allowable iteration.
The idea to not just pick a promising f,,-values once, and keep it for
the rest of the iteration, but instead add potential f,,(z)-values in
every step of the iteration ensures that we will not run into problems
when dealing with products of allowable forcings. (If we would pick
one fixed f(m,x)-value at a certain stage of the iteration and would
want to keep it, throughout the iteration we run into problems when
trying to keep 1-allowable forcings closed under products.)

e The set of potential f-values I does not have an influence on how the
1-allowable forcing IP is defined at every step. Indeed, the definition of
P(B) does only depend on F' which also determines P3. We use I to
make some arguments more transparent.

Lemma 3.14. Let F; : 61 — W32 and Fy : 63 — W? be two bookkeeping
functions in W, let P € W be the 1-allowable forcing with respect to Fy and
let P2 € W be the 1-allowable forcing with respect to Fy. Then P x P2 is
a 1-allowable forcing relative to a bookkeeping function F' which is definable
from Fy and Fs.

Proof. We shall define a bookkeeping function F’ such that P! x P2 is 1-
allowable relative to F’. For ordinals § < 01 we let F'(8) = Fi(3). Then
the 1-allowable forcing which will be produced on the first §;-many stages is
PL

For 8 > 41, we let F'(3) = F5(8—01). Then we claim that F’ | [01,01+d2)
using the rules of 1-allowability will produce P2.

First we prove by induction on 8 € [01, 01 + d2) that if 8 is a stage such
that case (b) applies when building the forcing using F’ over W, then case
(b) also must apply at 3 — d; when building P? over W using F, and vice
versa.

Assume first that at stage 5 — d1, IP’%_ 5, is defined and case (b) applies

there. That is, if F/(8 —61)o = (&,9,m) and G%_(Sl is an arbitrary ]P’%_51—
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generic filter over W, there is an allowable Q > IP%f 5, such that

. G2 . G2
Q/Ghg, 1 G o) g A gy
But then also P! x QP! x IP% is allowable and P! x (Q/G%) I+ (j:G%,g'/G/z@) ¢
A 3 by upwards absoluteness of ¥:3-formulas. Thus we must be in case (b)
m

at stage 3 as well, when defining P x P? using F”.

On the other hand if we are at stage 8 € [01,01 + d2), F(B)o = (&, 9, m),
G x G%_ 5, is an arbitrary P! x }P’%_ 5,-generic filter over W and we are in
case (b) when defining the next forcing using F”, then there is an allowable
R P! x IE"%_(S1 such that

R/(G" x G3_5) IF (z,y) & A

But then R> IP%_(;1 is true, and R witnesses that we must be in case (b) at
stage B — 1 as well, when defining P? using F? working over W[G%7 510

As a consequence we must be in the same cases when defining P! x P?
at stage 3 over W and when defining P? at stage 3 — &; using Fy over W.
But then we let F'(3) be such that it does exactly what Fy(8 — d1) does.
This implies that P! x ]P)?j+1 is 1-allowable with respect to F’ | 4+ 1 and the
induction step is proven.

For 8 being limit there is noting to show as the §-th forcing is uniquely
determined by Pg, 8’ < . Thus F’ witnesses that P! x P2 is 1-allowable.

O

It follows from the definition that for those A, where we found f-values
of rank 0 in a 1-allowable iteration, these f-values are valid ones as they will
stay in A,, throughout the 1-allowable iteration.

So 1-allowable forcings already provide a first step in finding reasonable
candidates for the f,,-values. Nevertheless there are still issues, stemming
from the usual “moving target” problem. Indeed, when defining 1-allowable
we ask at every stage if we can find a pair (x,y) for A, such that (z,y) will
remain in A,, for all additional 0-allowable . But when moving on in our
1-allowable iteration we will not just produce a 0-allowable iteration, we will
in fact produce a 1-allowable iteration, so we should additionally ask at every
stage whether we can find (z,y) such that (z,y) can not be kicked out of A,,
by a further 1-allowable forcing. After all, these new pairs (z,y) would be
good candidates for our uniformizing f,, as well, as long as we continue to
force with allowable forcings which are also 1-allowable which is exactly what
we do when forcing with a 1-allowable iteration. This additional question
we add at every stage will yield the notion of 2-allowable, and this reasoning
can now be iterated transfinitely often.
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3.2.5 «-allowability

We define next a derivative acting on the set of allowable forcings over W.
Inductively we assume that for an ordinal o and any bookkeeping function
F € W, we have already defined the notion of (-allowable with respect to
F for every ( < «. In particular this means that for every ¢ < a, we have
defined already a set of rules which, in combination with a bookkeeping
F € W will produce over W:

e An allowable forcing P = Ps = (P53 : f < §) € W, the actual forcing
which is used in the iteration. We let G5 denote a Ps-generic filter over
w.

o Aset I = Ig‘s = {(2%, 9% ,m% 45) : m € w,i,7,7 are P-names of
elements of w, 2 and wy respectively}. The set I € W[Gy] is the set of
potential values for the uniformizing function f, we want to define. We
note that there can be several values (x,y1,m,&1), ..., (€, Yn, m, &) for
one x and one m. We say that (z,y,m) has rank ¢ if (x,y,m,&) € I.
Again a (x,y,m) can have several ranks. The idea here is to use
the (z,y,m)’s whose rank is minimal and amongst the set of minimal
ranked (z,y,m)’s, we pick the one which has the <-least name, in some
previously fixed well-order of H (w2)". This will ensure that our choice
is well-defined.

Similar to our already established jargon, if the result of applying the rules
for n-allowable over the model W and F € W is the pair (P,I) € W then
we say that P is n-allowable with respect F' (over W), or often just P is
n-allowable if there is an F', I such that P is np-allowable with respect to F'.

Given that we know everything above we aim to define the derivation
of the < a-allowable forcings over W which we call a-allowable (again over
W). The definition is a uniform extension of 1-allowability. A § < wi-length
iteration P = (Pg : § < ) € W is called a-allowable over W (or relative
to W) if it is recursively constructed using two ingredients. First a book-
keeping function FF € W, F : § — W3, where for every 8 < §, we write
F(B) = (F(B)o, (F(B))1, (F(B))2) for the according values of the coordi-
nates. Second a set of rules which are similar to the ones for 1-allowability,
which add two additional rules to the already existing ones with every appli-
cation of the derivative, and which determine along with F' how the iteration
P and the set of f-values I are constructed.

The infinite set of rules shall be defined now. We fix a bookkeeping
function F € W, F§ — W3 for 6 < wi. We assume that we are at stage 3
of our construction and we assume inductively that we already created the
following list of objects:

e The forcing Pg € W up to stage 3, along with a Pg-generic filter
Gp over W. We let Py = [[;_,, C(wr)”, and write the generic as
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(gi : 1 < wi), where every g; is a C(w;)-generic filter, hence an wi-
Cohen set.

o The set Iy = [§" = {(i%,§% i (%) : 1,y are Pgnames
of elements of w, 2¥ and w; respectivgely} of already defined, potential
values for the uniformizing function f&#(m,-). We let Iy = 0.

We emphasize that the set of possible f-values will change along the
iteration. The iteration is defined in a way, that values of f must be added if
we encounter a new and possible value of fGﬂ (m, x) of lesser rank. Working
in W[G 3] we shall now define the next forcing of our iteration P(3) together
with a possibly updated set of possible values for the uniformizing function
f(m,x). We assume that F(3)o = (&,9,m) and let A C 8, A € W be such
that &, 9,1 are P4 = %,caP(n)-names, where we demand that P4 € W is
a subforcing of Pg. Let G4 :=Gg | A. We let x = #Ga y = g4 and mCa
and split into cases:

(a) There is an ordinal { < o + 1, which is chosen to be minimal for
which the following holds:

First we collect all IP4-names for reals a. For every such IP4-name
@ we pick the <-least, nice name such that a©s = b&# and collect
these names b into a set called C. We assume that there is a

<-least, nice P4-name 3jp in C such that y'OGA = 10,

WIGs] |= (x,90) € Am

and for which there is no (-allowable forcing R>Pg, R € W
extending Pz such that W[G3] = “R/Gg Ik (z,y0) ¢ Ap”. If this
is the case, then we set the following:

e We assume first that F'(5); = 1 where 7 is a P4-name of a count-
able ordinal, 7“4 = 5 and such that gn has not been used as a
coding area by any of the factors of P3. Assume also that F'(3)s is
a triple (&, 2, 1) of Pg-names and 54 = x, 264 = 2 £ 95, 4 =
m. We let

P(B) =P . -

If the bookkeeping function is not of the desired form we just pick
the <-least names of objects of the desired form and use them to
define the forcing. That is, in this situation, we pick the <-least
[P s-name for a countable ordinal 7, such that g, has not been used
as a coding area by any of the factors of P5. Further we let 2 be
the <-least P4 name of a real such that 294 # 4 and let

P(B) =P .-
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We also let Pgyq = Pg x P(8) and let Ggy1 = Gg * G(B) be its
generic filter.

e We set a new f value, i.e. we set f(m,z) := yp and assign in
W[Gpg41] the rank ¢ to the value (z,yg, m). We update 195+

o B+1
Iﬁﬁ U {(x7y07m7 g)}

(b) We assume that case (a) is not true, i.e. for each ( < « and each
pair of reals, the pair can be forced out of A,, by a (-allowable forcing
extending our current one. In that situation we again let the book-
keeping F' fully guess what to force with. We assume that F(/3); is
a P4-name of a countable ordinal 7, let 74 = n and assume that 9n
has not been used as a coding area by one of the factors of Pg. We
assume that F'(f)2 is a nice P4 name for a pair of reals of the form
(2, 90) such that #“* = & Define P(B) := IP’?;yo,m). We let G(3) be a

IP(B)-generic filter over W[Gg] and Gy1 = G * G(B).

Further we do not update our set Iz of preliminary values for f, i.e.

Iﬁ+1 = IB

Otherwise, we pick as always the <-least P4 names of the desired

objects g, and (z,z,m) and force with P(3) := P{"

(z,2,m)"

At limit stages n of o + l-allowable forcings we take the direct limit of
the initial segments, i.e.

Py, := dirlim(P, : v <n).

Finally we let

G G

I = {(m,z,y,() : I <n((m,z,y,{) € I, 91

This ends the definition of the rules for o + 1-allowability over the ground
model W. To summarize:

Definition 3.15. Assume that F € W, F : n — W3 is a bookkeeping
function and that P = (Pg : B <) and I = (Ig : B < 1) is the result
of applying the above defined rules together with F over W. Then we say
that (P, I) is a + 1-allowable with respect to F' (over W). Often, I is clear
from context, and we will just say P is a + 1-allowable with respect to F.
We also say that P is a + 1-allowable over W if there is an F such that P is
a + 1-allowable with respect to F'.

We add a couple of remarks concerning the definition of o + 1-allowable:

e Once we find a f,,(x)-value of rank ¢ < « in an a-allowable iteration,
(z, fm(x)) will remain an element of A,, by all further outer models
obtained by a (-allowable extension.

36



e The case (a) is the iterated version of case (a) in the definition of
l-allowable. Note that we minimize on the rank ( of the potential
f(m, z)-value. The reason for this is that this makes it easier to show
that the notion of a-allowable becomes stronger and stronger as we
increase «, as we will prove later. After we minimized on the rank, we
minimize on the <-least set of triples of names &, ¢, m).

e The definition of « + 1-allowable adds one more constraint to the def-
inition of a-allowable in case (a) in that it considers not only forcings
which are S-allowable for 5 < «, but also considers a-allowable forc-
ings as well. So it is intuitively clear, and will be proved in Lemma
below, that the set of a-allowable forcings is shrinking as « in-
creases. This in effect yields that there are more and more pairs of
reals (x,y) € A,, which can not be kicked out of A,, any more by
additional a-allowable forcings, as « grows. Which in turn yields more
cases where (a) must apply, so more constraints in the definition of «
allowable as « rises. So the shrinking process of a-allowable forcings,
as « increases, reinforces itself due to the choice of the definitions.

Lemma 3.16. Work in W. If P is S-allowable over W and o < 3, then P
is a-allowable over W. Thus the sequence of a-allowable forcings (over W)
is decreasing with respect to the C-relation.

Proof. Let a < 3, let P be a p-allowable forcing and let F' € W be the
bookkeeping function which, together with the rules from above determine
P € W. We will show that there is a bookkeeping function F” € W such that
P can be seen as an a-allowable forcing determined by F’. The idea is to
let the new bookkeeping function F’ be such that it simulates the reasoning
we would do for a (S-allowable forcing at every stage, even though it is an
a-allowable forcing.

We start with setting F'(n) = F(n) until we hit a stage where a dif-
ference in what case applies occurs for the first time. Let + be the least
stage such that F' together with the rule applied at v, when considering P as
an a-allowable forcing yields a different case than when considering P as a
B-allowable forcing. By the minimality of v, P, must coincide when consid-
ering P, as an o and a (-allowable forcing respectively. It is clear from the
definitions, that at stage v, when working with the g-allowable rules case
(a) must apply whereas case (b) applies when working with the rules for
a-allowable.

So F(v)o = (&,9,m), and as usual we let G-, be the generic filter for the
forcing and let 2 = % and y = §%, and there is a potential f(m, x)-value
of rank < f3 in the universe W[G 4], where A C ~ is such that & and y are
in fact P4-names, (z,y) € W[G4]; on the other hand there is no potential
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f(m, z)-value of rank < a. To be more precise, at stage v when working
with the rules for S-allowable we obtain:

e A quadruple (x,yo, m,&) € I41, where € (a, ] and (x,yo) € W[G 4],
where A C 7 is such that &, gy are in fact P4-names.

e A P4-name for a countable ordinal 77, where 74 has not been used as
a coding area by a factor of P4.

e A forcing P(v) = IP’“(];C’ om) for a real z # yq.

We define F'(vy) as follows: F'(y) = (F'(v)o, F'(7)1, F'(7)2) such that
F'(v)o = F(v)o and such that P(y) are guessed correctly by F'(v). To be
more precise we let F’(7); be Py-names such that uniformly, for any P.,-
generic filter G

G
o F'(7)y" :==n.
° F’(fy)f’v7 = (x,z,m)

Note that this definition of F” is entirely in W, the use of G in its definition
is uniform and can, as always be removed in the common way.

The upshot is that when applying the rules for a-allowable at stage
using F”’, the result is exactly the same as when applying the rules for -
allowable at v using F'.

To summarize, if v is the least stage such that we find ourselves in dif-
ferent cases when following the rules for a and S-allowable using F', then
there is an F” such that the S-allowable iteration P,y using F is also an
a-allowable iteration using F’. But this line of argumentation can be it-
erated. Indeed, after we dealt with (m,x,y) at v, we can go to the least
stage 7/ > ~ where the rules for S-allowable using F' yield a different case
than the rules for a-allowable using F’. We apply the same arguments from
above to see that we can pretend that we are in an a-allowable iteration as
we proceed in P. Until we hit a new triple for which again we use the just
described argument and so on. Thus there is a bookkeeping F such that P
is a-allowable with respect to F”.

O

Lemma 3.17. Let Fy : 6; — W3 be a bookkeeping function which determines
an a-allowable forcing Pt = (IP’% : B < 61). Likewise let Fy : 05 — W3 be
a bookkeeping function which determines an a-allowable forcing P? = (IP’% :

B < 62). Then the product P! x P? is a-allowable relative to a bookkeeping
function F' € W which is definable from F1 and F.

Proof. The proof is very similar to the already established lemma We
will prove it by induction on «. For &« = 0 and o = 1 the lemma is true.
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Now assume that the lemma is true for . We shall argue that it is also
true for a + 1.

We shall define a bookkeeping function F” such that P* xP? is 1-allowable
relative to F”. For ordinals 8 < §; we let F'(8) = F1(). Then the (a + 1)-
allowable forcing which will be produced on the first 6;-many stages is P.

For 8 > 41, we let F'(3) = F3(8—01). Then we claim that F’ | [01,01+d2)
using the rules of (a + 1)-allowability will produce P2

First we prove by induction on 8 € [01, 01 + d2) that if 8 is a stage such
that case (b) applies when building the forcing using F’ over W, then case
(b) also must apply at 8 — d; when building P? over W using I, and vice
versa.

Assume first that at stage 8 — 1, P%f 5, 1s defined and case (b) applies
there. That is, if F(5 —01)o = (&,9,m) and G%—él is an arbitrary IP’%_EI—
generic filter over W, for every ¢ < a + 1 there is a (-allowable Q > IP’%_ 51
such that , ,

Q/Ghog, IF (@00, ) ¢ A g .
m 1
But then also P! x QP! x IP’% is C-allowable, by the induction hypothesis
and the previous lemma and

P! x (Q/GH) - (9. 5%) ¢ A_ca
"B
by upwards absoluteness of YXi-formulas. Thus we must be in case (b) at
stage B as well, when defining P* x P? using F”.
On the other hand if we are at stage 5 € [01,01 + 02), F'(B)o = (£,9,m),
G x G%_ 5, 18 an arbitrary P! x }P’%_ 5,~generic filter over W and we are in

case (b) when defining the next forcing using F’, then, for every ¢ < a+ 1
there is a C-allowable R¢ > P! x ]P%_ 5, such that

R¢/(G' x G3_s,) IF (2,y) ¢ Ap.

But then R¢ > ]P’%_ 5, 18 true, and the set ofR¢’s witnesses that we must be
in case (b) at stage 8 — 61 as well, when defining P? using F? working over
WIG3_s,]-

As a consequence we must be in the same cases when defining P! x P? at
stage B over W and when defining P? at stage 3 — §; using I, over W. But
then we let F’(3) be such that it does exactly what F»(8 — d1) does. This
implies that P! x IP%+1 is (o + 1)-allowable with respect to F’ | 8+ 1 and
the induction step is proven.

For § being limit there is noting to show as the §-th forcing is uniquely
determined by Pgr, 8’ < 8. Thus F” witnesses that P! x P? is v+ 1-allowable.

The case where « is limit is identical to the induction step o — o + 1,

modulo the obvious notational changes.
O
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It follows that once we encounter a potential f,(x)-value y of rank < a,
in an a-allowable iteration, that (z,y) will remain in A,, for the rest of the
a-allowable iteration and for all further a-allowable extensions:

Lemma 3.18. Let (P, I) be a-allowable over W with respect to F' of length
n < wi, let G be P-generic and let (x,y,m,&) € I for some & < a. Then in
WG], (z,y) € A and for every QP such that Q is & allowable it holds
that Q/G I+ (z,y) € Am.

Proof. Let B be the least stage in P such that (x,y,m,&) is added to I3.
Then, as £ < «, we must be in case (a) at stage . This means that we
found a pair (x,y) which can not be kicked out of A,, with a further &-
allowable forcing, for a £ < « as in the lemma. The tail however is an
a-allowable forcing over WG], hence also §-allowable and thus (z,y) € Ay,
throughout the tail of the iteration.

Adding an additional @Q which is £-allowable to the tail of P does not
alter the argument, which proves the second assertion of the lemma. O

Lemma 3.19. Work in W. For any «, the set of a-allowable forcings is
nonempty.

Proof. By induction on «. If there are a-allowable forcings over W, then
every bookkeeping function F € W, F : § — W3 together with the rules
(a) and (b) will create a nontrivial o 4+ 1-allowable forcing just by the way
we chose to define « + 1-allowability. For limit ordinals, the same reasoning
applies. O

As a direct consequence we obtain that there must be an ordinal « such
that for every 8 > «, the set of a-allowable forcings over W must equal
the set of S-allowable forcings over W. Indeed every allowable forcing is an
N;-sized partial order in W, thus there are only set-many of them (mod-
ulo isomorphism), and the decreasing sequence of a-allowable forcings must
eventually stabilize at a set which also must be non-empty.

Definition 3.20. Let aq be the least ordinal such that for every B > ay, the
set of ag-allowable forcings over W is equal to the set of 5-allowable forcings
over W.

The set of co-allowable forcings can also be described in the following way.
A § < wi-length iteration P = (P, : o < 0) is oo-allowable if it is recursively
constructed following a bookkeeping function F' and a modified version of
the two rules from above: we ask in (a) whether there exists an ordinal ¢ at
all for which the antecedens of (a) is true. If there is such an ordinal { we
proceed as described in (a) if not we use (b). Note that for m € w and a
real x we will have several potential y’s such that (x,y,m,§) € I as we go
along in an oo-allowable iteration. The ranks of the potential values form a
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decreasing sequence of ordinals, thus, once we set a value f(m,z), we can be
sure that eventually there will be a value for f(m,x) which will not change
any more in rank.

3.3 Definition of the universe in which the II} uniformization
property holds

The notion of co-allowable will be used now to define the universe in which
the IIi-uniformization property is true. We let W be our ground model and
start an wi-length iteration whose initial segments are all co-allowable with
respect to W. We are using the following rules in combination with some
bookkeeping F' € W. The actual properties of F' are not really relevant, F
should however satisfy that

o F':w; — H(wi) is surjective.
e For every z € H(w), the set F~!(z) should be unbounded in w.

Inductively we assume that we are at stage 5 < wy of our iteration and the
allowable forcings Pz, Rg have been defined already. We assume additionally
that the value F(8) = (F(8)o, F(8)1) is in fact a pair of elements in H (wy)
and F(B)o = (n1,m2, m) where n; <  and 79 are ordinals and m € w. We let
(&,9) be the no-th nice P, name of a pair of reals relative to our wellorder
< of H(w2)W. If we set 2%¢ = z, ¥ = y then we further assume that
W|[Gg] = (z,y) € Ap. Recall that ag is the least ordinal such that the
notion of a-allowable stabilizes. We split into two main cases, following the
definition of ag-allowable.

(1) We work in W[G),| and assume the following.

e There is an ordinal { < «g, which is chosen to be minimal for
which

e there is a <-least pair of nice P, -names (&', 9') such that &
z and §'“n = yo and W[G4] = (z,y0) € Ay and for every (-
allowable R € W[G3],

’Gm =

RIF (z,y0) € Apy.

If this is the case, then we set the following:

e We pick the <-least triple of P, -names (&, %, m) such that if

#@m = g, 2% = 2z # yo and such that (z,z,m) has not been

coded yet into S by Pg. We let P(B) := P, . m). We also let
Ps1 =Pg xP(5) and let Gg41 be its generic filter.

e We set a new [ value, i.e. we set f(m,x) := ¢y and assign the
G G
rank £ to the value. We update Iﬂfi’l = Iﬁﬁ U{(z,y',m,&)}.
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(2) We assume that case (a) is not true. So for every & < ap, in particular
for £ = ap, every pair (z,z) € W[Gy,] (so in particular for the pair
(z,y)) there is a further ag-allowable (P(®¥) > Pg, such that

BV /G I (2,y) & Am

We pick the <-least such ag-allowable forcing P(*%) and use the tail
P*Y /Gg at stage 3, and a generic filter G*Y > Gy for P*Y/Gg over W
and set Gy 1= G*Y.

Then we update Ig1 to be Ig U I%Y.

As always we use mixed support. This ends the definition of our iteration
(P, Ig) : p < wi). We set Py, to be the direct limit of (Pg : f < w1), and
1, = Uﬂ<w1 Is.

We next derive its basic properties. First we note that the iteration is
such that there is an " € W, F’ : wy — W, and such that for every ¢ < wq,
((Pg,Ig) : B < 6) is ap-allowable over W with respect to F” | 6. Indeed the
bookkeeping F' can be used to readily derive such an F’ € W.

Fact 3.21. The just defined iteration (P, ,I, ) € W is such that every
initial segment is ag-allowable over W relative to a fizred F' € W.

As a consequence, the f,-values of rank < o we define as we go along
the iteration are such that they will certainly belong to A,, in the final model
by Lemma [3.18 We let Gy, be P, -generic over W. What is left, is to show
that in W[G., ], for every m € w and every real x such that A,, , # 0, we do
have exactly one pair of reals (x,y) € A,, such that (x,y,m) is not coded
into S. The next lemma does exactly that, and is the main step in proving
that the IIi-uniformization property holds true in W[G,,].

Lemma 3.22. In W[G,,] the following dichotomy holds true:

1. Either (z,m) is such that there is a real y and £ < ag such that
(x,y,m,&) € I. Then there is a unique real yo such that

WG] = “(2,50) € Am A (2,10, m) is not coded somewhere into S”.

2. Or (x,m) is such that for every real y, if £ < aq then (x,y,m,§) ¢ I,
in which case

WGy, ] E “The x-section of Ay, is empty”

Proof. We assume first that the assumptions of case 1 are true, i.e. there is
ay and & < «ag such that (z,y,m,&) € I. Then there is a real yo € W[G,,,]
(and an attached ordinal & < «p) whose P, -name is <-minimal among all
such names. We let § be the least stage where we add (z, yo, m, &) to I3.
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Claim. W[G,,] E (z,y0) € Ap,.
Proof of the first Claim. This follows immediately from the lemma[3.18 O

Claim.

WG, ] E “yo is the unique real such that

(z,y0,m) is not coded somewhere in the S-sequence.”

Proof of the second Claim. We shall prove the second claim. First we show
that (z,yo,m) is not coded somewhere into the S-sequence. It is clear that
from stage 8 on, we will not code (x,yp, m) into S. So the only possibility
that we coded up (x,yp,m) is that there is a stage n <  of our iteration
P, where we coded (z, yo, m) into S. At stage 7, we can not be in case 2, as
(z,0) and the fact that we are in case 1 at stage 3, witness that we must be
in case 1 at 7. So we must be in case 1, but we add a different (z,y", m, &) to
I,), but its <-least name must be <-less than the <-least name for (x,yo, m,)
which is a contradiction to our assumption.

In order to see that it is the unique real of the form (z,y, m) which is
not coded, it is sufficient to note that for every other y # yo, (z,y, m) will
be coded into S by the rule (1) of our definition.

Thus Claim 2 is proved, which also finishes the proof of the Lemma under
the assumptions of the first case of our Lemma. O

We shall prove now that under the assumptions of the second case of
our Lemma, its conclusion does hold, i.e. we need to show that if (z,m) is
such that for every real y, if £ < g then (z,y,m,§) ¢ I, then W[G,,] E
“The z-section of A,, is empty”.

But under these assumptions, whenever we are at a stage 8 such that
there is a y such that F(8) = (x,y,m), then case 2 of the definition of
P, must apply. But for every such y, at stage (3, we ensure with an ag-
allowable forcing that W[Gg 1] = (x,y) ¢ Am. By upwards absoluteness of
Mi-formulas we obtain in the end

WG] F ~F((z,y) € Am).

This finishes the poof of the Lemma.
O

Corollary 3.23. In W[Gy,] the I} -uniformization property is true. For A,
an arbitrary 11i-set, we get that

y=f(m,x)
if and only if

43



(x,y) € Ap and —3Ir(VM (M is countable and transitive and M |=
ZF~ + “Vy emists” and wM = (WM and r, (v,y,m) € M — M

o((z,y,m))).
Proof. It suffices to note that the formula on the right and side is indeed H%.
This is clear as it is of the form H:l), A —Eé. O

4 Forcing over canonical inner models with Woodin
cardinals

4.1 Coding over M,

As stated in the beginning, we can apply this proof in the context of canon-
ical inner models with Woodin cardinals. Recall that under the axiom of
projective determinacy PD, the odd levels of the projective hierarchy will
satisfy the uniformization property. Our construction will yield a universe
in which the IT}-uniformization property is true, thus producing a model for
the “wrong" side for the first time. The complexities in its proof may serve as
another example of empiric evidence, that the regularity properties implied
by PD are natural, and violating them needs considerable effort. The proof
which we present should, modulo some technicalities lift to higher levels of
the projective hierarchy. The theorem could also be proved using L[U]| as
our ground model, or even weaker, working over L#, the minimal transitive
class-sized model which is closed under sharps for sets, reducing the large
cardinal assumption, but at the cost of not being liftable, this is why we
settle to prove it using M; as the ground model.

Theorem 4.1. Assume that the canonical inner model with one Woodin
cardinal, My, exists. Then there is a generic extension of My, in which the
H}l—uniformization property s true.

The proof of the theorem is closely modeled after the L case. We will first
introduce some of the properties of M; which are crucial for our needs, but
assume from this point on that the reader is familar with the basic notions
of inner model theory. Recall that M is a proper class premouse containing
a Woodin cardinal (see [2I], pp. 81 for a definition of M;). Every initial
segment jﬁMl is w-sound and 1-small, where we say that a premouse M is
1-small iff whenever k is the critical point of an extender on the M-sequence
then

JIM = —36(6 is Woodin).
The reals of M; admit a X}-definable wellorder (see [21I], Theorem 4.5),
the definition of the wellorder makes crucial use of a weakened notion of
iterability, the so-called IT3-iterability which we shall introduce.

Let M be a premouse, 7 be an w-maximal iteration tree b a branch
through 7" and « an ordinal. Then b is a-good if, whenever N' = MZ— or N
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is the a-th iterate of some initial segment P < MZ using a single extender
E (and its images under the iteration map) on the P-sequence, then « is in
the wellfounded part of /. Then we say that a premouse M is IIi-iterable,
if player II has a winning strategy in the game G/ (M, 1), where G/ (M, 1),
is defined just as the ordinary weak two player game WG, (M, 1) (see e.g.
[22] pp. 65 for a definition), with the exception that player I not only plays
an w-maximal, countable putative iteration tree 7 but additionally has to
play a countable ordinal a < NJIVII. Then player II does not have to play a
wellfounded branch through 7 (as it would be the case for iterability), but
instead can play a cofinal branch b through 7 such that b is a-good in order
to win.

The winning strategy for II for G/ (M,1) guarantees that M can be
compared to any countable premouse which is an initial segment of M;.

Lemma 4.2. Let M and N be w-sound premice which both project to w.
Assume that M is an initial segment of My and N is 1-iterable, and let
Y denote the winning strategy for player II in G,(M,wy + 1). Then we can
successfully compare M and N and consequently M AN or N < M.

It is relatively straightforward to check that the set of reals which code
I1}-iterable, countable premice is itself a IIi-definable set in the codes (see
[21], Lemma 1.7). Modulo the last lemma, this implies that there is a nice
definition of a cofinal set of countable initial segments of M; in wi-preserving
forcing extensions M;[G] of M, (in fact this definiton holds in all outer
models of M; with the same w;):

Lemma 4.3. Let M1[G] be an wy-preserving forcing extension of My. Then
in M;[G] there is II3-definable set T of premice which are of the form jan
for some n < wy. T is defined as

Z = {M ctbl premouse : M is H%—itemble, w-sound and projects to w},

and the set
{n<w : INeIN = jan)}
s cofinal in wi.

In particular Mj|w; is ¥;(wq)-definable in wi-preserving generic exten-
sions of Mj, as € Mj|w; if and only if there is a transitive U | ZF~,
wi C U, XY = Ry such that U = IM € T Ax € M, which suffices us-
ing Shoenfield absoluteness. A similar argument also shows that {M;|w;}
is ¥1(w1) definable, as we can successfully compute it in transitive wi-
containing models, via the following X1 (w;)-formula:

() X = Mi|w1 < 3U(U is a transitive model of ZF~ Awy C UA
UkEVYa<wdreI(lae (rnOrd)A
X is transitive and X N Ord = wi A
VeeI(x CX)ANVy e X3z e I(y € x))
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Indeed, if the left hand side of (x) is true, then any transitive U which
contains Mi|w; as an element and which models ZF~ will witness the truth
of the right hand side, which is an immediate consequence of Shoenfield
absoluteness.

If the right hand side is true, then, using the fact that Eé—statements are
upwards absolute between U and the real world, U will contain an w;-height,
transitive structure X which contains all countable initial segments of M7,
and such that every y € X is included in some element of M;j|wy, in other
words X must equal M;|w;.

We shall argue now, that the coding forcings, we defined earlier over the
constructible universe, can be adapted to M;j. The first thing to note is
that Mj|w; can define a {-sequence in the same way as L, can. Indeed, as
My has a A:l),—deﬁnable wellorder of the reals whose definition relativizes to
M |wi we can repeat Jensen’s original proof in M to construct a candidate
for the {-sequence, via picking at every limit stage o < wy the <jy, -least pair
(aasca) € P(a) x P(a) which witnesses that the sequence we have created so
far is not a >-sequence. The proof that this defines already a witness for <
is finished as usual with a condensation argument. Hence we shall show that
if jéwl is least such that (an : @ < wi) and (A,C) € JﬁMl, where (A, C) is
the <py,-least witness for (aq)a<w, N0t being a {$-sequence, then there is an
countable N < 7, 5Ml such that the transitive collapse N is an initial segment
of Ml.

To see that in fact every such IV collapses to an initial of My, recall
the condensation result as in [22], Theorem 5.1, which we can state in our
situation as follows:

Theorem 4.4. Let M be an initial segment of M;. Suppose that 7 : N - M
is the inverse of the transitive collapse and crit(mw) = pfy, then either

1. N is a proper initial segment of M, or

2. there is an extender E on the M-sequence such that In(E) = pf, and
N is a proper initial segment of Ulty(M, E).

We shall argue, that in our situation, the second case is ruled out, hence
every N < jéw ! collapses to an initial segment of M;. Indeed, due to the

w-soundness of 7, 6Ml, every N < J, BMI will satisfy that

M, M,y
N_ Jg _ Ts
Py = Pw - wl ’

hence crit(m) = w{v = _pg by elementarity of 7.
But Nw) = N|w}, and as N|w} thinks that w is its largest cardinal,
N|wd must believe this as well. But then there can not be an extender on the

N-sequence which is indexed at wi", as otherwise N|wi" would think that wi"
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is inaccessible, which is a contradiction. Hence, the condition [h(E) = pY is
impossible and all that is left is case 1, so N is an initial segment of M;.

This shows that Jensen’s construction of a {>-sequence succeeds when
applied to M. It is straightforward to verify that the recursive construction
can be carried out in M;|w; by absoluteness. Consequently the {-sequence
is a Xj-definable class over Mj|w;.

We can use the {-sequence to construct an wi-length sequence of M-
subsets of w7 which are stationary, co-stationary just as in L. We let R,
be {# < wi | ag = ro N B}, where 74 is the a-th M; real in its canonical
wellorder. The sequence (R, : « < wi) is ¥1(w1)-definable, which works for
all wi-preserving generic extensions of M7, by our discussion above. Indeed
in order to find R, in some M;[G], where G is a generic filter for an w-
preserving forcing, then the formula (%) will define {M;|w} in a X; (wy)-way,
and the latter can internally define R,,.

Hence, we can reproduce the stationary kill forcings we used to obtain
W = LIQ")[Q!][Q?] from L in exactly the same way over M; and obtain an
wi-preserving, w-distributive generic extension W* over M7, in which there
is a X (wj)-definable sequence of independent wy trees S , which are Suslin
in the inner model M;[QV][Q?].

We shall work in W* from now on, and reproduce the coding forcings we
defined in W. Given an arbitrary real coding a r triple (x, y, m) we can define
the coding forcing P, , ) in almost the same way as we did over W, the
only exception is that we use C(w;)™!, i.e. wi-Cohen forcing as evaluated
in M7 as the first factor. If g C w1 we let h be the set one obtains when
applying the <,z -least bijection p : wy — w1, p € My pointwise to g, i.e.
h=p“4gnNa: a<w}. Asbefore, the set h determines which w-blocks of
S should have written the (z,y, m)-pattern into it. To emulate the previous
jargon, we say that h codes an M;-sequence of ordinals, if there is a g such
that h = p“{gNa : o <wi}. We collect the set M;|w, the relevant clubs
through Mj-stationary sets, and the branches through the Suslin trees which
create the pattern which codes up w = (x,y,m), the set h C wy and write
everything into one set X C w;. Note that if v € h is arbitrary, if L¢[X] is
the least ZF~-model which contains X C wy, we obtain that

L¢[X] En € (x,y,m) = Syy42n41 has an wq-branch and
n ¢ (z,y,m) — Swyyon has an wi-branch

Our next goal is to rewrite the set X, such that already suitable countable
models can read off w. Here we our argument has to diverge from the W-case,
as Mi’s definition is more complicated.

We first note that any transitive, Ni-sized ZF~ model M which contains
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X will satisfy

M « : : M M
(M, €,7,,") E“Decoding X yields a model m and m = J,[* = U N/
1

T

some clubs ¢ through elements of m which code Suslin trees §

ez

some branches b through §,
a set h C wi which codes an Mj-sequence of ordinals such that
for the least ZF~ model of the form L¢[X] we have that
LX) EVy € h(n € (x,y,m) = Suyt+2n41 has an wq-branch

n ¢ (xz,y,m) = Suy42n has an wi-branch))

In particular, this will be true for a ZF~ + “Ng exists” model of the form
(Le[X], €, TM), € < Wy If we consider the club

C:={n<w : IM,€P) =< (LX), €, T2 (M| =Rg Anp=wi N M)}

then if (N, €) is an arbitrary countable transitive model of ZF~ such that XN
w € N and w) € C, then N will decode out of X Nwy exactly what (M, €
,Jan) decodes, where the latter is the transitive collapse of (M, €, P) <
(Le[XT, e,jj‘fl), where X € M, M Nw; = w{'. In particular, if we denote
the Aj-definable decoding functions with deci, decy and decs respectively,
then we obtain

N k= 3my 3¢3b(decy (X Nwl¥) = my Adecy(X Nwl) =&
Adecs(X Nw]) =bAdecs(X Nwd) =hnw
and for the least ZF~ model of the form L;[X Nwi'] we have that
Le[X Nwil] = Yy € h(n € (2,y,m) — Suy42n4+1 has an wi-branch
n ¢ (z,y,m) = Swyton has an wy-branch))).

Further, as deci (X Nw) =m = Jan, we get that
deci(X Nwl) e T.

Now let the set Y C wy code the pair (C, X) such that the odd entries
of Y should code X and if Yy := E(Y') where the latter is the set of even
entries of Y and {c, : @ < w1} is the enumeration of C' then

1. E(Y)Nw codes a well-ordering of type cg.
2. EY)N[w,co) = 0.
3. For all 8, E(Y) N|cg, g+ w) codes a well-ordering of type czy1.

4. For all 8, E(Y) N [cg 4+ w,cp1) = 0.
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We obtain a version of the which works for suitable countable transitive

models:

Let M be an arbitrary countable transitive model of ZF™ + “Ny exists”

M
g

for which there is a jan € 7T such that w{V[ = wj and jan c M.
Assume that Y NwM € M then M can decode out of Y Nwy,

a model m,

some clubs ¢ through m-stationary sets §, (such that of every
consecutive pair in § exactly one of the pair is not stationary
anymore as witnessed by an element of ¢), which in turn yield a
sequence § of m-Suslin trees;

a set h C wi such that Va < wM(h N a € m) and which codes
an Mj-sequence of ordinals

and some branches b through elements of §such that for the least

=

ZF~ + “Ny exists”-model of the form L¢[m, §,b]:

-

L¢lm, 5,0] EVy € h(n € (x,y,m) = Suyt+2n+1 has an wy-branch
n ¢ (z,y,m) — Swyton has an wi-branch))).

Moreover m is an M initial segment as seen from the outside, i.e.

m =

JM eI

Thus we have a local version of the property (). In the last step, we use
almost disjoint coding forcing again, to obtain a real ry which codes our set
Y C wy relative to the jf)\fll—deﬁnable almost disjoint family of reals. Thus
we obtain the following formula ¢ ((x, y, m), ry) holds, where ¥ ((z,y, m),ry)
is defined to be:

For M an arbitrary countable transitive model of ZF~ + “N5 exists”,

and ry € M and for which there is a j,f\/[l € 7T such that w{w =wy"

My

J,

and jan € M. Assume that ry € M then M, relative to the a.d.
family of reals from jan, can decode out of ry the following

a model m,

some clubs ¢ through m-stationary sets &, (such that of every
consecutive pair in § exactly one of the pair is not stationary
anymore as witnessed by an element of &) which in turn yield a
sequence § of m-Suslin trees;

a set b C w} such that Va < wM(hNa € m) and which codes
an M;i-sequence of ordinals
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— and some branches b through elements of §, whose indices live on
w-blocks with starting values in h such that the least ZF~+“Ny

-

exists” model of the form L¢[m, ¢, b]

-

L¢[m, €,b] EEVYY € h(n € (z,y,m) = Suy42n+1 has an wi-branch
n ¢ (z,y,m) = Suyton has an wy-branch)).

Moreover m is an M; initial segment as seen from the outside, i.e.
m = ‘7,;\41 el

A straightforward calculation shows that the statement ¢ ((z,y, m),ry) is of
the form (X3 — II}), thus it is a ITi-formula, and stating the existence of
such a real ry is 1.

The existence of a real r witnessing ¢ ((x, y, m), r) is sufficient to conclude
that L[r] contains branches through R;-many trees from S.

Lemma 4.5. Let w be a real which codes (m,x,y) € (w X 2% x 2¥) and let r
be such that ¥ ((x,y,m),r) is true. Then, working inside L[r], there is a set
h C wy such that Vo < wi(hNa € My|wy), such that h codes an My -sequence
of ordinals and such that

Vy € h(n € (x,y,m) = Spyt2n+1 has an wi-branch

n ¢ (x,y,m) = Syyt2n has an wi-branch

Proof. We note first that 1 ((x,y, m),r) must also be true (ignoring its state-
ments involving Z) for models of uncountable size where we replace \74\/[1 with
jbf\;h. Indeed, if M would be an uncountable, transitive model containing r
and J27t for which ¢((z,y,m),r) is wrong, then we let N be the transitive
collapse of N < M, r, jan € N and N would reject ¢((xz,y,m),r) as well,
even though N is of the right form, which gives us a contradiction.

But if ¢ ((x,y,m),r) holds for arbitrarily large models M, it must be
true in the universe L[r|. Indeed if some Nj-sized ZF~-model of the form
L¢[M, C_", E], where M, C_", B are just the unions of the computations of m, ¢
and b in suitable countable transitive models of increasing (with limit wy)
ordinal height, then first note that M = M;|w; and L¢[M, C, B] sees that
there is a set h C wy such that Vo < wi(h N a € Mi|wi) such that

L¢[M, C, B] EE=Yy € h(n € (2,9, m) = Suryioni1 has an wi-branch
n ¢ (z,y,m) — Swyton has an wq-branch)).

and the computation of S must be correct. As the existence of an wi-branch
through S, is upwards absolute to L[r] we obtain that indeed, in L[r], there
is a set h of desired form such that w = (z,y,m) is coded at every v-th
w-block of S for v € h. O
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So to summarize our discussion so far, if we let W* be our ground model,
which is defined as reproducing the move from L to W with M; as starting
point, then there is a way of coding arbitrary reals x into the g—sequence,
and the statement “z is coded into S” is £} (z).

Consequently we can reproduce the proof of the Hé—uniformization prop-
erty over W*. We list all the II}-formulas, form the set of oo-allowable
forcings over M7 and eventually define an w-lenght iteration of oc-allowable
forcings just as before. The only changes are that the coding argument has
to be altered as described above, and the use of the two-step Zé—generic
absoluteness of M; instead of Shoenfield absoluteness, which makes it pos-
sible to uniformize ITj-formulas. The generic two-step X3 absoluteness of
M follows from M7 being closed under sharps and the well-known result of
Martin-Solovay and Woodin (see [4], Theorem 3). This ends the hopefully
sufficiently detailed sketch of the proof of Theorem 4.1.

4.2 Forcing over M,

This section shall outline how to make the adjustments when applying our
forcing to the canonical inner models with n-many Woodin cardinals, de-
noted as usual with M,. For every such M,, there exists a notion of II}, ;-
iterability, which is sufficient to characterize countable initial segments of
M, even in our ccc generic extensions of M.

Fact 4.6. Let M,[G] be an wi-preserving forcing extension of M,,. Then in
M, [G] there is H}H_I—deﬁnable set I, of premice which are of the form J, "
for some n < wi. I, is defined as

Z, == {M ctbl premouse : M is H,ll_i_l—z'temble, w-sound and projects to w},

and the set
{n<w : INeIN = jnM”)}

s cofinal in wi.

The sets Z,, will be used to run a coding argument just as described for
M, with the obvious replacements. The second fact we need concerns generic
(two-step) absoluteness of the M,,’s. This is true because of a generalization
of the Martin-Solovay result due to, most likely Steel and Woodin (see [20],
Lemma 3.7), and the fact that M, is closed under the = — Mk,#(x) operation
for k < n and every real x € M,.

Fact 4.7. For every n € w, M, is Z}L+2-generz‘c absolute for forcings of size
the second largest Woodin cardinal.

These two results suffice to run the proof of the II}, s-uniformization
property as follows: we start with M, as our ground model and pass first to
W* which contains a X (w; )-definable sequence of independent Suslin trees.
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Then, working in W*, we list all the IT} g-formulas and repeat the construc-
tion of co-allowable forcings over W*. The role of Shoenfield absoluteness is
replaced by taking advantage of the generic absoluteness result from above.
We use the IT} 4 1-definable set of M, initial segments to form with the coding
forcings 1 yg-predicates for “being coded into g”, similar to the M;j-case.
This will obtain:

Theorem 4.8. For any n € w, if the canonical inner model with n Woodin
cardinals exists, there is a universe in which the 11} L 3-uniformization prop-
erty holds.

We believe that the above can be improved, indeed we conjecture that
for every n € w, the IT.-uniformization property can be forced over L.

5 Further possible applications and open problems

In this last section we want to sketch a second application of the proof
method we just presented, and introduce some natural follow-up questions
which are likely very old and have been asked already somewhere else. First
we want to point out that the we expect the proof to be applicable to the
generalized Baire space x<*. In particular, the ITi-uniformization problem
in K% should (consistently) have a positive solution.

The methods in this paper leave the following question up:

Question 1. Can the IT: -uniformization property be forced over L forn > 3%

The method we introduced is limited so far to local effects. It would be
interesting to force a less local or even global behaviour:

Question 2. Given a pair n,m € w such that n # m,n #m+ 1. Can one
force a universe in which the 1L and the 1., uniformization property does
hold simultaneously?

Finally we think that it is very interesting to investigate combinations
of our method with other forcings to generically create models with proper-
ties which usually stem from determinacy assumptions. As a paradigmatic
example we just state one question, though there are many more:

Question 3. Given the existence of a Mahlo cardinal. Does there exists a
model which satisfies the Hé-umformization property and “every projective
set of reals is Lebesque measureable?’
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