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Abstract

We present a method which allows the combination of forcing uni-
formization on the II- and the X-side of the projective hierarchy to a
certain extent. Using this method we construct a universe where IT3-
reduction holds, IT3-uniformization fails, yet ¥} uniformization is true
for n > 4. We also construct a universe where II}-uniformization holds
and for every n > 4, ¥}-uniformization holds, lowering best known
upper bound for this statement from the existence of two Woodin car-
dinals to Con(ZFC).

1 Introduction

The problem of finding well-behaved choice functions for families of sets, a
core concern in descriptive set theory, is a long-studied subject. Specifically,
the uniformization problem, first posed by N. Lusin in 1930, asks whether
one can find a choice function (called a uniformization) that has the same
complexity (i.e. sits on the same projective level) as the set it is defined
from.

Definition 1.1. For a set A < 2¥ x 2¥ (a set of pairs of reals), a partial
function f is a uniformization of A if f picks exactly one y for each x such
that there is a y' with (x,y') € A. In other words, the graph of f is a subset
of A, and the domain of f is the projection of A onto its first coordinate. A
projective pointclass T' € {3} | n € w} U{II} | n € w} has the uniformization
property if every set in I' can be uniformized by a function whose graph also
belongs to T'.

Closely related to the uniformization property is a second classical regu-
larity property, the reduction property, introduced in 1936 by K. Kuratowski.
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10.55776/P37228.



Definition 1.2. We say that a projective pointclass T' € {XL | n e w} u {11} |
n € w} satisfies the I'-reduction property (or just reduction) if every pair
By, By of I'-subsets of the reals can be reduced by a pair of I'-sets Ry, R,
which means that Ry < By, R < By, Ron R1 = & and Ry u R1 = Byu Bj.

It follows immediately from the definitions that ['-uniformization implies
I'-reduction.

It is a classical result by M. Kondo that the family of II} sets possesses
the uniformization property, which also implies the property for X} sets.
Standard set theory (ZFC) cannot prove uniformization for any pointclass of
higher complexity.

To prove uniformization for more complex sets, one must appeal to addi-
tional set-theoretic axioms. In the constructible universe L, for every n > 2,
3! does have the uniformization property which follows from the existence
of a good Al-wellorder by an old result of Addison (see [I]). Recall that
a Al_definable wellorder < of the reals is a good Al-wellorder if < is of
ordertype wy and the relation <;c (w*)? defined via

r<jy<e{(@), newl={z:z<y}

where (z),, is some fixed recursive partition of 2 into w-many reals, is a Al-
definable relation. Addison’s observation is that a good Al-wellorder implies
that the X! -uniformization property is true for every m > n. It is easy to
check that the canonical wellorder of the reals in L is a good Al-wellorder
so the ¥!-uniformization property follows for n > 2.

On the other hand, and more importantly, if we assume the existence
of large cardinals or alternatively strong forcing axioms, we obtain a very
different picture. Due to Moschovakis (see [I7] or [I4], Theorem 39.9), the
axiom of projective determinacy (PD) implies that I}, ., and X3, _ ,-sets
have the uniformization property. By the Martin-Steel theorem (see [I5]
or [18], Theorem 13.6.), the assumption of infinitely many Woodin cardi-
nals implies PD, and hence large cardinals fully settle the behaviour of the
uniformization property within the projective hierarchy.

An old result of Novikov (see [18], Lemma 7.25) states that I-reduction
rules out reduction for the projective pointclass dual to I', denoted by I so
in particular the two possibilities for the behaviour of uniformization (and
hence of reduction) within the projective hierarchy contradict each other.

There are set theoretic universes which combine the behaviour of uni-
formization under V' = L and under PD to some extent. Paradigmatic
example are the canonical inner models with n-many Woodin cardinals M,,.
Due to Steel, these models have good X} . ,-definable well-orders of its re-
als so in particular ¥, uniformization holds there for m > n. Yet the
presence of the n-many Woodin cardinals implies ITL-determinacy, so in
particular I3, |, 2m+1 < n+ 1-uniformization holds for n even and I}, , ;-
uniformization holds for 2m < n + 1 for n odd.



This work is a first attempt to find possibilities to combine the X-
uniformization property and the [I-uniformization property, but using forcing
techniques instead of (local forms of) projective determinacy. The articles
[5] [9] and [7] deal with forcing II}-reduction, IT}-uniformization for a given,
fixed n € w, and forcing global X! -uniformization for m > 2 respectively.
The techniques introduced there are however impossible to combine. Indeed,
the methods are such that they exclude themselves from each other. Forc-
ing uniformization (or reduction) on the Il-side of the projective hierarchy
currently needs the solution of an associated fixed point problem for sets of
forcings first. These fixed point problems can only be solved if we work with
iterated coding forcings which are closed under taking products. Forcing the
uniformization property on the -side acccording to [7], in stark contrast,
needs the iteration of coding forcings which can not be closed under taking
products by design (see the footnote 4 on pp. 19).

Hence it becomes a challenging problem to investigate ways to combine
forcing constructions for the IT and the X-uniformization property. Questions
of this type do have a deeper underpinning. Indeed, they can be seen as first
test questions for finding constructions which would yield alternative, global,
or at least less local patterns for the behaviour of the uniformization property
within the projective hierarchy. The latter question is still wide open E| in
general and the current status of available methodology suggests that it is
a very hard one. This article adds further difficulties to the picture, as its
methods have a degree of limited flexibility and any attempt to force, say,
II}-uniformization without large cardinals must be such that it can not be
combined with these methods.

Main goal of this work is the introduction of a new technique which allows
the combination of techniques forcing the II-uniformization and methods
which force the Y-uniformization to some extent. This technique allows
for a deep investigation of reduction and uniformization as displayed in the
following first main theorem. Notably we do not assume anything beyond
the consistency of ZFC for its proof.

Theorem 1.3. There is a generic extension of L which satisfies
1. T}-reduction,
2. a failure of H%-uniformization,
3. Bl uniformization for every n > 4 simultaneously.

The second main theorem is another application of ideas involved in
proving the first main theorem and show that the two Woodin cardinals of
M are not necessary to obtain the behaviour of uniformization there, instead
one can get by with just assuming Con(ZFC).

'E.g. the problem of finding a universe where IT} and II§-uniformization holds is wide
open and seems to be far out of reach of the current methods.



Theorem 1.4. Assume the consistency of ZFC. Then there is a universe
where the H%—um’formization property is true and the ¥} -uniformization prop-
erty is true for all n = 4 simultaneously.

Due to the specific choice of the coding forcings we use, both theorems
can be lifted to the M,,’s, the canonical inner models with n-many Woodin
cardinals.

Theorem 1.5. Let M, denote the canonical inner model with n-many Woodin
cardinals. There is a set-generic extension My,|[g] of M, which preserves the
Woodin cardinals and where additionally

1. TI}  s-reduction holds,

2. H,ll 3-uniformization fails,

3. 2}n+4—um’f0rmz’zati0n holds for every m = n.
and

Theorem 1.6. There is a set-generic extension My|g| of M, preserving the
Woodin cardinals and where additionally

1. T}, s-uniformization holds,

2. E}n+4-un7jf07"mization holds for every m = n.

Put in a wider context, this work contributes to the project of a detailed
investigation of separation, reduction and uniformization in the absence of
large cardinals. There is a growing body of work which explores its connec-
tions, in various set theoretic contexts (see e.g. [L1], [6], [8]).

We end the introduction with a short description of the organization of
this article. The first four sections are devoted to re-introduce the coding
machinery we use throughout which is basically the same as in [5] and [9].
The notion of allowable forcing is introduced, which is a generalization of the
according notion from [5]. In the fifth section a carefully defined, generalized
version of the thinning out process is presented which will be used to solve
a specific fixed point problem on sets of forcings. This solution is employed
to force the H%—reduetion property, or, for the second theorem, is employed
to force IT3-uniformization. At the same time the generalized thinning out
process leaves some additional room to work towards ¥.}-uniformization and
a good Yi-wellorder of the reals. The implementation of the failure of ITi-
uniformization is tricky and involves the introduction of a Z%—deﬁnable w-
sequence of reals which serve as markers which indicate potentially dangerous
codes we need to ignore in order to have H%—reduction in the final universe.
The proof of the first main theorem takes up the sixth section which is
separated in several subsections to keep the presentation tidy. The proof of
the second main theorem is an easier application of the ideas and methods
of the proof of the first theorem and is sketched in the seventh section.



2 Preliminaries

The techniques of this work fully rely on [5], [9] and [II]. We shall give a
short presentation of these now. We will indicate where the reader can find
the proofs in detail. The coding method of our choice utilizes Suslin trees,
which can be generically destroyed in an independent way of each other (see

13])-

Definition 2.1. Let T = (T, : o < k) be a sequence of Suslin trees. We
say that the sequence is an independent family of Suslin trees if for every
finite set of pairwise distinct indices e = {ep,e1,...,en} < K the product
Tey x Ty x -+ xTg, s a Suslin tree again.

Note that an independent sequence of Suslin trees T = (T, : o < k) has
the property that if A < x and we form [[..,7; with finite support, where
each T; denotes the forcing we obtain if we force with the nodes of the tree
as conditions using the tree order as the partial order, then in the resulting
generic extension V[G], for every a ¢ A, V[G] = “T,, is a Suslin tree”.

Theorem 2.2. (see [11]) Assume that Ry = R and M is an uncountable,
transitive model of ZF~ 4+ “Vy ewists”. Then there is an independent sequence
S = (Sa | @ < wi) of Suslin trees in L and the sequence S is uniformly
Y1 ({w1})-definable over M. To be more precise, there is a ¥1-formula ¢
with wy as the unique parameter, which does not depend on the model M,
such that the relation {(t,7) | v < w1 At € T7}, where T7 denotes the ~y-th
level of T, is definable over M using ¢.

The trees from S will later be used to define several related coding forc-
ings that are the main tool in our proofs.

We briefly introduce the almost disjoint coding forcing due to R. Jensen
and R. Solovay ([13]). We will identify subsets of w with their characteristic
function and will use the word reals for elements of 2 and subsets of w
respectively. Let D = {d, : a < X} be a family of almost disjoint subsets
of w, i.e. a family such that if r,s € D then r n s is finite. Let X c w
be a set of ordinals. Then there is a ccc forcing, the almost disjoint coding
Ap(X) which adds a new real x which codes X relative to the family D in
the following way

«a € X if and only if x n d, is finite.

Definition 2.3. The almost disjoint coding Ap(X) relative to an almost
disjoint family D consists of conditions (r, R) € [w]=¥ x D<* and (s,S5) <
(r, R) holds if and only if

I.rcsand Rc S.



2. Ifae X anddy € R then r ndy = s N d,.

We shall briefly discuss the L-definable, R¥-sized almost disjoint family
of reals D we will use throughout this article. The family D is the canonical
almost disjoint family one obtains when recursively adding the <-least real
xg not yet chosen and replace it with dg < w where this dg is the real which
codes the initial segments of xg using some recursive bijections between w
and w<¥. The definition of D is uniform over any uncountable, transitive
ZF~-models M with, as we can correctly compute L up to Nf inside M and
then apply the above definition inside L’s version of M. Even more is true, if
M is a countable, transitive model of ZF~ + “ Ny exists and N = NlL”, then
M will compute D | wM in a correct way. The reason is again, that M can

define an initial segment of L correctly which suffices to calculate D | w{w .

3 Coding machinery

We continue with the construction of the appropriate notions of forcing which
we want to use in our proof. The goal is to first define a coding forcings
Code(z) for reals x, which will force for = that a certain ¥3-formula ®(x)
becomes true in the resulting generic extension. The coding method is basi-
cally the same as in [5] and [9] and literally the same as in [I1].

In a first step we add wi-many wi-Cohen subsets with a countably sup-

ported product,
Pl = H (C(wl).

a<wi

Note that this forcing is itself o-closed so no reals are added and S is still an
independent sequence of Suslin trees. In a second step we force over L¥ to
destroy all members of S via generically adding an wi-branch, that is we form
PO =] acw, o With finite support. Note that this is an N;-sized, ccc forcing

over L and also Lpl, and the forcing is independent of the actual model in
which it is computed. The two step iteration can be thus conceived as a
product of two factors (] [,_,, Clw))E %] acw; Sa- In the generic extension
N is preserved and CH remains to be true.

We use W to denote this generic extension of L, that is we let ¢° x ¢!
be a PY x P! generic filter over L where P? adds cofinal branches to each
member of S and P! adds Ni-many wi-Cohen subsets, then

W =L[g’ x g'].

Let x € W be a real, and let m, k € w and let 7 < wy. We simply write
(z,m, k,1) for a real w which codes the quadruple (z,m,k, 1) in a recursive
way. The forcing Code(x, m, k,1,7) E|Which codes the quadruple (z,m, k,1)

2The other coding forcing, Code(z, m, k,0,n), which codes quadruples (z,m, k,0) in-
stead is defined in the analogue way



into S is defined as the almost disjoint coding forcing of a specific set Y < w1,
that is
Code(m, k,1,z,m) := A(Y).

We will define the crucial set Y < w; now.

To ease notation we let g < w; be g% for n < wy, where g% is the n-th coor-
dinate of the [ [, _,,, C(w1)-generic filter over L[g°]. Welet p: ([w1]®)F — w1
be some canonically definable, constructible bijection between these two sets.
We use p and g to define the set h < wy, which eventually shall be the set of
indices of w-blocks of S , where we “code up the characteristic function of the
real (m, k,1,z)”, the latter slogan will be made precise in a moment. Let

h:={plgna): a<w}
and let

A:={wy+2n|yehn¢ (mk,1,z)}u
{wy+2n+1|yv€h,ne (m,k,1,z)}.

Let X < w; be chosen such that it codes the following objects:
e The set A c w;.

e Some set {bg < Sg | B € A} of wi-branches. We demand that for every
Be A, bgis a L[g°]-generic branch for the forcing Sg € S.

Note that, when working in L[ X] and if 7y € h then we can read off (m, k, 1, z),
and thus we say that (m,k,1,z) is coded into S at the w-block starting at
v, via looking at the w-block of S-trees starting at v and determine which
tree has an wq-branch in L[ X].

(¥)y n € (m,k,1,z) if and only if S,.y42,4+1 has an wi-branch, and n ¢
(m, k,1,z) if and only if S,.y42, has an wq-branch.

Indeed if n ¢ (m, k, 1, z) then we added a cofinal branch through S,,.42,. If
on the other hand S,,.4+2, does not have an wy-branch in L[ X| then we must
have added an wy-branch through S,,.~ 2,41 as we always add an wq-branch
through either S.,.44+2n41 or Su.y42, and adding branches through some S,,’s
will not affect that some S remain Suslin in L[X], as S is independent.
We note that we can apply an argument resembling David’s trick ([2])
in this situation. We rewrite the information of X < w; as a subset Y < wy
using the following line of reasoning. Keeping lemma [2.2]in mind, it is clear
that any transitive, Ni-sized model M of ZF~ which contains X will be
able to first define S correctly and also correctly decode out of X all the
information regarding (m, k, 1, z) being coded at each w-block of S starting
at every « € h. Consequently, if we code the model (M, €) which contains X
as a set Xy C wy, then for any uncountable 3 such that Lg[Xy/] = ZF:

7



Lg[X ] = “The model decoded out of X satisfies (#), for every v e h”.

In particular there will be an X;-sized ordinal S as above and we can
fix a club C' < w; and a sequence (M, : «a € C) of countable elementary
submodels of Lg[X] such that

Vae C(My < Lg[Xp| A My 0wy = )

Now let the set Y < w; code the pair (C, X3s) such that the odd entries
of Y should code X, and if E(Y) denotes the set of even entries of Y and
{ca 1 @ <wi} is the enumeration of C' then

1. E(Y) nw codes a well-ordering of type cg.

2. B(Y)n[w,c) = .

3. For all 8, E(Y) n [cg,cs + w) codes a well-ordering of type cg41.
4. For all B, E(Y) n [cg + w,c41) = .

We obtain

(%) For any countable transitive model M of “ZF~ and N; exists” such that
wM = (WM and Y nw] € M, M can construct its version of the
universe L[Y n wi¥], and the latter will see that there is an RXM-sized
transitive model N € L[Y n w}'] which models (x) for (m, k, 1,z) and

every ye hn M.

Thus we have a local version of the property (#). We have finally defined
the desired set Y and now we use

Code(m, k,1,z,n) := A(Y)

relative to our previously defined, almost disjoint family of reals D € L
(see the paragraph after Definition 2.5) to code the set Y into one real 7.
This forcing only depends on the subset of w; we code, thus Ap(Y') will be
independent of the surrounding universe in which we define it, as long as it
has the right w; and contains the set Y. The effect of the coding forcing
Code(m, k,x,1,n) is that it generically adds a real r such that

(##%) For any countable, transitive model M of “ZF~ and ¥; exists”, such
that wM = (WM and r € M, M can construct its version of L[r],
denoted by L[r]™, which in turn thinks that there is a transitive ZF -
model N of size XM such that N believes (%) for (m, k, 1,x) and every
yehn M.



Indeed, if 7 and M are as above, then M and L[r]™ will compute the
almost disjoint family D up to the real indexed with w; n M correctly, as
discussed below the definition 2.3. As a consequence, L[r]" will contain the
set Y nwil where Y < wy is as in (). So in L[Y n wM], there is an
NM_sized, transitive N which models (x), for every v € h n M, as claimed.

Note that (###) is a II3-formula in the parameters r and (m, k, 1, ), as
the set h N M < w! is coded into r. We say in the above situation that
the real (m,k,1,x) is written into S, or that (m,k,1,x) is coded into S.
To summarize our discussion, given an arbitrary real of the form (m, k, 1, z),
then our forcing Code(m, k,1,x), when applied over W, will add a real r
which will turn the TIi-formula (%) for r, (m, k, 1, ) into a true statement
in WCode(m,k,l,x).

The coding forcing which codes a given real (m,k, 1, x) into the §, de-
noted by Code (m,k,0,z) is defined in the same way. The projective and
local statement (#sx), if true, will determine how certain inner models of
the surrounding universe will look like with respect to branches through S.
That is to say, if we assume that (##x) holds for a real (m, k, 1, x) and is the
truth of it is witnessed by a real . Then r also witnesses the truth of (ssx)
for any transitive model M of the theory “ZF~+ ; exists and Ry = RI”,
which contains r (i.e. we can drop the assumption on the countability of
M). Indeed if we assume that there would be an uncountable, transitive
M, r € M, which witnesses that (xxx) is false. Then by Lowenheim-Skolem,
there would be a countable N < M, r € N which we can transitively collapse
to obtain the transitive N. But N would witness that (##*) is not true for
every countable, transitive model, which is a contradiction. Consequently,
the real r carries enough information that the universe L[r]| will see that
certain trees from S have branches in that

ne (m,k,1,z) = L[r] = “Suy+2n+1 has an wi-branch”.
and
né¢ (m,k,1,x2) = L[r] I “Syy+on has an wi-branch”.

Indeed, the universe L[r] will see that there is a transitive model N of
“ZF~+ V; exists and X = R which believes (#) for every v € h < wy, the
latter being coded into r. But by upwards >:1-absoluteness, and the fact that
N can compute S correctly, if N thinks that some tree in S has a branch,
then L[r] must think so as well.

4 Allowable forcings

Next we define the set of forcings which we will use in our proof. We aim
to iterate the coding forcings we defined in the last section. We need to



generalize the notion of allowable, introduced in [5], as we want to force
towards

I1}-reduction,
the failure of H%-uniformization,
Yi-uniformization and

a good Zé—well—order.

These different tasks will be tackled using iterated coding forcings which
obey the following definition.

Definition 4.1. Let W be our ground model. Let a < wy and let F' € W,

F

a — W be a bookkeeping function. A finite support iteration P =

((Pﬁa(@ﬂ) : B < ) is called allowable (relative to the bookkeeping function
F) if the function F : « — W determines P inductively as follows:

(1)

(2)

We assume that 3 = 0 and Pg is defined. We let Gg be a Pg-generic
filter over W and assume that F(B) = (m, k, i,i‘,ﬁ), for a quintuple of
Pg-names. We assume that ¢85 =: z is a real, Mm% = m and kG
are natural numbers which code two H})’—sets Ay, and Ap respectively,
195 € {0,1} and 1% is an ordinal < wy.

Then we split into two cases:

— If there is a v < 8 and a Py-name of a triple (Tﬁ’, KU, a, 1) such
. -G -G .
that & = a€w’, m T=mew kT =K ew, 1% =n and
F(v) = (m,k,l,a,n), then we force with the trivial forcing. We
say in this situation that 1 has already been used for coding, or n
is not free.

— If not, then let
Qgﬁ _ P(/@)Gﬁ := Code(m, k,l,z,n).

We say that in this situation n is free or n has not been used for
coding yet.

If on the other hand, F(B) = (m,z,y,n) and m is the Géodel number
of a I1i-set in the plane, @,y are both Pg-names of reals, 1) a name for
a countable ordinal, then we define

Q7 == Code(0,0,35%, 5%, %)
provided n is free. If n is not free we let i’ be the least ordinal which

s free and use Qgﬂ := Code(0,0, 298, 5%, n%8) instead. To avoid an

10



ambiguity in the definition we also declare that 0 is not the Gédel num-
ber of any formula. The seemingly redundant information when coding
(0,0, z,y) instead of just (0,z,y) is to avoid an ambiguous definition
again.

(8) If F(B) = (r,a,9ag,a1,m) where m& = m € w and m the Godel
number of a Li-formula, then we use Code(m, z,y, ag,a1,m), provided
n is free. Otherwise we use the least n' which is free and code there.

(4) If F(B) = (m,x,9,n) and &,y are both names of reals whereas m is the
Godel number of a E% -formula, then we use Code(1,1,x,y,n), provided
n is free and use the least nf which is free otherwise for coding (1,1, x,y)
there. Again to avoid ambiguity we assume that 1 is not the Gddel
number of a formula and code (1,1, z,y) instead of just (1,z,y).

5) Finally if F is of the form (n,z,n), for x a Pg-name of a real, n a
n B
Pg-name of a natural number and 1 the Pg-name of an ordinal < wr,
then we let

Qgﬁ = P(B) := Code(n,z,n)
provided 1 is free for coding. Otherwise we let ' be the least ordinal

which is free and code at n' instead. This item also explain why we
coded (0,0, z,y) in item (2) and (1,1,x,y) in item (4).

We add as a mildly clarifying remark that the forcings from (1) (2) and
(5) are used to work towards a universe where IT3-reduction holds and II3-
uniformization fails; and the forcings from (3) and (4) are used to force
Y!l-uniformization and a good E%—Well—order of the reals respectively.

Allowable forcings will form the base set of an inductively defined shrink-
ing process, thus they are also denoted by 0-allowable with respect to F' to
emphasize this fact. Every allowable forcing P can be written over L
aﬁﬂ PO« P!« (skaes(P(a))), for PO = [T, Clwi), P! = [T,cw, Sa and
the factors P(a) = A(Y,). We note that both P! and sk,.s5(IP(at)) are ccc
notions of forcing, and as every instance of almost disjoint coding forcing in
our allowable iteration picks exactly one coordinate of the generic of P° as
a coding area, we conclude that for an arbitrary allowable forcing P, there
is a countable ordinal o < w; such that P only relies on the first a-many
C(w1)-many coordinates of the L-generic filter G < []5_,, C(w1). Thus if
we partition P into a part with coordinates below or equal o and a part
with coordinates above a and write P® = [],_, C(w1) x [[;=, C(w1), then
we can re-arrange the allowable P as

P =P« P'x (ka<sP(a) = ([ [Clw1)) * (B * (a<sP(a)) x H Clwr))-

<o >

<o

*Here and later we will simply write *P(a) for the forcing iteration one obtains when
using the P(«)’s as a factor. More precisely, if (Pa,Qq | @ < &) is the usual notation for
an iteration of length x, then Q. simply denotes P,

11



So when working over Llica Clen)

, which is an w-distributive generic exten-
sion of L, the allowable P can be written as a product of the two factors
[Liso C(w1) (evaluated as in L or equivalently evaluated as in Llica Clw))
and P' (% 4sP(c)). Thus by Easton’s Lemma applied over V = Lllica C«1)
(see Lemma 15.19 from [12]), every real in LF is in fact already in the forcing
extension over L using the partial order ([],_, C(w1)) * (P! * (ka<sP())))
as ([ T;sa C(w1))* is still w-distributive over the universe obtained by forcing
over L with the partial order (J,_, C(w1)) * (P! * (ska<sP(r)))). In partic-
ular every name of a real obtained with an allowable forcing can be written
as a name which depends on a countable set of coding areas only.

As a second and related remark we add that any allowable forcing P e W
can be defined already correctly over a proper inner model of W. Indeed,
as P’s definition depends on the names of reals listed by F', we see that P
can be defined using a countable list of names of reals for reals in W, and
additionally the Nj-many branches through L-Suslin from S trees which are
used to define the sets Y < wy which then get coded using Ap(Y). As every
real in W in fact belongs to some [Hi<peun S", there are always Nj-many trees
from S and Ni-many coding areas which are not used when defining P over
W. If P e W is a forcing such that there is an o < wy and an F € W,
F : o — W such that P is allowable with respect to F, then we often just
drop the F' and simply say that P € W is allowable. As mentioned already
informally, every allowable forcing uniquely defines a countable set of coding
areas it uses with its coding forcings.

Definition 4.2. Let P = ((Po, Qo = P(a)) | o < 8) be an allowable forcing.
Let G < P be a generic filter over W. Then

C%:={n<w |38 < 63d,m, k1,7 WFs
Q7 = Code(i%s,mC, kGr (€9 7Cr = )}
is the set of coding areas of P relative to G.  We also let

cF .= {n<w1]3peP(p|FneCG}.

As noted already above, C% and also CT will always be countable sets
for every allowable P. We derive some very easy properties of allowable
forcings.

Lemma 4.3. (see [11))

1. IfP = ((P(ﬁ),(@g) 2 B < d) € W is allowable then for every 8 < 0,
Ps I |Qg| = Ny, thus every factor of P is forced to have size N;.

2. Fvery allowable forcing over W is ccc and thus preserves cardinals.
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3. Every allowable forcing over W preserves CH.  Furthermore, if P =
(Pa, Qn) @ @ <wi) € W is an wy-length iteration such that each initial
segment of the iteration is allowable over W, then W¥ = CH.

4. The product of two allowable forcings P and Q can be densely embedded
into an allowable forcing provided that C¥ n CQ = (.

Let P = ((Pg, QB) : B < d) be an allowable forcing with respect to some
F € W. The set of (names of) reals which are enumerated by F' is dubbed
the set of reals which are coded by IP. That is, for every (3, if we let x5 be
the (name) of a real listed by F(8) and if we let G < P be a generic filter
over W and finally if we let xg =: x3, then we say that {z3 : § < a} is the
set of reals coded by P and G (though we will suppress the G).

A crucial property of 0O-allowable forcings is that we are in full control
over which reals are coded and which are not. We define

®(x) = IrVM (M is countable and transitive and M = ZF~
and wf = (WM and r,.z e M — M = o(r, z))

where ¢(r, ) asserts that in M’s version of L[r], there is a transitive, ¥J/-
sized model of “ZF~ and N; exists” which witnesses that x is coded into
S.

We know already that for a given real z, if we force with Code(z,n) for
some 7 < wp then ®(x) will hold in the generic extension. There is still
the possibility that an allowable forcing will add reals y which satisfy ®(y)
without using a coding forcing of the form Code(y, n). This would be a major
problem as we need our coding method to be precise. The next lemma says
that an allowable forcing does not accidentally add reals = which satisfy @,
so allowable forcings are a suitable tool for the things to come.

Lemma 4.4. (see [5], [9]) IfP e W is allowable, P = ((IP)g,QB) : B <9),
G < P is generic over W and {xg : B < 6} is the set of reals which are coded
by P. Let ®(vg) be the distinguished formula from above. Then in W[G], the
set of reals which satisfy ®(vo) is exactly {xz : B < 0}.

5 Thinning out

We define next a derivative of the class of allowable forcings. These deriva-
tives can be applied transfinitely often, yielding smaller and smaller non-
empty subsets of the allowable forcings. Eventually the derivative operator
will act on a non-empty subset which can not be thinned out further, in
other words is this subset is a fixed point under the operation. Forcings
from this set will be called oco-allowable and they are the right set of cod-
ing forcings we want to use to force II}-reduction. We emphasize that the
other tasks, namely forcing X!-uniformization for n > 4 and the failure of
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Hé—uniformization play no role in the definition of the thinning out process.
These tasks will be build in later, once we are finished in our definition of
the thinning out operator.

As there will be several longer definitions, we want to motivate the thin-
ning out process now, providing some intuitions which fuel the constructions.
A more detailed discussion can be found in [3].

5.1 Informal discussion of the idea

We proceed with an informal discussion of the main ideas of the proof. We
consider an arbitrary pair A,, and Ay of IT}-sets and want to find reducing

sets Dm s D71n,k i.e. sets with the following properties
1. Dgz,kv D}n’k are both II%,

2. DgnkcAm andD}nkcAk,
3. DY kmDmk—@,
4. DokuD = A, U Ag.

The ansatz is to use the two types of coding forcings Code(m, k, 0, z,n)
and Code(m, k,1,z,n) to define reducing sets. for the fixed pair of IIi-
formulas, ¢, @r. The two candidates for reducing sets are defined by the
I13-formulas

mk :={z : (m,k,z,0) is not coded into S},
and
mk :={x : (m,k,x,1) is not coded into S}.

As always there will be a bookkeeping function F which hands us at
every stage 8 < w; (names of) reals z and the task is to decide which one
of the two forcings, Code(m, k,0,x,n) or Code(m, k,1,x,n) we want to use
at that stage. In other words we decide at stage 8 whether we place x into
Dy, j, or Dy, g

We appré)ach this problem as follows. As a first observation we note that
if a real x is such that it can not be forced out of A,, with an allowable forcing
then we can safely put into D? ) via using the forcing Code(m, k, 1, z,n) for
some 7 and ensure to never put z into D1 i later. If z is such that it can
be forced out of A,, with an allowable forcmg but can not be forced out of
Ay, then it is safe to place z into D1 . In the remaining case, x can be
forced out of both A, and Ag, in Wthh situation we just let a bookkeeping
function decide where to place x.

This new class of allowable forcings is a first approximation of an iteration
which should solve the problem of finding reducing sets Dg% ;. and D’rln,k and
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will be called 1-allowable. We note that when forcing with a 1-allowable
forcing we actually ask the wrong questions when trying to place x. Indeed
if we run a l-allowable iteration, whenever we ask whether some x can be
forced out of A,, with an allowable forcing, we better should have asked
whether x can be forced out of A,, with a l-allowable forcing as this is the
class our iteration belongs to.

Thus it is reasonable to add a second question at each stage of a 1-
allowable forcing: given a real z we ask whether x can be forced out of A4,,
or A with a further allowable forcing and if the answer is yes, then we ask
whether x can be forced out of A,, pr A; with a 1-allowable forcing. If the
answer now is no, we can safely place z into DY .k OF D! ks S the forcing we
are about to define will also be 1-allowable. ThlS new set of forcings will be
called 2-allowable. But now, again, looking at the definition of 2-allowable
forcings we see that we actually ask the wrong questions again.

These considerations hint at a fixed point problem which is sitting behind
the problem of making our ansatz work. The way to solve this fixed point
problem is to transfinitely often repeat the above consideration which yields
better and better approximations to finding the right set of iterations of
coding forcings. Eventually the set of approximations will become stable at
a class of forcings we call co-allowable. These forcings are solutions to the
fixed point problem and will be employed to solve the reduction problem.

5.2 The derivative operator

We work with W as our ground model. Inductively we assume that for
an ordinal a and an arbitrary bookkeeping function F' € W mapping to
H (w2)?, we have already defined the notion of -allowable with respect to F'
for every 6 < a, and the definition works uniformly for every model WG],
where G is a generic filter for an allowable forcing. Note that these inductive
requirements are met for (0-)allowable forcings. Now we aim to define the
derivation of the < a-allowable forcings which we call a-allowable.

Definition 5.1. Let 6 < wy then a d-length iteration P is called a-allowable
if it is recursively constructed using a bookkeeping function F : 6 — H(ws)?,
such that for every 8 < 6, F(B) is a pair (F(B)o, F(8)1), and two rules at
every stage B < & of the iteration. We assume inductively that we already
created the forcing iteration up to B, Pg and we let Gg denote a hypothet-
ical Pg-generic filter over W. We shall now define the next forcing of our
iteration P(B). Using the bookkeeping F we split into two cases.

(a) We assume first that the first coordinate of F(B), (F(8))o = (¢, m, k),
where z is the Pg-name of a real and m < k are natural numbers which
code two H%—formulas Om and pg with associated Hé—sets A,, and Ag.
Further we assume that $%¢ = z, and W[Gg] | v € Ap U A, We
assume that in W|[Gpg], the following is true:
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There is an ordinal { < «, which is chosen to be minimal for

which
(1) for every C-allowable forcing Q € W[Gg| we have that, over W[Gp]:

Qrzxze A,

We assume that F(8)1 = n < wy In this situation we force with
Code(xz, m, k,1,m) provided, n has not been used for coding yet.
Otherwise we force with Code(x, m,k,1,(), for ¢ being the least
ordinal which has not been used for coding yet.

(ii) If (i) for ¢ is false but the dual situation is true, i.e.  for every
C-allowable forcing Q € W[Gg|, we have that W|[Gpg] thinks that

QIFxze A

Then we define force with Code(x, m,k,0,n), provided F(); =
n and n has not been used for coding yet. Otherwise we use
Code(xz,m, k,0,C) for ¢ the least ordinal which has not been used
for coding yet.

If both (a)(i) and (a)(ii) are true for the same C, then we give case
(a)(i) preference, and suppress case (a)(ii).

se ' guesses whether we code (x,m,k,0) or (z,m,k,1), i.e. we
b) Else F heth d k.0 k,1
code (x,m,k,F(f)1) provided F () € 2 (otherwise we decide to code
(z,m, k,0) into S per default).

(c) If F(B)o is of the form associated to the cases (2),(3),(4) and (5) in the
definition of 0-allowable forcing, we proceed as described there. Thus
a-allowable forcings only act on case (1) in the definition of 0-allowable
forcings, and leaves the other cases untouched.

This ends the definition of P being a--allowable with respect to F' at successor
stages B+ 1. To define the limit stages B of an a-allowable forcing, we
assume that we have defined already (P, : v < ) and let the limit Pg be
defined as the direct limit as we use finite support.

We finally have finished the definition of an a-allowable forcing relative
to a perviously fixed bookkeeping function F. In the following we often drop
the reference to F' and simply say that some forcing P is a-allowable, in
which case we always mean that there is some F' such that P is a-allowable
relative to F.

We briefly describe a typical run through the cases in the definition of
a-allowable forcings. Given our bookkeeping F : § — H(w2)?, the according
allowable P = (P(8) : 8 < ¢) forcing is constructed such that at every stage
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B < ¢ we ask whether there exists for ( = 0 a Q such that (a)(i) becomes
true. If not then we ask the same question for (a)(ii). If both are false, we
pass to ¢ = 1, and so on. If (a) (i) or (a) (ii) never applies for any ( < «, we
pass to (b). It is therefore intuitively clear, and will be proved in a moment,
that the notion of a-allowable has to satisfy more and more requirements as
« increases, hence the classes of a-allowable forcings should become smaller
and smaller. As a further consequence of this, case (a) in the definition
becomes easier and easier to satisfy, which leads in turn to more restrictions
of how an a-allowable forcing can look like. Next we list the main properties
of a-allowable forcings, all proof can be found in [5] again.

Lemma 5.2. Let § < « be ordinals.
e The notion a-allowable is definable over the universe W.

o [f P is B-allowable then P is also a-allowable. Thus the classes of a-
allowable forcings become smaller with respect to the subset relation, if
o increases.

o let Fy,Fy be two bookkeeping functions, Fy : 61 — W2, Fy : §, —
W2, and let P! = (]P’}7 :n < 01) and P? = (IP’% :m < d2) be the
a-allowable forcings one obtains when using F1 and Fy respectively.
Assume further that the range of Fi(n)1 and the range of Fa(n)1 are
disjoint, i.e. CP' ~CP* = &. Then P :=P' x P? is a-allowable over
W, as witnessed by some F : (61 + &2) — W2, which is definable from
{F1, F>} .

o For any «, the set of a-allowable forcings is non-empty.

As a direct consequence of the last two observations we obtain that there
must be an ordinal a such that for every 8 > «, the set of a-allowable
forcings must equal the set of S-allowable forcings. Indeed every allowable
forcing is an Nq-sized partial order, thus there are only set-many of them, and
the classes (which in fact are sets, if we allow ourselves to identify isomorphic
forcings) of a-allowable forcings must eventually stabilize at a set which also
must be non-empty.

Definition 5.3. Let « be the least ordinal such that for every 8 > «, the set
of a-allowable forcings is equal to the set of 5-allowable forcings. We say that
some forcing P is co-allowable if and only if it is a-allowable. Equivalently,
a forcing is co-allowable if it is B-allowable for every ordinal 5.

6 Thinning out while leaving out coding forcings

One of the main idea to construct the desired universe is to use the thinning
out process detailed above, yet adding further information of which coding
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forcings must not be used in the thinning out process. This idea will give us
a very tight control over a certain I1}-formula, even in the context of forcing
Hé—reduction, which is a rather fragile one. We will define the eventual
iteration in a very careful way such that the mentioned IT}-formula can not
be uniformized by a H;)—function. This refined thinning out process will
simply replace the set of 0-allowable forcings, which form the basis of the
old process with 0-allowable forcings which avoid some fixed set of (names
of) reals B.

Definition 6.1. Let B be an arbitrary set of tuples of (forcing names of)
reals denoted by &. We say that an iteration {(Pa, Qu) | a < 8} is 0-allowable
without using B (or avoiding B) if it is allowable and for every a < §
and every Py-generic filter G, none of the factors QaGa are of the form
Code(Z%,n), n < wy and T € B, where we write ZC for the evaluation of
the Py -names which are elements of & with the help of the generic G,.

We list useful properties of this new notion. The proofs are almost exactly
the same as for plain allowable forcings so we skip them.

Lemma 6.2. Let B be a set of pairs of reals. Let § be a countable ordinal
and let F : § — H(w2) be a bookkeeping function. Finally let P = ((Pa, Qq) |
a < 0) be an allowable forcing avoiding B relative to F. Then P has the
following properties:

o P has the ccc.
o P preserves CH.

o IfQ is a second allowable forcing avoiding B then P x Q can be densely
embedded into an allowable forcing avoiding B, provided CT n CQ =

.

It is straightforward to see that one can repeat the thinning out process
detailed above yielding co-allowable forcings from the base set of 0-allowable
forcings in exactly the same way if we start instead with 0-allowable forcings
avoiding B as the base set of our forcings. To be more precise we can form
the following. Inductively we assume that for an ordinal o and an arbitrary
bookkeeping function F' € W mapping to H(wz2)?, we have already defined
the notion of d-allowable avoiding B with respect to F' for every é < «, and
the definition works uniformly for every model W[G], where G is a generic
filter for an allowable forcing. Note that these inductive requirements are met
for 0-allowable forcings avoiding B. Now we aim to define the derivation of
the set of J-allowable forcings avoiding B for § < «. This will yield a smaller
set of forcings which we call a-allowable forcing avoiding B. In our iteration,
the set B we want to avoid will never contain (names of) reals of the form
(rn, k,:c) for 11, k names for Godel numbers of two Ii-sets A, and Ay and
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2 the name of a real. This will serve as a default assumption from now on
which helps us ruling out some degenerate cases. E|

Definition 6.3. Let ( < wi then a (-length iteration P is called a-allowable
avoiding B if it is recursively constructed using a bookkeeping function F
§ — H(w2)?, such that for every B < ¢, F(B) is a pair (F(B)o, F(8)1), and
two rules at every stage B <  of the iteration. We assume inductively that
we already created the forcing iteration up to 3, Pg and we let Gg denote a
hypothetical Pg-generic filter over W. We shall now define the next forcing

of our iteration P(f) = Qgﬁ. Using the bookkeeping F we split into two
cases.

(a) We assume first that the first coordinate of F(B), (F(8))o = (m, k, &),
where & is the Pg-name of a real and m < k are natural numbers.
Further we assume that 39 = z, and W[Gg] | x € Ay U A, We
assume that in W|[Gpg|, the following is true:

There is an ordinal (, which is chosen to be minimal for which

(1) for every (-allowable forcing avoiding B, dubbed Q € W[Gg3] we
have that, over W|[Gg]:

Qrzxze A,

In this situation we force with Code(m,k,1,z,n) for an ordinal
n which did not appear yet as a coding area.

(i) If (i) for C is false but the dual situation is true, i.e. for every
C-allowable forcing avoiding B, called Q € W[G3], we have that
WG] thinks that

QIFzxze A

Then we define force with Code(m, k,0,x,n), for a free n.

If both (a)(i) and (a)(ii) are true for the same (, then we give case
(a)(i) preference, and suppress case (a)(ii).

(b) If (a) (i) and (a) (ii) are both false, then F guesses where we code
(z,m, k), i.e. we code (x,m,k) into SEEN provided F(B), € 2 (oth-
erwise we decide to code (x,m, k) into S* per default).

4Otherwise the situation could arise that the rules of a-allowable want us to force with
coding a tuple Z at some 7, which can cause trouble if a name of that tuple happens
to belong to B. Our assumption rules this possibility out from the very beginning in
demanding that no element of B is of a form which would enable such an unwanted
situation.
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This ends the definition of P being a-allowable with respect to F avoiding B
at successor stages B+ 1. To define the limit stages B of an 00 + a-allowable
forcing avoiding B, we assume that we have defined already (P, : v < )
and let the limit Pg be defined as the direct limit as we use finite support.

The properties of a-allowable forcings carry over to a-allowable forcings
avoiding B. The proofs are almost the same, all we need to do is to replace
every instance of “a-allowable” with “a-allowable avoiding B”.

Lemma 6.4. Let 5 < « be ordinals.
e The notion a-allowable avoiding B is definable over the universe W.

o [fP is B-allowable avoiding B then P is also a-allowable avoiding B.
Thus the classes of a-allowable forcings avoiding B become smaller
with respect to the subset relation, if « increases.

o let Fy, Fy be two bookkeeping functions, Fy : 61 — W2, Fy : 69 — W2,
and let P = (P} : n < 1) and P? = (P} : n < by) be the a-allowable
forcings avoiding B one obtains when using Fi and Fy respectively.
Assume further that the range of F1(n)1 and the range of Fa(n)1 are
disjoint, in other words that CF' ACP* = &.  ThenP := P! xP? is a-
allowable avoiding B over W, as witnessed by some F : (51+682) — W?2,
which is definable from {Fy, Fa}.

o For any «, the set of a-allowable forcings avoiding B is non-empty.

The set of a-allowable forcings avoiding B will stabilize at a non-empty
set of forcings, just as before.

Definition 6.5. Let B be a set of pairs of reals. The set of co-allowable
forcings avoiding B is the non-empty result of repeating the derivation de-
tailed above until we reach a fixed point, i.e. until we reach an ordinal «
such that the notion of a-allowable avoiding B coincides with the notion of
a + 1-allowable avoiding B. We note that, as there are only set-many partial
orders of size Xy, modulo isomorphism, such an ordinal o must exist.

Having obtained the fixed point for the thinning out process avoiding
B, one can argue for forcing H%—reduction as follows. We will define an w-
length iteration such that every initial segment of the iteration is co-allowable
forcings avoiding B. Suppose we are at stage S < w;p of the iteration and
the bookkeeping F is considering a real z and two IIi-set ¢, and pg. In
order to avoid trivialities we assume that z is an element of A,, and A, at
our current stage of the iteration. There are three cases:

e Our real z can not be forced out of A,, with an co-allowable forcing
avoiding B. In this situation we force to put x into D?n, 1.» the set which
should eventually become a subset of A,,.
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e If not, then we assume that our real z can not be forced out of Aj with
an oo-allowable forcing avoiding B. Then we force to put x into D}n i
the set which will become a subset of Ay.

e Finally z can be forced out of A, with a forcing Py which is oco-
allowable avoiding B; and x can also be forced out of A with Py
which is co-allowable avoiding B. In this situation we use the prod-
uct Py x P; which is oco-allowable avoiding B and which, by upwards
absoluteness of Zé—formuals, forces x out of A,, U Ay.

The so defined iteration results in an oco-allowable forcing avoiding B again,
hence all the placements of reals are valid and the Hé—reduetion property
holds as soon as we took care of all the reals in our universe, which is the
case if we iterate of length w; using a suitable bookkeeping.

We end this section with a brief outlook of how our iteration will look
like which will force the main theorem. Having defined co-allowable forcings
avoiding B, we will continue in the following fashion: First we force with
a countable length iteration of co-allowable forcings avoiding By arriving
at some W[Go]. In W[Go] we will define a new set of tuples B; we want
to avoid. Then, working over W[Gy], we start a new thinning out process
with the set of co-allowable forcings avoiding By and Bj as the base set of
our thinning out process. This process will stabilize after infinitely many
thinning out stages and yield a class we call for obvious reasons the set of
0 + o0 = o - 2-allowable forcings avoiding (By, B1). Then we force over
WG] with such a oo - 2-allowable forcing which avoids (By, B1) and arrive
at a universe W[Go][G1]. Over this model we single out a set By of reals
we want to avoid, start a new thinning out process and arrive at the notion
of o - 3-allowable forcings which avoid (By, By, B2) and force with such a
forcing. This process can be iterated again transfinitely often yielding oo - «
allowable forcings avoiding (B, | n < a) which is what we will do in the
proof of the main theorem.

7 Proof of the main theorem

We will start to define the iteration that will prove the main theorem now.
There are four different tasks we have to take care of:

1. Forcing a failure of TI3-uniformization,

2. forcing the II3-reduction,

w

. forcing the Yl-uniformization property and

4. forcing a good E%—Wellorder of the reals.
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The organization of the proof will prioritize establishing the failure of ]‘[:13_
uniformization before addressing the remaining three properties. The initial
iteration is defined over the ground model W; however, we will promptly
transition to an intermediate model, W|[G,,]. This intermediate model pos-
sesses the critical feature that Hé—uniformization fails within it, and this
failure is maintained in certain carefully specified outer models of W[G,].
Working over the intermediate model W[G,], we proceed to construct an
wi-length iteration, employing the “stop and go” method detailed at the
conclusion of the preceding section. This method involves an alternating
sequence of steps: first, a new set of names for reals that must be avoided
is defined; second, a thinning-out process is initiated with allowable forcings
avoiding additionally this new set of names of reals playing the role of our
base set, until a fixed point is attained. Upon reaching this fixed point, a
forcing is applied from this fixed point to extend our iteration. Then a new
set of names for reals to be additionally avoided is defined, subsequently
a new thinning-out process is begun until the next fixed point is reached,
again we will use a forcing from this new fixed point, then halt again, and
this cycle continues.

7.1 Forcing the failure of II}-uniformization

As mentioned already the goal is to create first a universe where the Hé
uniformization property fails and more importantly continues to fail in all
outer models which are obtained using a certain, carefully defined set of
forcings. The plan is then to work towards IT3-reduction, Yi-uniformization
and a good X} well-order of the reals with forcings which belong to this
carefully defined set of forcings. Hence Hé—uniformization continues to fail
in these outer models.
The basic first idea is to consider the set

A= {(z,y) € (w*)?] (0,0, z,y) is not coded into S}

which is H%.

We will employ our coding forcings to construct a universe where the
set A cannot be uniformized by any ITi-function, thus demonstrating the
failure of TIi-uniformization. This objective is in considerable tension with
the simultaneous goal of achieving ITI3-reduction. This tension, however, can
be mitigated if we use the coding forcings of the form Code(n,x,n) for n € w
from case (5) in the definition of 0-allowable forcings. These forcings
will be used as some sort of yardstick which will mark potentially dangerous
places for codes. The idea is inspired by a similar construction in [4].

7.1.1 Definition of the first iteration in general

We shall define a general version of the construction now and soon apply
it under more specific circumstances. We let F' : w; — H(w;) be some
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bookkeeping function that should have the property that every element of
H(w1) has uncountable preimage. Suppose that we are at stage 8 < w; of
our to-be-defined iteration. We further assume that our iteration up to S,
Pg and a Pg-generic filter G are already defined. We also assume that we
have already defined a set {B,, | m < n} where each B,, is a set of names
of reals that we want to avoid with our 0-allowable forcing. We look at the
F’s value at stage 8

F(B) = (m,z), where x € w* and m € w.

We shall split into two cases.

1. We assume first that z has not been considered before by the book-
keeping function. We also assume that

W[Gps] | 3Py € w”(P is 0-allowable avoiding U By, and

m<n
ViVR(Code(n, R,7) is not a factor of P) and
P (z,y) ¢ Am)

In this situation, we first fix the <-least such allowable IP and use it at
stage [ of our iteration, that is, we let

(Q})“* =P.

In a second step we let R, be a real which codes all the generic reals
we have created so far. E| Then, if H° denotes a P-generic filter over
W[G3] and working over W[G3][H"] we force with

(Qh)9 := Code(n, R, n)
for an n which is free for coding. We let
Bpt1:={%,n) | 2 a name of a real} U {(z,y)}

We settle to only use 0-allowable forcings which avoid (J{By, | m <
n + 1} from now on. in other words we decide to not use a coding
forcing of the form Code(n,z,n) ever again and also avoid a coding
forcing of the form Code(0,0, z,y,n).

5Note that allowable forcings are just a countable length iteration of almost disjoint
coding forcings. Hence each allowable extension of W can be written as W[R] for one real
R which codes all the a.d. reals added so far.
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2. We assume that case 1 does not apply. In particular there is no al-
lowable forcing P avoiding | J{ B, | m < n} which forces a pair (z,y)
out of A,, without having a coding forcing Code(n, R, n) and without
having Code(z,y,n) as a factor. In this situation we opt to never use
a coding forcing of the form Code(n, R,7) and Code(z,y,n) ever again
as a factor. That is we form

Bpi1 = {(n,R) | R a name for a real } U {(z,7) | ¥ a name of a real)}

and use allowable forcings avoiding ( J{ By, | m < n + 1} from now on.
We do not force at this stage.

3. If the real = has already been considered by the bookkeeping function
at an earlier stage v < (8, and if at stage v case 1 applied and a real
y has been singled out such that {(x,y)} is an element of | J,,<,, Bm,
then we pick a real 3/ # y, which has not been considered yet and use

@gﬁ = COde(‘T’ y,7 77)
for some 1 < wy which has not been used for coding yet.

4. If the real x has been considered earlier in our iteration and case 2
applied there, then we do not force.

If we iterate of length w; following the four rules in a way such that each
pair of reals is considered cofinally often by our bookkeeping and let W[G.,, |
denote the resulting universe and let B, := [ B,,,, then the universe
will satisfy the following.

m<w

Lemma 7.1. Let W[G,,, |, By, be as just specified.

1. Then
A= {(z,y) € (w*)?] (0,0, z,y) is not coded into S}
s a Hé—set which can not be uniformized by any Hé—gmph.

2. For any further outer universe W of W |G, | which is obtained via an
allowable forcing avoiding B, there is a further allowable forcing avo-
diding B, Q over W such that in W the 1} -uniformization property
fails.

Proof. To prove the first part we let m be a natural number which is the
Godel number of a Hé—formula ©m in two free variables. Let A,, denote the
H:l)) set of reals associated with ¢,,. Suppose that § is the first stage such
that there is a real © € W[G,, ]| and F(8) = (m, ).
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If case 1 in the definition of our iteration applied at stage § and y is
the real witnessing this, then A,, will not contain (x,y) by the definition of
case 1, yet (z,y) is the unique element of A at its z-section as computed in
W|[G.,]| as we assumed that every (x,y’),y" # y is coded. So A,, can not
uniformize A in W[G,, |.

If case 2 applied at stage 3 then for any real y € W[Gg], (z,y) € Ay, as
computed in W[G,, ], so A,, is not even the graph of a function.

So T -uniformization fails in W[G,,,] as claimed.

To prove the second part, starting with an arbitrary W, we just need to
ensure with an allowable forcing avoiding B, Q that eventually every real
gets considered by the bookkeeping. This is straightforward to do. O

7.1.2 A first w-length iteration

We next will define an w-length iteration of allowable forcings avoiding more
and more sets as we advance in the iteration. The final model will have the
property that Hé—uniformization will fail there. Additionally it will be possi-
ble to define an iteration on top of this model which will secure H%—reduction
while Hzl,,—uniformization continues to fail. We start with W as the ground
model and start our consideration with the set of allowable forcings. We let
By be the empty set and assume that we list all II}-formulas with two free
variables (¢, | m € w) in such a way that case 1 and case 2 are alternating,
starting with case 1 at the very first stage of our iteration. Note that such
an assumption is harmless, as there are infinitely many formulas where case
1 must always apply and likewise there are infinitely many formulas where
case 2 must apply as well, thus we can always re-organize any enumeration
(¢m | m € w) in a way which meets the requirement. We proceed in the
iteration for w-many steps as detailed in the definition of the first two cases
above and let W[G,,] be the resulting model. Note that in W[G,,], all TIi-
formulas with two free variables have been considered at some point by the
bookkeeping.

Lemma 7.2. For a real R, let (R), denote the n-th part of a recursively
definable partition of R into w-many parts. In W[G,] the following T1}-
formula holds true for exactly one real R

U(R) = (0,(R)g) is coded AVn € w(2n,(R)ay) is coded A(R)2y ¢ L[(R)2n—2])

Proof. We work in W|[G,]. First we note that there is exactly one real Ry
such that (0, Rp) is coded, by the first case of the definition of the iteration.
Now whenever we were at an odd stage of our iteration, we were in case 2 of
the definition, thus we did not force at all and just defined a new set By
and a new notion of oo-allowable avoiding (B, | m < n + 1). Whenever we
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hit an even stage 2n of the iteration, we first kick a pair (x,y) out of the
II}-set A,, handed to us by the bookkeeping and let Rg, be a real which
codes the countably many reals which fully determine the iteration so far.
Additionally we use Code(2n, Ra,,,n) and by definition of the iteration Ra,
it is the unique real which is not an element of L[Rs,_2] and for which
(2n, Ray,) is coded.  To summarize, the real R which codes the sequence
(R2n, | n € w) is the unique real satisfying the I1}-formula as desired. O

7.2 Preliminary remarks for the second iteration

We shall work now towards the three other properties our universe eventually
should satisfy. This will be achieved using an wi-length iteration over the
ground model W[G,,]. We note that W[G,,] has a set of reals B,, associated
which we must not use. As B,, will be the first in an infinite sequence of sets
of (names of reals) we re-index and let

BQ = Bw

from now on and hope that it will not confuse the reader. At each stage of the
iteration we refine additionally the notion of allowable forcings we currently
have. The iteration is defined by induction. It will have the crucial property
that no matter what generic extension it will eventually produce, the Hé—
uniformization property will continue to fail there using the second item of
lemma We let F': wy — H(wp) be the bookkeeping function which
organizes the iteration. The choice of ' does not matter as long as every
element of H(w;) has an uncountable pre-image under F' (this assumption is
more than enough for our needs). We detail our assumptions for the inductive
definition of the iteration. Assume we are at stage 3 of our iteration, let G
be the Pg-generic filter and we work over the universe W|[G,|[G3]. We also
assume that for every 6 < 8 we have defined a notion of o - §-allowable
forcings avoiding (B, | n < 6). The base case of the induction is the notion
of (0)-allowable avoiding By, a notion we have defined over W[G,]. We
also set B := By and define the notion of o - 1-allowable avoiding (By) as
detailed in Definition We distinguish three cases and will work through
them in the next three subsections.

7.3 Forcing II}-reduction

We first assume that F'(8) = (81, f2) and that the $1-th (in some previously
fixed well-order < of H (ws)) Pg,-name of a triple of the form (1,1, ), where
a is a nice Pg -name of a real, and 7, [ are nice [Pg,-names of natural numbers,
is the triple (1, k:,a:) We let m = 1%, k = kC6 and assume that m, k are
both Godel numbers of I1}-formulas and x = 95 is a real. In this situation
we work towards I13-reduction. We work over W[G,][G5] as the ground
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model. This model has associated a sequence of sets of tuples of (names of)
reals

B:=(By|n<p)
and, for every n < 3, the notion of o - n-allowable avoiding (B; | i < ) as

detailed earlier.
We distinguish several cases.

7.3.1 Forcing Hé-reduction, case 1
We assume that in the universe W |G, ][Gg] it is true that
W[G,][Gs] EVYQ(Q is oo - f-allowable avoiding
(Bili<f) > QlzeAp),

then force with v
Qﬁﬂ := Code(m, k,1,x,n).

Note that this has the direct consequence that if we restrict ourselves from
now on to forcings Q € W|[G,|[G341] such that Q is oo (p-allowable avoiding
(B; | i < o), for {y > B, then x will remain an element of A4,,. In particular,

the pathological situation that x ¢ A,,, € A while x is coded into S is
ruled out for (m, k, x).
7.3.2 Forcing H%—reduction, case 2

We assume that case 1 does not hold however we assume that in the universe
WI[GL][Ggl,

W[G,][Gs] EVQ(Q is oo - f-allowable avoiding
(Bili<B)—>QlIFze Ag),
then force with .
Qgﬁ := Code(m, k,0,x,n).
7.3.3 Forcing H%—reduction, case 3

In the final case we assume that neither case 1 nor case 2 applies. We obtain
that there is a forcing Q with

W[G,][Gs] | Q is oo - f-allowable avoiding (B; | i < ) and
Q- z ¢ Ap.

Likewise we also obtain that there is a R

W[G,][Gs] E R is o - f-allowable avoiding (B; | i < ) and
RIFz ¢ Ak
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In particular there are oo - S-allowable forcings avoiding (B; | i < ) which
kick x out of A,, and Ay respectively. We do want to force x out of A,, and
A;. but have to be a bit careful.

Given an oo - f-allowable forcing avoiding (B, | n < ) R = (RnaQn)
We define an oo - f-allowable forcing avoiding (B, | n < 8) C*(R), which
we call the closure of R in the following way. Whenever 3 is a stage of
R = (R, Qn) where a real a and A,,, Ay are considered by the bookkeeping
associated with R, and a can always be kicked out of A,, and Ay with an
o0 - B-allowable forcing R’ avoiding (B, | n < 3) we use

C(Qp) := Qs x R’

instead of just (@5 at this stage of the iteration. Iterating the C' (Qﬁ)’s
with finite support results in the first step of the closure procedure we
call CL(R) := % C’l(Qﬁ). We now iterate this w-often, that is we form
C"(R) := C(C™(R)) and let C*(R) be the direct limit of these forcings.
The result C“(R) is the closure of R. We state some properties which follow
immediately from its definition.

Lemma 7.3. Let R be an o - -allowable forcing avoiding (B, | n < B)
relative to the bookkeeping F' and let C“(R) be its closure. Then C*(R) is
itself oo - B-allowable avoiding (B, | n < B)relative to some F" and will have
the property that whenever there is an n such that F"(n) = (m,k,a) and a
can both be forced out of A, and Ay with an o - B-allowable forcing, then
CYR) -z ¢ Ay U Ap.

Returning to our iteration at stage 3, we now let C*(Q) and C¥(R) be
the closure of the <-least co - S-allowable forcings avoiding (B; | i < ) as
above and use

Q% := C*(Q) x C*(R)

which is an oo - S-allowable forcing avoiding (B; | i < ) over W[G,][G3]
and which forces that = ¢ A,, U Aj.

For all three cases above we finally let Bg := ¢ and define oo - (8 + 1)-
allowable avoiding (B, | n < § 4 1) as being just the same notion as oo -
avoiding (B, | n < ).  This ends the definition of the iteration in this
case and we shall show that, if G,, denotes a generic filter for the forcing
P.,,, which is defined as the direct limit of the forcings Pg, then the resulting
universe W’[G, ] satisfies the II}-reduction property.

7.4 Forcing X}-uniformization

This section deals with forcing the Y}-uniformization property. First we
note that we need to define how to force X}-uniformization in a different
way to [7]. This is necessary, as the latter machinery can not be combined
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with forcing H%—reduction. Indeed both methods exclude themselves and so
something new is in demand. For every integer n € w we define the set

fn = {(x,y) | Jag¥a1((n,z,y,ag,a1) is not coded into S )}

and will work towards a universe where for every n € w, if n is the Godel
number of a ¥1-set A,, in the plane then f,, uniformizes A,,. Note that f,, is
a Yj-formula, hence ¥}-uniformization would hold.

Assume that F(3) hands us a Gédel number m of a $1-formula

Pm = EIaOvalw?7L(aj7 Y, ag, al)

where 1), is a Yi-formula, hence absolute by Shoenfield’s theorem. Also
assume that F'(/3) determines reals x,y', aj,. We assume that our uniformizing
function f,, for ¢,, is not yet defined at x. Additionally we assume that
inductively we have defined for every n < B a notion of oo - n-allowable
avoiding (B, | v < 7). Let Gg be a Pg-generic filter over W[G,,]. We work
in W[G,][Ggl.

7.4.1 Casel

We ask at this stage whether there is a real y and a oo - S-allowable forcing
R = ((R,,Q,) | n < B) avoiding (B, | n < 8) which adds a real ag such that
for all further oo - B-allowable forcings R’ avoiding (B, | n < ) it is true
that

]R/ I+ Va1¢m($, Y, ap, al).

In this situation we fix the <-least such real y = f,,,(z) as the value of our
eventual uniformizing function at x. We would want to add such a real ag
with such a forcing R but we need to be careful. We also have to ensure that
our work towards IT}-reduction will not cause problems.

In order to circumvent this difficulty we again “close the forcing R off”.
So instead of using a forcing R which introduces the real ag at stage 5 of our
iteration, we force with its closure

Q5" := C“(R).

Note that C*¥(R) also adds the real ag, but, as already discussed, circumvents
potential difficulties when dealing with IT3-reduction.

Last we generically add a fresh real cy(x,y, m) via using a coding forcing
which codes some harmless information [f] and define

Bg := {(m,x,y, co(x,y,m), 2) | 2 some name of a real}

SFor example, if [ is the Gédel number of a ¥}-set which is always empty then we do
not need to uniformize A;, yet we can use coding forcings of the form Code(l,a,b) for
arbitrary reals a, b which would produce such a desired fresh real.
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and let the notion of oo - (8 + 1)-allowable avoiding (B, |<< 8 + 1) be
defined as starting the infinite thinning out process with the base set of
o - f-allowable forcings which avoid (B,, | n < ) which additionally avoid
Bg. The resulting fixed point will be dubbed o0 - (8 + 1)-allowable forcings
avoiding (B, | n < B + 1). This definition implies that we must not use a
forcing of the form Code(m,z,y, co(x,y,m), z,n) for any n and any real z
which will ensure that throughout our iteration

“(m,z,y,co(x,y,m), z) is not coded”

will remain true. Note that this is a H%—property in the parameters (m,
x,y, co(m,x,y), z), hence asserting that there is a real co(m,z,y) which
witnesses that “(m, z,vy, co(z,y,m), z) is not coded” becomes a ¥j-property
in the parameters (z,y), as we can define the integer m.

We finally demand that from now on, whenever we visit x and ¢,
again in our iteration, we use a coding forcing Code(m,z,1’, ag,a1). This
will ensure that eventually all other reals vy # y = fi,(x) will satisfy
“JagVa1((m,z,y , ap,a1) is coded”. So y will become the unique real which
satisfies the 3}-formula

Jag¥ai((z,y, ap,a1) is not coded )

hence we produce a uniformizing function at x.

7.4.2 Case 2

If on the other hand, for any real y we add with an oo - S-allowable forcing
avoiding (B, | n < /) and any real ag there is a further co - S-allowable
forcing avoiding (B, | n < ), Q' such that

Q, I+ Hal_'d}m(l‘? y/) a6a (11)

then we let F hand us the reals y’ and a, and use the closure C*(Q’) of such
a suitable forcing Q' at stage S of our iteration. To be more precise we let

Q57 = C(Q).

As a result Ja;—t,(7,y',a),a1) becomes true. Note that this is a Xi-
formula, hence it remains true in all further generic extensions we will pro-
duce in our iteration.

We also keep our old notion of allowable, in other words we let Bg := (J
and let oo - § + 1-allowable avoiding (B, | n < 8 + 1) be just our old o - -
allowable avoiding (B, | n < ).

This ends the definition of our method of forcing the ¥}-uniformization

property.
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7.5 Forcing a good Y}-well-order

Our methods allow for an additional layer of complexity which we can use
to force a good Yi-well-order of the reals. We single out coding forcings of
the form

Code(1,1,z,y,1n)

to be our tool which eventually should yield the good i-well-order. The
idea is to use the coding forcing Code(1, 1, x, z,7n) in such a way that

(1,1,z, z) is coded “cofinally often” <«

“z codes the initial segment of the well-order below z”

Here being coded “cofinally often” is just an abbreviation for the formula
“Iro(rp codes the pair (z,z) and Vridre(re ¢ L[ri] A ro witnesses that
(1,1,z,2) is coded”). Note that the latter formula is of the form Irg(Al A
Vri3ra (113 — T13)) which is $1. Thus the well-order we shall define will
become a good E})—Well—order.

We once more detail our default assumptions for the inductive definition
of the iteration. That is we are at stage (8 of our iteration, let Gg be the
[P3-generic filter and we work over the universe W[G,][Gg]. We also assume
that for every n < [ we have defined a notion of o - n-allowable forcings
avoiding (B, | n < ) and a countable partial well-order <z of the reals,
i.e. a partial order which is a well-order on its domain. Let the bookkeeping
function F at 8 hand us (1, 2). Let 2 be 298, m = m%8 and assume that
m is the Godel number of a X}-formula. In W[G,,][Gg] we pick countable
partial well-order < which extends our order <z and which contains .

We will face two cases which we need to discuss. The first case is that x
is an element of the field of <g. In this case we let z a code for be the set of
<g-predecessors of z and force with

Qgﬁ := Code(1,1,z,z,n)

for an n which has not been used for coding yet.

In the second case x will be an element of < but not of <g. In this
situation we consider the countable set of <-predecessors of x, code it with
a real z. We set <gi1:=</ z, that is we say that <g,; is just the order <
restricted to elements which are < x and force with

QSB := Code(1,1,z,2,7n)

for the least i which is free.

Moreover we ensure that we will not add codes which code a wrong well-
order up to & anymore. That is, whenever y is a real coding w-many reals
which corresponds to an initial segment of a good well-order of the reals,
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and 2’ <41 x appears as one of the elements coded by y, and the well-order
coded by y below 2’ does not coincide with <gi; then we must not use
Code(1,1,2',y,n) as a forcing. Thus we let

B :={(1,1,2',7) | v is the name of a real which codes a well-order

below z’ which is forced to not coincide with <g;; }

and define
Bg:= B.

Then define the notion of oo - (8 + 1)-allowable avoiding (B, | n < 8+ 1)
as the fixed point of the infinite thinning out process with the set of co - -
allowable forcings avoiding (B, | n < ) which additionally avodid the set
Bg as the base set.

8 Discussion of the universe

In this section we show that the just defined universe has the desired proper-
ties. Let G, denote a generic filter over W|[G,,] for the just defined iteration.
We argue in W[Gy][Gw,] from now on.

8.1 IIi-reduction holds in our universe

We first argue why ITi-reduction holds in W[G,][Gw,]-
For every pair (m, k) € w?, we define in a first step

Dg%k = {zew” : (m,k,0,z) is not coded into the S-sequence}
and
D}n’k = {zew” : (m,k,1,2) is not coded into the S-sequence}.

Now both sets will not necessarily reduce A,, and Ay, as we do have poten-
tially wrong codes that we created when passing from W to W[G,] while
working towards a failure of H:l,)—uniformization. There is a Zé—deﬁnition of
the real R that codes all these potentially wrong codes however. This 3}-
definition still works over the bigger universe W|[Gy,][Gu, | and we can use it
to define the reducing sets in the following way. For the following we use the
phrase “(m, k,0,x) is not coded outside of L[R]” as an abbreviation of the
assertion “—3r(r witnesses that (m, k,0,z) is coded into S and r ¢ L[R]".
We define

Ep i ={zew” : (m,k,0,2) is not coded into S outside of L[R]}
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and
E}nk = {zew’ : (m,k,1,z) is not coded into S outside of L[R]}.

Note that both qu,,k and E%lk are II3-definable over W[G,][G.,]. Indeed
[.1.2] shows that

Vo(z e E?n,k < YR(((R)o,0,0) is coded A Vn € w(((R)n+1,n+ 1,n+ 1)
is coded A (R)p41 ¢ L[(R)n]) = —3r(r ¢ LIR]A
1 witnesses that (m, k, 0,z) is coded into S)))

Note that right hand of the above statement is of the form YR(X3AXiA XL —
—3(II A T13)), hence I1} as desired.

Our goal is to show that for every pair (m, k) the sets E?n,k N A, and
E;lk N Ag reduce the pair of H%—sets A,, and Aj.

Lemma 8.1. In W[Gy][Gw,], for every pair (m,k), m,k € w and corre-
sponding T}-sets Ap, and Ay:

(a) E%,k N Ay, and Erln,k N Ay are disjoint.
(b) (Eglk N An) v (E}nk N Ag) = Am U A
(c) Egl’k N Ay, and E}n’k N Ay, are TIi-definable.

Proof. We prove (a) first. We argue in W[G,][Gy, ] but ignore the codes
created in W[G,]. This is justified by the above discussion. If x is an
arbitrary real in A, N Ay there will be a least stage 5 above w, such that F
at stage [ considers a triple of names which itself corresponds to the triple
(m,k,x). As x € Ay, n Ay, we know that case 1 or case 2 in the definition
of our iteration in the case where we force towards H%—reduction, must have
applied. We argue for case 1 as case 2 is similar. In case 1 the application of
Code (m, k,0,x,n) codes (m, k, z,0) into S, while ensuring that for all future
extensions, x will remain an element of A,,. The rules of the iteration also
tell us that (m,k,x,1) will never be coded into S by a later factor of the
iteration. Thus z € E?n, i N Am. It follows that = ¢ E}nk and E?mk N A, and
E%l x N Ay, are disjoint.

To prove (b), let 2 be an arbitrary element of A, U A. Let § > w be the
stage of the iteration beyond W[G,,| where the triple (m, k, z) is considered
first. As x € A, u A, either case 1 or case 2 in the the definiton of the
forcing for the Hé—reduction were applied at stage ~.

Assume first that it was case 1. Then, as argued above, x € A,, will
remain true for the rest of the iteration, and we will never code (m, k, 1, )
into S at a later stage of our iteration. Hence x € A, N DS% - 1f at stage 8

case 2 applied, then z € E;I x N Ag, and again, we will never code (m, k,0, x)
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into S at a later stage of our iteration. Thus,either x € E?nk N A, or
T € E}n r N Ap and we are finished.
Proving (c) is a straightforward calculation.

8.2 Proof of Y}-uniformization

We claim that adding the two cases to our definition of the iteration will
force ¥}-uniformization in the final model.

Theorem 8.2. Let Gy, be a P, -generic filter, where P, should denote the
limit of the iteration (Po,Qg | f < wi,a <wi). Then in W[G][Gy,] the
Yi-uniformization property holds, the Hzl))—reductz'on property holds and the
01} -uniformization property fails.

Proof. We start arguing for the ¥}-uniformization property. Let m be the
Godel number of a ¥.}-formula in two free variables ¢, = JagVa1¢, (z,y, ag, a1).
Let = be an arbitrary real. We assume first that we stay in case 2 throughout
the iteration. Then, by definition of the iteration, we force for every 1 and
ao a real aj such that

~Pm (2, Y, ao, ar)

so the z-section of the set defined by ¢, is empty in W[Gy][G, ]-

If on the other hand we encounter a stage (5 in our iteration where we are
in the first case of the definition, then there must be a least such stage. At
this stage we add a real ag which witnesses that all further oo - S-allowable
forcings avoiding (B, | n < 8) Q' will force Yai1¢m(x,y,a0,a1). Then we
added a real c and ensured that eventually

Yai((m,x,y,c,a1) is not coded).
As a consequence
JagVai((m,x,y,c,a1) is not coded).

is true which is a E}l—property for the reals x, . On the other hand, the
definition of the iteration ensures that after wi-many stages, for any real
Y #y = fm(z)

VagIai((m,z,y, c,a1) is coded),

thus (,y) is the unique pair which satisfies a X}-property. As the arguments
did not depend on m or x, this shows that every Y}-set in the plane can be
uniformized by a function whose graph is a Z}l—set, as desired. ]
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8.3 Proof of the good X}-wellorder

Lemma 8.3. Let W[G,]|[Gw,] be the result if we run our definition of the
iteration for wi-many steps over W[G,|. Then the reals of W[Gy][Guw, ]
have a good Eé—well—order of the reals. Hence X} -uniformization holds for
every m = 5.

Proof. In W[G,][G.,]| define

<= LJ <g -

B<wi

Then < is a well-order of the reals of ordertype wy by definition. By con-
struction, if x is a real and z a real coding the <-predecessors of z, then
(z, 2) will satisfy the X}-formula “(1,1, z, 2) is coded cofinally often”.
What is left is to show the converse. That is for any real z, if z is a
real which does not code a <-initial segment below x, then (1,1, x, z) is not
coded cofinally often. This is true, as if z is such a real then there will be a
least stage 8 < wy such that z does not coincide with <g below . But from
stage 0 on (1,1, x, z) will belong to B, the set of reals we want to avoid as
we put it into Bg4q by defintion. In particular there is a real r such that
(1,1,z, 2) is not coded outside of L[r] in other words, there r is such that
for no real s, s ¢ L[r] and s witnesses that (1,1, z, z) is coded into S. Thus
r witnesses that (1,1, z, z) is not coded cofinally often as desired.
O

9 The second main theorem

In this section we want to sketch a proof of the second main theorem. Its
proof can be seen as an easier variant of the proof from the first main theorem.
Recall what we are aiming for:

Theorem 9.1. There is a generic extension of L where the H%-uniformization
property holds and where ¥} -uniformization holds for n > 4.

The theorem is proved using an wi-length iteration of allowable forcings;
the notion of allowable needs to altered though for our new task. It should
accomodate the following tasks:

1. Forcing H%—uniformization
2. Forcing a good E% well-order of the reals.

Hence we define a new variant of 0-allowable forcings designed to carry
out such a proof.
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Definition 9.2. Let W be our ground model. Let o < wy and let F € W,
F . a — W be a bookkeeping function. A finite support iteration P =
(Pg : B < ) is called allowable (relative to the bookkeeping function F') if
the function F' : o > W determines P inductively as follows:

(1) We assume that § = 0 and Pg is defined. We let Gg be a Pg-generic
filter over W and assume that F(B) = (m,z,9,n), for a quadruple of
Pg-names. We assume that 298 =: x, y¥8 = y are reals, M5 = m

is a natural number which codes a Ti-set Ay, and 7% is an ordinal

< Wwip.

Then we split into two cases:

— If there is a v < B and a Py-name of a triple (M’,d, b, n) such
. . . G .
that a©+ = a € w”, Wer = b, m' " =m e w, % =1 and
F(v) = (m,a,b,n), then we force with the trivial forcing. We say
in this situation that n has already been used for coding, or n is
not free.

— If not, then let
Qgﬁ _ P(B)GB := Code(m, x,y,n).

We say that in this situation n is free or n has not been used for
coding yet.

(2) If F(B) = (m,2,y,n) and &,y are both names of reals whereas m is the
Gédel number of a $i-formula, then we use Code(1,1,x,y,7), provided
n is free and use the least ' which is free otherwise for coding (1, x,y)
there. Again to avoid ambiguity we assume that 1 is not the Gédel
number of a formula and code (1,1, z,y) instead of just (1,x,y).

This version of “allowable” is less complicated than the version we needed
for the proof of the first theorem. The reason is that we just have two tasks we
need to take care of, and that the most tricky case, namely forcing reduction
and a failure of unifomization is not existing.

We proceed now in a very similar way to the proof of the first main
theorem, but the thinning out process is tailored to finally obtain a universe
where the IT3-uniformization property is true. We employ the thinning out
process as detailed in [9] or [10]. Then define a version of “thinning out while
leaving out codes” which is a straightforward adaption of the construction
present in this paper.

Equipped with these notions, we start to prove the second main theorem
following closely the proof of the first one. As we only have to deal with the
H%—uniformization and a Z})—good wellorder, the proof is shorter.
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9.1 Thinning out for uniformization

We define the derivative acting on the set of allowable forcings over W.
Inductively, for an ordinal a and any bookkeeping function F € W, we
assume that the notion of (-allowable with respect to F' has already been
defined for every ¢ < a. Specifically, this means that for each { < «, we
have already defined a set of rules that, in conjunction with a bookkeeping
function F' € W, produces the following over W:

e An allowable forcing P = Py = ((IP)g,Q)B : B <) € W, which is the
actual forcing used in the iteration. Let G§ denote a Ps-generic filter
over W.

o A set

I =185 = (&% 4% i 455) i, @, 5 are

P-names for elements of w, 2%, w;}.

The set I € W[Gj5] contains potential values for the uniformizing func-
tion f that we want to define. Note that for a given  and m, there may
be several values (z,y1,m,&1), ..., (z,yn, m,&,). We say that (x,y, m)
has rank & if (z,y,m,§) € I. There can be multiple ranks for a given
(z,y,m). The goal is to use the (z,y, m)’s with the minimal rank, and
among those, choose the one with the least name according to the fixed
well-order of L in the background, ensuring the well-definedness of our
choice.

Following our established terminology, if applying the rules for n-allowable
forcings over W and F' € W results in the pair (P, I) € W, we say that P is
n-allowable with respect to F' (over W), or simply that P is n-allowable if
there exists an F' and an I such that P is n-allowable with respect to F.

We now define the derivation of the < a-allowable forcings over W, which
we call a-allowable (again over W). The definition is a uniform extension of
0-allowability.

A § < wi-length iteration P = (P3 : B < 0) € W is called a-allowable over
W (or relative to W) if it is recursively constructed using two ingredients.
First, a bookkeeping function ' € W, F : § — W3, where for each < 4,
we write F'(8) = ((F(B)o, F(8)1, F(5)2)) for the corresponding values of the
coordinates. Second, a set of rules similar to those for O-allowability, with
two additional rules added at each step of the derivative, which determine,
along with F', how the iteration P and the set of f-values I are constructed.

The infinite set of rules is defined as follows. Fix a bookkeeping function
FeW,F:6 > W3 for § < w;. Assume we are at stage  of our
construction and that, inductively, we have already created the following list
of objects:
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e The forcing Pg € W up to stage 3, along with a Pg-generic filter G
over W.

e The set

I =I5 = (2%, 4% m% 355) an, &, 4,7 are

P-names for elements of w, 2% w1},

containing potential values for the uniformizing function f¢s (m,-).
Initially, we set Iy = (.

The set of possible f-values will change as the iteration progresses. Specif-
ically, values for f must be added when a new, lower-ranked value of fC5 (m,x)
is encountered.

Now, working in W[Gg], we define the next forcing Q% and possibly
update the set of possible values for the uniformizing function f(m,x). As-
sume that F(8)o = (z,y,m), and let A < B, A € W, be such that &,y,m
are P4 = #,caP(n)-names, where we require that P4 € W is a subforcing of
Ps (e.g., if A =~ < f and F(B)o lists Py-names). Let G4 := Gg | A. We

then set © = £94,y = y¥4, and m = m%4, and proceed as follows:

(a) There exists an ordinal ( < « + 1, chosen to be minimal, such
that:

First, we collect all P4-names for reals a. For each P4-name a,
we pick the <-least nice name b such that aGs = pCs , and collect
these names b into a set C. We assume that there is a <-least
nice P4-name 4y in C such that 4,4 = vy,

W[Gﬁ] ): (%yo) € Am

and there is no (-allowable forcing R, R € W, extending Pg such
that

If this condition holds, we proceed as follows:

e Assume that F(8)2 = (&,2,m) is a triple of P4-names, with
2GA =g, 294 = 2 # 9, and M4 = m. We define:

QSB = COde(mv Z, 2, 77)

If the bookkeeping function does not have the desired form, we
choose the <-least names of the desired objects and use them to
define the forcing. In this case, we pick the <-
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least P 4-name for a countable ordinal 7, and let 2 be the <-least
P4-name of a real such that 254 # yy. Then:

Qgﬁ = COde(mv T, z, 77)

We also set Pgy; = Pg = Qg and let Ggy1 = Gg * G(B) be its

generic filter.

e We assign a new value to f, i.e., set f(m,z) := yo and assign the
rz;nk ¢ to the value (z,yo,m) in W[Gg41]. We update Iﬁcffl =

Iﬁ ? Y {(CL', Yo, M, C)}
(b) If case (a) does not apply, i.e., for each ( < « and each pair of reals,
the pair can be forced out of A,, by a (-allowable forcing extending the
current one, we let the bookkeeping function F' fully determine what

to force. We assume that F'(3); is a P4-name for a countable ordinal
7, and let %4 = 7. We assume that F(B)s is a nice Py-name for a

. .G
pair of reals (2/,yo) such that 2’ 4 = 2. We define:
Qgﬁ = COde(m7 Z, Yo, 77)

Let G(8) be a Qg-generic filter over W|[G 3] and set Gg11 = G+ G(f).
We do not update the set Ig of preliminary values for f, i.e., we set
Iﬁ+1 = Iﬁ.

Otherwise, we choose the <-least IP4-names for the desired objects gy,
and (z, z,m), and force with:

QSB = COde(mv T, z, 77)

(c) If F(B) = (1, 2,y,n) for m a Pg-name of an integer, &,y tow names
of reals and 7 the name of a countable ordinals then we force with:

Qgﬁ := Code(1, 1, z,y,n), provided 7 is free
or Qgﬁ := Code(1,1,z,y,n), for i least that is free for coding.
At limit stages n of a + 1-allowable forcings, we use finite support:
P, := dir im(P, : v < 7).
Finally, we set:
G

Iy = {(m,x,y,¢) - 36 < ((m,2,,0) € I ).

This concludes the definition of the rules for o 4+ 1-allowability over the
ground model W. To summarize:
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Definition 9.3. Assume that '€ W, F : ) — W3 is a bookkeeping function
and that P = (Pg : B <mn) and I = (Ig : B <mn) is the result of applying
the above defined rules together with F over W. Then we say that (P, 1) is
a + 1-allowable with respect to F (over W ). Often, I is clear from context,
and we will just say P is a + 1-allowable with respect to F'. We also say that
P is a 4+ 1-allowable over W if there is an F such that P is o + 1-allowable
with respect to .

9.2 Thinning out while leaving out codes for uniformization

As in the proof of the first main theorem, we shall define the notion of an
allowable forcing which avoids a set B of names of reals.

Definition 9.4. Let B be an arbitrary set of tuples of (forcing names of)
reals denoted by &. We say that an iteration {(Pa, Qu) | a < 8} is 0-allowable
without using B (or avoiding B) if it is allowable and for every o < §
and every Py-generic filter G,, none of the factors QGO‘ are of the form
Code(1,1,7% n), n < wi and & € B, where we write T for the evaluation
of the Py-names which are elements of & with the help of the generic G,.

9.3 Proof of the second main theorem

We first assume that F'(8) = (51, f2) and that the 1-th (in some previously
fixed well-order < of H(w2)) Pg,-name of a triple of the form (7, I,@), where
a is a nice Pﬁo—name of areal, and n, [ are nice IPg,-names of natural numbers,
is the triple (m, k ,2). We let m = m% k = kG5 and assume that m, k are
both Gddel numbers of IT}-formulas and x = 295 is a real. In this situation
we work towards II3-uniformization. We work over W[Gp] as the ground
model. This model comes along with a sequence of sets of tuples of (names
of) reals

B := (BCO ’C0<B)

and the notion of w0 - (s + (j-allowable avoiding (B; | i < (y) for {p <
B, (1 € Ord. We distinguish several according to the thinning out process for
uniformization.

(a) There exist two ordinals (y < (3,(1 € Ord chosen to be lexico-
graphically minimal such that:

First, we collect all P4-names for reals a. For each P4-name a,
we pick the <-least nice name b such that aCs = bGB and collect
these names b into a set C. We assume that there is a <-least
nice P4-name 1o in C such that 4,54 = yo,

WI[Gs] |= (z,90) € Am
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and there is no o - {y + (1 allowable forcing avoiding B denoted
by R, extending Pg such that

WGs] = R/Gs I (2,y0) ¢ Am.
If this condition holds, we proceed as follows:

e Assume that F(8)y = (&,2,m) is a triple of P4-names, with
#CGa =z, 264 = 2 £y, and M4 = m. We define:

Qgﬂ = COde(mv T, z, 77)

If the value of bookkeeping function at 5 does not have the desired
form, we choose the <-least names of the desired objects and use
them to define the forcing. In this case, we pick the <-

least P4-name for a countable ordinal 7, and let z be the <-least
P 4-name of a real such that 254 # yo. Then:

Qgﬁ := Code(m, x, z,n).

We also set Pgyq = Pg = Qg and let Ggy1 = Gg * G(B) be its
generic filter.

e We assign a new value to f, i.e., set f(m,z) := yo and assign the

rank ¢ to the value (x,yp,m) in W[Gg11]. We update Igffl =

157 G {(, 50, m. O}

(b) If case (a) does not apply, i.e., for each {y < ,(; € Ord and each
pair of reals (z,y) € W[Gp], the pair can be forced out of A,, by a
o - ¢o + (i-allowable forcing P¢, ¢, extending the current one. Then
we decide to pick one such pair (z,y) using the bookkeeping F' and fix
the <-least such forcing Pw,.5(x.y), which is oo - f-allowable avoiding
Bg and let C¥(P)(x,y) denote, as before, the closure of P, which is
defined in the analogous way to the notion of closure we defined for
the reduction property. Then, at stage 3, we force with

Q57 = C°(Py.p(x,y)).

We note that this forcing forces (z,y) out of A,,.

We define the set Ig.q in the obvious way. We do not add a new
set Bg we need to avoid, that is we let Bg = (J, define the new
B := (B¢ | ¢ < p+1), and keep the notions of oo - {y + (i-allowable
avoiding (By, | n < (o) for each {y < f+ 1, {; € Ord.

41



(c) We assume here that F(3) = (1, ). Let 2 be 2%, m = m% and
assume that m is the Godel number of a ¥i-formula. In W[G,][G4]
we pick countable partial well-order < which extends our order <g and
which contains z.

We will face two cases which we need to discuss. The first case is that
x is an element of the field of <g. In this case we let z a code for be
the set of <g-predecessors of x and force with

Qgﬁ := Code(1,1,x, z,n)

for an 1 which has not been used for coding yet.

In the second case x will be an element of < but not of <. In this
situation we consider the countable set of <-predecessors of x, code it
with a real z. We set <gi1:=<! z, that is we say that <g 1 is just
the order < restricted to elements which are < x and force with

Qgﬁ := Code(1,1,z, z,n)

for the least i which is free.

Moreover we ensure that we will not add codes which code a wrong
well-order up to x anymore. That is, whenever y is a real coding w-
many reals which corresponds to an initial segment of a good well-order
of the reals, and 2’ <g;; x appears as one of the elements coded by v,
and the well-order coded by y below 2’ does not coincide with <gq
then we must not use Code(1,1,2',y,7) as a forcing. Thus we let

B :={(1,1,2,9) | y is the name of a real which codes a well-order

below z’ which is forced to not coincide with <g1 }

and define
Bgy1:= Bgu B.

At limit stages n of a + 1-allowable forcings, we use finite support:
Py, := dir im(P, : v < 7).
Finally, we set:

197 = {(m,2,,0) 36 < n((m,2.y.C) € 15},
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9.4 Proof of the second main theorem

We iterate the just defined forcing wi-many times using a bookkeeping F' :
w1 — H(wi) which satisfies that every x € H(wi;) has uncountable pre-
image under F. This assumption ensures that we consider every tuple of
reals cofinally often. The resulting partial order will be denoted by P,,, and
is the desired forcing.

Theorem 9.5. Let Gy, be a P, -generic filter over W. In W[Gy,] TIi-
uniformization holds, and there is a E%—deﬁnable good wellorder of the reals.

Proof. We shall sktech the proof of H%—unformization first, which is basi-
cally the same as in [9] or [I0] and the reader can find all the details there.
For m the Godel number of an arbitrary H},’—set in the plane, we define its
uniformization

fm(x) =y < —=Ir(YM(If M is countable and transitive and
M = ZF~ 4 “Ry exists” and w = (W)™ and
r,(m,z,y) € M)
then
M = “L[r] decodes out of r an Nj-sized, transitive
ZF -model N which witnesses that

(m,z,y) got coded into S7).

By definition, in our iteration, for every real z, there will be at most one y
which satisfies f,,(z) = y, and this only happens if the x-section of A, is
non-empty in W[Gy,|.

The proof that W[G,,,] can define a good Xi-wellorder of the reals is
exactly as in the first main theorem. O

10 Lifting to M,

We just state here that the proofs of the two main theorems are such that
they can be lifted with some care to canonical inner models with Woodin car-
dinals. The interested reader can consult [9] for a detailed proof of how one
can lift the proof of IIi-uniformization. The adaptions one has to undertake
in order to lift the proofs of the two results above are rather straightforward
then.

Theorem 10.1. Let M, denote the canonical inner model with n-many
Woodin cardinals. There is a set-generic extension My[g] of M, which pre-
serves the Woodin cardinals and where additionally

1. TI}  s-reduction holds,
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2. 11k 3-uniformization fails,
3. E}n+4—unif0rmizati0n holds for every m = n.
and

Theorem 10.2. There is a set-generic extension My[g] of M, preserving
the Woodin cardinals and where additionally

1. TI} . s-uniformization holds,

2. 2}n+4—unif0rmz’zation holds for every m = n.

11 Open questions

We end with several questions which are related to this article. The first
observation is concerned with a hypothetical forcing P which would force
the Hé—uniformization property over L. The construction of such a forcing
P necessarily cannot be combined with the methods presented here, as Eé
and H%—uniformization contradict each other. Given the flexibility of the
way the good Yi-wellorder is forced here, which can even be arranged such
that one can force towards H%—uniformization, it is not clear at all how such
a hypothetical forcing would look like. The present work seems to suggest
that, if it can be done at all, a very new approach is in need.

Question 1. Can one force H%—uniformization over just L?
A second question concerns patterns of the Y-uniformization property.

Question 2. Given a real v € 2%, can one force a universe where %\ -
uniformzation is true whenever r(n) = 1 and X} -uniformization fails when-
ever r(n) =07

By a classical result of Novikov, for any projective pointclass I', it is
impossible to have I and I"-reduction simultaneously. The case for separation
is still unknown.

Question 3. Can one force a universe where Eé— and Hé—sepamtz’on hold
simultaneously?
12 Acknowledgment

To the one whose very short life prompted this work. Your family loves you.
This research was funded in whole by the Austrian Science Fund (FWF)
Grant-DOI 10.55776/P37228.

44



References

[1]

2]

3]

4]

[5]

[6]

7]

8]

19]

[10]

[11]

[12]
[13]

[14]
[15]

[16]

J. Addison Some consequences of the axiom of constructibility, Funda-
menta Mathematica, vol. 46 (1959), pp. 337-357.

R. David A wery absolute T1-real singleton. Annals of Mathematical
Logic 23, pp. 101-120, 1982.

S. Hoffelner NS,,, Ai-definable and saturated. Journal of Symbolic Logic
86 (1), pp. 25 - 59, 2021.

S. Hoffelner Forcing the $-separation property. Journal of Mathemati-
cal Logic 22, No. 2, 2022.

S. Hoffelner Forcing the H%—Reduction Property and a Failure of Hé—
Uniformization, Annals of Pure and Applied Logic 174 (8), 2023.

S. Hoffelner Forcing Axzioms and the Uniformization Property Annals of
Pure and Applied Logic 175 (10), 2024.

S. Hoffelner The global E}lJrQ—Uniformization Property and BPFA Ad-
vances in Mathematics 470, 2025.

S. Hoffelner MA(Z) and a Failure of Separation on the third Level .
Annals of Pure and Applied Logic 176 (3), 2026.

S. Hoffelner Forcing the I1.-Uniformization Property, Arxiv preprint.
DOT: https://doi.org/10.48550 /arXiv.2103.11748

S. Hoffelner A Universe with a Al-definable Well-order —of
the Reals, CH and II.-Uniformization. Arxiv preprint. DOI:
https://doi.org/10.48550/arXiv.2506.21778

S. Hoffelner A Failure of T} y3-Reduction  in  the
Presence of »l +3-Separation, Arxiv preprint. DOLI:
https://doi.org/10.48550 /arXiv.2312.02540

T. Jech Set Theory. Third Millenium Edition. Springer 2006.

R. Jensen and R. Solovay Some Applications of Almost Disjoint Sets.
Studies in Logic and the Foundations of Mathematics Volume 59, pp.
84-104, 1970.

A. Kechris Classical Descriptive Set Theory. Springer 1995.

D. Martin and J. Steel A Proof of Projective Determinacy. Journal of
the American Mathematical Society (2), pp.71-125, 1989.

Y. Moschovakis Descriptive Set Theory. Mathematical Surveys and
Monographs 155, AMS.

45



[17] Y. Moschovakis Uniformization in a playful Universe. Bulletin of the
American Mathematical Society 77, no. 5, 731-736, 1971.

[18] R. Schindler Set Theory: FExploring Independece and Truth. Springer
2014.

46



	Introduction
	Preliminaries
	Coding machinery
	Allowable forcings
	Thinning out
	Informal discussion of the idea
	The derivative operator

	Thinning out while leaving out coding forcings
	Proof of the main theorem
	Forcing the failure of Pi13-uniformization
	Definition of the first iteration in general
	A first omega-length iteration

	Preliminary remarks for the second iteration
	Forcing Pi13-reduction
	Forcing Pi13-reduction, case 1
	Forcing Pi13-reduction, case 2
	Forcing Pi13-reduction, case 3

	Forcing Sigma14-uniformization
	Case 1
	Case 2

	Forcing a good Sigma15-well-order

	Discussion of the universe
	Pi13-reduction holds in our universe
	Proof of Sigma14-uniformization
	Proof of the good Sigma15-wellorder

	The second main theorem
	Thinning out for uniformization
	Thinning out while leaving out codes for uniformization
	Proof of the second main theorem
	Proof of the second main theorem

	Lifting to Mn
	Open questions
	Acknowledgment

