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Abstract

Assume that M, the canonical inner model with n Woodin car-
dinals, exists. We force a model with continuum N, in which every
E,ll 1o set of reals is Lebesgue measurable and has the Baire property,
the ¥}, ,- and II, | ;-uniformization properties hold, and the reals ad-
mit a A}, ;-definable well-order. Thus regularity up to a fixed finite
projective level, together with a definable well-order of the reals at the
adjacent level, does not force the determinacy strength which would
normally explain that regularity, even when this package is strength-
ened by adjacent ¥- and II-uniformization. In particular, this gives a
negative answer to a local form of Woodin’s twelfth Delfino problem
asked by Friedman—Schindler.

1 Introduction

A central theme in descriptive set theory is the interaction between regu-
larity properties, such as Lebesgue measurability and the Baire property,
and definable choice principles for projective sets of reals. This paper con-
cerns finite projective configurations in which regularity, uniformization, and
definable well-ordering occur together. The canonical source of such config-
urations is the hierarchy of mice with finitely many Woodin cardinals. Let
M, denote the canonical inner model with & Woodin cardinals. Steel’s anal-
ysis shows that My has a Ai+2—deﬁnable well-order of its reals [13, 12]. On
the other hand, the Woodin cardinals in these models account, through the
corresponding local determinacy and scale analysis, for regularity and uni-
formization phenomena at lower projective levels.
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Thus M,, 1 suggests a specific finite constellation in the projective hierar-
chy. Below the well-ordering level one has the regularity and scale-theoretic
consequences associated with the local determinacy fragment; at the next
level the fine structure of M, supplies a AL +3-definable well-order of the
reals. The visible pattern relevant here is therefore regularity for boldface
3! .o sets, the corresponding finite uniformization behavior, and a Al_ 4-
definable well-order.

Before the present work, the systematic examples exhibiting this exact
constellation came from M, and closely related canonical models; in par-
ticular, they satisfied the corresponding Al 41-determinacy fragment. Since
the standard source for this behavior of the projective sets of reals is the
M, 1-picture, it is natural to ask whether this source is unique. Does the
finite projective behavior just described imply the corresponding local de-
terminacy hypothesis, or can the same behavior be obtained over a weaker
mouse?

The global antecedent of this recognition question is Woodin’s twelfth
Delfino problem. In one formulation, the problem asks whether ZFC to-
gether with the statements that every projective set is Lebesgue measurable
and has the Baire property, and that every projective relation admits a pro-
jective uniformization, implies PD. Woodin showed that this theory implies
that z' exists for every real z and conjectured a positive answer. Steel gave
a negative solution in 1997, and Schindler later determined the precise con-
sistency strength of the theory; see [10, 11, 1]. The present paper studies
the corresponding finite recognition problem.

Friedman and Schindler isolated finite-level versions of this question in
[2]. Motivated by their formulation, we consider the following exact-placement
local form.

Question 1 (Friedman—Schindler local problem, exact-placement form). Let
2 < n < w. Suppose that every boldface E}HQ set of reals is Lebesgue mea-
surable and has the Baire property, and suppose that the reals admit a A}Hg—
definable well-order. Must A}Hl-determmacy hold?

Friedman and Schindler obtained a negative answer to a nearby local
problem. Working over inner models with finitely many strong cardinals,
they produced forcing extensions in which the relevant finite level of the
projective hierarchy is universally Baire and the reals admit a projective
well-order. Their construction gives the well-order at the desired level from a
specific coding real as a parameter, and parameter-free at a higher projective
level. Thus the exact lightface placement in Question 1, with a Al 43 well-
order and no additional real parameter, remained open.

We resolve this exact-placement problem and add an adjacent uniformiza-
tion conclusion. Throughout the introduction, uniformization statements
written without the word “boldface” are meant in the lightface sense: a



pointclass I' has uniformization if every lightface relation in I' has a uni-
formizing function whose graph is again in I'. Boldface regularity assertions
are stated explicitly.

Theorem 1.1. Let 1 < n < w, and assume that M,, the canonical inner
model with n Woodin cardinals, exists. Then there is a forcing extension W*
of M, preserving all cardinals such that 2% = Ry and:

1. every boldface Z;H set of reals is Lebesgue measurable;

2. every boldface E%HQ set of reals has the Baire property;
3. the E}Hz-umformization property holds;

4. the H}L+3—unif07’mization property holds;

5. the reals admit a A}L+3—deﬁnable well-order.

For n = 2, Theorem 1.1 gives a negative answer to Question 1. The
proof records that the final extension does not satisfy Al 41-determinacy.
Hence the regularity-and-well-ordering window suggested by M, can al-
ready be realized by forcing over M,,. Moreover, the construction gives the
two additional lightface uniformization conclusions X} ,-uniformization and
I1} , s-uniformization.

The first case, n = 1, is not an instance of Question 1 as stated, but it
illustrates the same phenomenon at the lowest level covered by the theorem.
Starting from Mj, we obtain a model in which all boldface X} sets are
Lebesgue measurable and have the Baire property, Yi-uniformization and
IT}-uniformization hold, and the reals have a A}-definable well-order. Thus
adjacent Il-uniformization can coexist with a projective well-order of the
reals.

Relation with the companion paper. The present paper is the Il-side
construction for the local Delfino problem. Its additional conclusion, beyond
the exact-placement negative answer, is the adjacent H}L 3-uniformization
theorem. The forcing mechanism introduced for this purpose is the deriva-
tive hierarchy of allowable hybrid forcings, which controls the stability of
proposed values for sections of H,ll 43 relations through all later allowable
extensions.

The companion paper [6] treats a different direction. It obtains the
same 31 4o regularity and a Al 5 well-order, but combines them with Mar-
tin’s Axiom and with a global tail of Y-uniformization, namely %} o4me
uniformization for every m € w. That construction is based on coding over
codes. The two papers share the same exact-placement background, but
their forcing mechanisms are separate: the present construction is based
on the local coding predicate and the derivative hierarchy which yields the
I1} , s-uniformization conclusion.



Proof overview. The construction has four main components. First,
over M,, we add branches through an M, -definable independent sequence
of Suslin trees and define a local coding predicate ®,, of complexity 31 43
The predicate is arranged to be exact on the coding tags used for the well-
order and for the uniformization requirements.

Second, we use a hybrid forcing which combines a countable-support
product of M,-Cohen reservoir coordinates with a finite-support c.c.c. itera-
tion. The reservoir coordinates provide fresh coding areas, while the iteration
meets the coding, uniformization, and regularity requirements. This hybrid
form refines the forcing methods from [5].

Third, the adjacent II!  ;-uniformization conclusion is obtained from a
derivative hierarchy of allowable hybrid forcings, refining the method of [4].
At each derivative step, the construction tests whether a proposed value for
a section of a II!  , relation is stable under all further allowable extensions
or can still be destroyed. The process is iterated to a stable class of allowable
forcings, and the final iteration uses only forcings from this stable class.

The same coding predicate gives the Al +3 well-order. For each pair of
reals, the construction codes the relative order of their canonical localized
presentations. Exactness of ®, on the well-order tags ensures that exactly
one of the two possible order tags is coded. This gives both a X1 +3 and a
ml 3 definition of the order.

Finally, the regularity bookkeeping is kept separate from the coding book-
keeping. The final iteration places ordinary Cohen stages cofinally often and,
for every real parameter a, places relative random, measure-amoeba, and
category-amoeba stages over L[T},+1,a] cofinally often. The covering state-
ments obtained from the amoeba stages, together with the small-generic
absoluteness of the weakly homogeneous Martin—-Solovay tree Tj,41, yield
Lebesgue measurability and the Baire property for all boldface E,IL 19 sets by
Hjorth’s argument. The X! 4o-uniformization conclusion is obtained sepa-
rately from Steel’s relativized capture analysis of M, (s) in the small generic
extensions used in the construction.

Organization. Section 2 recalls the inner-model-theoretic background: the
relevant fragments of Steel’s comparison theory for My and M, the recov-
ery of the initial segments used in the construction, and the Martin—Solovay
trees Tp,+1. The next sections define the local coding predicate, the hybrid
forcings, and the derivative hierarchy of allowable forcings. The main con-
struction is first carried out in full detail over M;. The final section records
the uniform lift to M,, and proves Theorem 1.1 in full generality.



2 Canonical inner models with Woodin cardinals
and the trees 7T,

2.1 The canonical inner model with one Woodin cardinal

We recall the fragment of Steel’s comparison theory which will be used later.
The ground model for the main construction is the canonical proper class
mouse M7y, the minimal iterable proper class premouse with one Woodin
cardinal. We use the notation and comparison conventions of Steel’s out-
line of inner model theory, and the projective definability analysis of Steel’s
work on projectively well-ordered inner models; see |12, 13]. In particular,
every proper initial segment of M; is 1-small and w-sound, and the order of
construction gives a canonical Azl,) well-order of the reals of Mj.

A premouse M is 1-small above n if whenever E is an extender on the
M-sequence and 7 < crit(E), the initial segment jcjr\i/i( ) has no Woodin
cardinal above 1. We say that M is 1-small if it is 1-small above 0.

We also recall the weak iterability notion used by Steel at the first odd
level. Let 7 be an w-maximal putative iteration tree on M, let b be a
maximal branch through 7, and let a be a countable ordinal. The branch b
is a-good if whenever N is either MZ itself, or the a-th linear iterate of an
initial segment P < ./\/le by one extender on the P-sequence and its images,
then either A is well-founded or a € wip(N). A countable premouse M
is H%—itemble if player II wins the corresponding one-round weak iteration
game: player I plays a countable putative w-maximal tree together with a
countable ordinal «, and player II either accepts a last well-founded model or
plays a maximal a-good branch. Steel proves that this iterability condition
is T} in the codes. For 1-small mice it is the n = 1 instance of the general
I1,,-iterability analysis; see [13, Lemma 1.7].

We now fix the local notation for limit length trees.

Definition 2.1 (The common part of a limit tree). Let T be a k-maximal
iteration tree of limit length on a premouse M, where k < w.

1. We set
8(T) =sup{Ih(E]) | £ +1 < Ih(T)}.

2. M(T) denotes the common part of the models along T below §(T),
i.e. the unique passive premouse P of height §(T) such that, for every
extender EZ used in T, P agrees with the corresponding model of the

tree below lh(Eg),

We shall use the following form of Steel’s branch uniqueness theorem,
often called the zipper lemma.

Theorem 2.2 (Steel’s zipper lemma). Let T be a k-mazximal iteration tree
of limit length on a premouse M, where k < w, and let b,c be distinct



cofinal branches through T. Put 6 = 6(T). Suppose that A < 6 and that
A, 5 € wip(M]) nwip(MT). Then one of the two branch models satisfies

Ik < § (K is A-strong up to 9).

Definition 2.3 (Q-structures). Let T be a k-mazximal iteration tree of limit

length on a premouse M, where k < w, and let b be a cofinal well-founded

branch through T. The Q-structure Q(b,T) is the least initial segment of

M, if it exists, which either sees that §(T) is not Woodin over the common

part M(T), or projects strictly below §(T) at an allowed finite degree. More
T

explicitly, Q(b,T) = .77Mb for the least v such that either

MZ «“ . K/
Ty+1 | “0(T) is not Woodin”,

or, for some m < w allowed by the degree of the tree,

MT
pm+1(Ty ") < O(T).
If no such ~y exists, then Q(b, T) is undefined.

The point of the preceding definition is that, in the 1-small context, a
O-structure determines at most one good cofinal branch. If two distinct
branches had the same relevant well-founded Q-structure, the zipper lemma
would produce strength below §(7), contradicting the initial segment which
witnesses that 6(7) is not Woodin.

In the next few statements, an ordinary premouse means a premouse
in Steel’s usual premouse language, with no real parameter, predicate pa-
rameter, or base set added to the structure. This is only a terminological
convention distinguishing these premice from mice over a real or over another
base; no additional fine-structural notion is being introduced.

Lemma 2.4 (Comparison with a II}-iterable mouse). Let M and N be
countable ordinary premice. Assume that both are w-sound and project to w,
that M < My, and that N is 1-small and H%—itemble. Then the comparison
of M with N is successful. Consequently

M<SN or N M.

Proof. Run the usual coiteration by least disagreement, producing trees 7 on
M and U on N. The M-side is governed by the strategy inherited from Mj.
The N -side is governed by the winning strategy witnessing IT3-iterability.
There is no new issue at successor stages. Consider a countable limit
stage and suppose first that both sides have reached the same comparison
height, so that 6(7) = 6(U). Let b be the branch selected on the M-side.
Since M<aMj and Mj is 1-small below its Woodin, the branch model MZ has
a Q-structure witnessing the relevant failure of Woodinness at this common



5. Write this Q-structure as Lo (M(T)), using the standard coding of the
common part.

Apply the TLi-iterability of A to the tree & with ordinal parameter a.
Player II supplies a maximal a-good branch c. Because the two sides of the
comparison agree below the common 4, the initial segment L,(M(T)) is
also the corresponding Q-structure for ¢ on the AV/-side, provided the branch
model is well-founded past that structure. If there were a second sufficiently
good cofinal branch through U/, then the zipper lemma, applied with a code
for the common Q-structure as parameter A, would produce strength below
d(U). This contradicts the witness to the failure of Woodinness coded by
the Q-structure. Hence the good branch through I/ is unique, and it is fully
well-founded.

If one side has stopped using extenders, the same argument applies with
the last model on the stopped side replacing the common branch model. Its
relevant initial segment supplies the O-structure which witnesses that the
remaining comparison height is not Woodin, and therefore determines the
unique well-founded branch on the other side.

It remains to rule out a comparison of length w;. Suppose that such a
putative comparison existed. Force with the Lévy collapse Col(w,w1) over
the ambient model. In the collapse extension, the putative tree becomes
countable, and I}-iterability is preserved. Thus there is a branch supplied
by the I} strategy. By the uniqueness just proved, this branch is ordinal
definable from the ground-model data of the comparison. Homogeneity of the
collapse therefore puts the branch back in the ground model, contradicting
the assumption that the comparison had no branch at stage wi.

Thus the comparison terminates below wq. The terminal models are lin-
early ordered by initial segment. Since both premice are w-sound and project
to w, the usual no-drop argument for the shorter side pulls the conclusion
back to the original premice. Hence M < A or N' < M. O

Preservation convention for the outer models used below. We shall
use Lemma 2.4 only in the forcing extensions which occur in this paper. The
preservation fact needed there is the following: if M < M; is countable
and belongs to one of these extensions, then M remains ITi-iterable there.
This is the realizability preservation supplied by Steel’s weak iteration-game
analysis for initial segments of M;j, applied to the proper, wi-preserving
forcing extensions used below. We do not claim that the set of all real codes
for II}-iterable premice is absolute between arbitrary outer models with the
same wy .

Lemma 2.5 (Definable cofinal system of M;-initial segments). Let M1[G] be
an w-preserving forcing extension of My of the kind fixed in Paragraph 2.1.



In M1|G] let
T = {N | N is a countable ordinary premouse,
N is 1-small, N is w-sound,
pu(N) =w, and N is I}-iterable}.

Then T is T1}-definable in the codes. Moreover every member of T is of the
form jan for some n < w1, and

{n<w| jan €T}
s cofinal in wq.

Proof. The clauses saying that a real codes a countable ordinary premouse,
that the premouse is 1-small, that it is w-sound, and that p, = w are arith-
metic, after fixing the usual coding of countable premice by reals. By Steel’s
analysis of the weak iteration games, I1}-iterability is a II3 condition in the
code. Hence the displayed definition of Z is TI3.

We next show that no nonstandard premouse enters Z. Work in M;[G]
and let N € Z. Since wy is preserved, A/ has countable height below the
true w{wl. Choose 1 < w; such that OordV < 7 and such that jan is w-
sound and projects to w. The initial segment jan is an ordinary premouse
and is realizable inside Mj; hence it is H%—iterable in the present extension
by Paragraph 2.1. Applying Lemma 2.4 to jan and N, the alternative
jan < N is impossible by the choice of . Therefore N' < Jan, so N is
itself an initial segment of M;.

Finally, the fine structure of M; gives cofinally many n < w; such that
jan is w-sound and projects to w. These levels are ordinary premice, 1-
small, and realizable, hence I1}-iterable in the present extension by the same
preservation convention. Therefore they belong to Z, proving cofinality. [

Definition 2.6 (Recovering M|wi). In any wi-preserving forcing extension
of My of the kind fized in Paragraph 2.1, we write

N = M1|w1
for the assertion that
N = JM|MeT},
where T is the class from Lemma 2.5. Equivalently, x € N iff x belongs to

some countable ordinary premouse which is 1-small, w-sound, H%—itemble,
and projects to w.

Lemma 2.7 (The recovered initial segment). Let M;[G] be an wy-preserving
forcing extension of My of the kind fized in Paragraph 2.1. Then Defini-
tion 2.6 defines the true initial segment

M
Milwr = T,

Moreover the definition is uniform in all such extensions.



Proof. By Lemma 2.5, every member of Z is an initial segment jan with
7 < wi. Hence the union in Definition 2.6 is contained in M |w;. Conversely,
the same lemma gives cofinally many n < w; with jan € Z. Their union
is jﬂfl. The same formula defining 7 is used in every such extension. We
do not assert that the same real codes belong to Z in different extensions,
since new reals may code new countable putative iteration trees. Rather,
applying Lemma 2.5 inside the given extension identifies the union of the
premice satisfying that formula with the true Jﬂfl. O

Remark. The notation in Definition 2.6 is a convention for outer models
of My which preserve wi. The same first-order-looking assertion, if evaluated
inside an arbitrary transitive model, need not imply that the object obtained
is the true Mj|w;. Later, whenever this definition is used inside countable
auxiliary models, the relevant countable premouse is also required externally
to belong to the class 7.

We shall need a canonical diamond sequence which is available from
the same fine structure. The argument is Jensen’s proof of diamond in
L, with Steel’s condensation theorem for initial segments of M; replacing
condensation for L.

Theorem 2.8 (Steel condensation, in the form used here). Let M < M; be
an w-sound tmitial segment and let

m: N> M

be the inverse of the transitive collapse of a sufficiently elementary substruc-
ture of M. Suppose that the critical point of 7 is the relevant standard
projectum of N. Then either

1. NS M, or

2. N is an initial segment of a degree-zero ultrapower of an initial seg-
ment of M by an extender on the M;-sequence whose length is that
projectum.

In the hulls used in the diamond argument below, the second alternative is
impossible. Hence the transitive collapse is an initial segment of M;.

Proof. This is the standard condensation theorem for the Steel M;-construction;
see [12, Theorem 5.1]. We only spell out why the ultrapower alternative does
not occur in the present application. The hulls below are chosen so that their
collapse has projectum equal to its internal wy. If the second alternative held,
there would be an extender on the M;-sequence indexed exactly at this inter-
nal wy. The lower part below that index is the collapse of the corresponding
lower part of the hull and sees the index as the successor cut reached by



the construction. An extender indexed there would make the index inac-
cessible in the relevant extender model. This contradicts the fact that the
collapsed lower part computes it as its wyi. Therefore only the initial-segment
alternative remains. ]

Lemma 2.9 (A canonical Mj-diamond sequence). There is a sequence
D=(D,|a<uw)eM
with Dy € « for all a < wy such that
My | “D is a u, -sequence”.

Moreover D is uniformly definable over My|wy from the canonical order of
construction of Mj.

Proof. Work in Mj. Use the canonical well-order <j;, of the construction
to define D recursively. At a limit ordinal o < wy, suppose Dg | B <
has been defined. If there is a pair (A, C) such that A € a, C < «avis club in
a, and

VBe C(Dg# Anp),

then let (An, Cy) be the <jpz -least such pair and set D, = A,. If there is
no such pair, set D, = (J. At successor stages we may again set D, = (.

The recursion is carried out over Mj|w;. Indeed, all objects considered
at stage « are subsets of the countable ordinal « in M7, and the order used
to choose the least pair is the restriction of the canonical M7 construction
order. Hence the resulting sequence is uniformly definable over Mj|w;.

It remains to verify that D is a diamond sequence. Suppose not. Let
(A, C) be the <y, -least counterexample, so A € wy, C' € wy is club, and

Vae C(Dy # AN a).

Choose an w-sound initial segment jeMl containing A, C, and the sequence
l_j, and then take a countable elementary substructure

X < g
with A,C’,ﬁeXand with o = X nwy € C. Let
7:X > X

be the inverse of the transitive collapse. By Theorem 2.8, X is an initial
segment of M;. Consequently the recursive construction of D inside X is
exactly the initial part

(Dg | B <.

10



Moreover the collapse sends A to A na and C to C n a, and by elementarity
X sees (Ana,C na) as the <jpy,-least witness that the previous sequence
is not diamond on «. Therefore the recursion at stage a gives

D,=Anaqa.

Since «a € C, this contradicts the choice of (A, C). Thus no counterexample
exists, and D is a <, -sequence in Mj. ]

We fix once and for all the <y, -least sequence D satisfying Lemma 2.9.
In later sections this sequence will be used to define a canonical wq-sequence
of independent Suslin trees over M;. The construction of those trees is
postponed until the point where the coding machinery needs them.

2.2 The canonical inner model with n-many Woodin cardi-
nals

We now record the higher-level analogue of Subsection 2.1. Throughout this
subsection 1 < n < w is fixed, and M,, denotes the canonical minimal proper
class premouse with n Woodin cardinals, in the sense of Steel’s construc-
tion of tame mice with full background extenders. Thus My = L, and for
n > 0 the model M, is obtained from the Steel background construction by
stopping at the first failure of n-smallness, or as the limit of the n-small con-
struction if no such failure occurs. We shall use only the following standard
consequences of Steel’s analysis.

First, if there are n Woodin cardinals, then M,, exists and satisfies that
there are n Woodin cardinals. Secondly, every proper initial segment of M,
is n-small and w-sound. Thirdly, the order of construction of M, gives a
canonical construction well-order of the reals of M,,, and Steel’s projective
analysis shows that this well-order is A}, , over the reals of M,; see [13, 12].
The case n = 1 is exactly the situation isolated in the previous subsection.

Definition 2.10 (n-smallness). Let M be a premouse and let n < Ord™.
We say that M is n-small above 0 if whenever E is an extender on the
M-sequence and

n < crit(E),

then the initial segment jc/r\i/i(E) does not have n Woodin cardinals above 1.

We say that M is n-small if it is n-small above 0.

We shall also use Steel’s finite-level iterability condition. The exact def-
inition depends on the parity of n. For even n, one uses the n-round weak
iteration game in which the branches played by player II are required to be
sufficiently definable over the trees played by player 1. For odd n, one adds
the corresponding a-goodness requirement at the last round. In both cases
the definition is arranged so that realizable mice satisfy it, and so that it is
projectively simple in the codes.

11



Definition 2.11 (Steel II,-iterability). Let M be a countable premouse and
let n < Ord™ be a cutpoint. We say that M is I,-iterable above 1 if player
II has a winning strategy in Steel’s game G(M,n,n) for I, -iterability above
n. We say simply that M is IL,,-iterable if it is 11, -iterable above 0.

For later reference we isolate the three consequences of the definition
which are used in this paper.

Fact 2.12 (Steel). For each fized 1 < n < w the following hold.

1. The relation
“xr codes a countable premouse which is I1,,-iterable”

. 1 .
is IL,, .1 in the real code x.

2. If M is a countable initial segment of My, then M is Il,-iterable in
the Steel sense, in all outer models considered in this paper in which
the relevant realizability argument is preserved.

3. If M is countable, n-small and realizable, and N is countable, n-small
and I1,,-iterable, then the Steel comparison of M and N is successful,
provided the two mice have the same lower part. In the applications
below the lower part is empty, so this is the n = 0 case.

The next lemma is the direct analogue of Lemma 2.4. We state it sepa-
rately because it is the form in which it will be used later.

Lemma 2.13 (Comparison with a II,-iterable mouse). Let M and N be
countable ordinary premice. Assume that both are w-sound and project to w,
that M < M,,, and that N is n-small and II,,-iterable. Then the comparison
of M with N is successful. Consequently

M<N or N M.

Proof. This is the n = 0 instance of Steel’s comparison theorem for n-small
II,,-iterable mice. Since M < M,,, the premouse M is realizable in the
background construction of M,. Since N is n-small and II,-iterable, the
N-side has exactly the amount of iterability required by Steel’s comparison
lemma. Because both premice are ordinary premice in the parameter-free
sense fixed above, the lower parts agree trivially.

The proof is the usual least-disagreement coiteration. The M-side uses
the realization strategy inherited from the construction of M,,, while the
N-side uses the II,-iterability strategy. At limit stages, the good branch
is characterized by the corresponding Q-structure: for n = 1 this is the
branch uniqueness argument described in Subsection 2.1, and for n > 1 the
assertion is proved by induction on n, because the Q-structure appearing

12



at a limit stage is (n — 1)-small and II,,_;-iterable above the new cutpoint.
If two distinct good branches were available, Steel’s zipper argument would
produce the forbidden strength below the comparison height, contradicting
n-smallness at the relevant level. Thus the comparison has well-founded
branches and reaches terminal models which are linearly ordered by initial
segment.

Finally, since both premice are w-sound and project to w, the standard
no-drop pullback argument gives the initial-segment relation already between
the original premice. Hence M < N or N < M. O

Preservation convention for the outer models used below. Asin the
M case, we shall only use the preceding comparison in forcing extensions
which occur in this paper. The preservation fact needed is the following
one: if M < M, is countable and belongs to such an extension, then M
remains II,,-iterable there. This is the higher-level version of the realizability
preservation used in Paragraph 2.1. We do not claim that the class of all
real codes for I1,-iterable premice is absolute between arbitrary outer models
with the same ws.

For the coding arguments we only need to recover the lower part M, |w;.
Thus we isolate the lower-part initial segments of M,,, rather than the larger
class of all n-small IL,-iterable mice. This distinction is harmless for n = 1,
but it is important at higher odd levels, where one has to avoid the familiar
nonstandard II,-iterable mice. The lower-part restriction below excludes
these objects from the definition used in the coding apparatus.

Definition 2.14 (Lower-part M,-approximations). Let M,[G] be an w;-
preserving forcing extension of M, of the kind fized in Paragraph 2.2. In
M, |G] let Z,, be the class of all N such that

1. N is a countable passive ordinary premouse;

2. N is a lower-part premouse, i.e. N has no Woodin cardinal;
3. N is n-small, w-sound, and p,(N) = w;

4. N is I, -iterable.

Lemma 2.15 (Definable cofinal system of M,,-initial segments). Let M, [G]
be an wi-preserving forcing extension of M, of the kind fized above. Then
T H}L+1—deﬁnable in the codes. Moreover every member of L, is of the
form jnM" for some n < w1, and

{n<w| jnM" €I}

s cofinal in wi.
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Proof. The clauses saying that a real codes a countable passive ordinary
premouse, that the premouse is lower-part, n-small, w-sound, and satisfies
Pw = w, are arithmetic in the usual code for countable premice. By Fact 2.12,
the IT,-iterability clause is IT. ;. Therefore Z, is II} | in the codes.

We next prove that no nonstandard lower-part premouse enters Z,,. Work
in M,[G] and let N € Z,. Since w; is preserved, the height of N is below
the true w{w". Choose 1 < wy such that ordV < 7 and such that jnM" is
passive, lower-part, w-sound, and projects to w. The fine structure of M,
gives cofinally many such 7. The initial segment jnM" is realizable inside
M, and hence is II,-iterable in the present extension by the preservation
convention.

Apply Lemma 2.13 to jnM" and V. The alternative j,f\/[" < N is impos-

sible by the choice of 1, because ordV < 1. Therefore
N < gMn,

and hence N is itself an initial segment of M,,.

Conversely, let 7 < wy be such that jnM" is passive, lower-part, w-sound,
and projects to w. Then jnM" is n-small and realizable in the Steel construc-
tion of M, and by the preservation convention it is II,,-iterable in M, [G].

Thus jnM" € Z,. Since such 7 are cofinal in wi, the cofinality assertion
follows. o

Definition 2.16 (Recovering M,|w1). In any wy-preserving forcing exten-
sion of My, of the kind fized above, we write

N = Mn\wl
of
N =]z,
where I, is the class from Definition 2.14, computed in that extension.

Lemma 2.17 (Correctness of the recovery). Let M,|G] be an wi-preserving
forcing extension of M, of the kind fixed above. Then Definition 2.16 defines
the true initial segment

M, |wy = J)m.
Moreover the definition is uniform in all such extensions.

Proof. By Lemma 2.15, every member of Z,, is an initial segment jnM" with
7 < wi. Hence the union in Definition 2.16 is contained in M,|w;. Con-
versely, the same lemma gives cofinally many 1 < w; with jnM“ € Z,. The
union of these initial segments is jﬂfn.

The same formula defining 7, is used in every relevant extension. We
do not assert that the same real codes belong to Z, in different extensions,
since new reals may code new countable putative iteration trees. Rather,
applying Lemma 2.15 inside the given extension identifies the union of the
premice satisfying the formula with the true jﬂf”. O
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Remark. The notation M, |w; in Definition 2.16 is a convention for the
outer models of M,, used in this paper. It should not be read as saying that
an arbitrary transitive model which internally satisfies the same first-order-
looking definition has computed the true M, |w;. Later, whenever countable
auxiliary models are used, the relevant countable premouse is also required
externally to belong to Z,.

The condensation and diamond arguments from the previous subsection
lift without change once M; is replaced by M,.

Theorem 2.18 (Steel condensation for M, in the form used here). Let
M < M, be an w-sound initial segment and let

m: N > M

be the inverse of the transitive collapse of a sufficiently elementary substruc-
ture of M. Suppose that the critical point of 7 is the relevant standard
projectum of N. Then either

1. NS M, or

2. N is an initial segment of a degree-zero ultrapower of an initial seg-
ment of M by an extender on the M,-sequence whose length is that
projectum.

In the hulls used in the diamond argument below, the second alternative is
impossible. Hence the transitive collapse is an initial segment of M.,.

Proof. This is the condensation theorem for initial segments of the Steel M,,-
construction. The proof is the same fine-structural argument as in the M;
case, with n-smallness replacing 1-smallness. The only point needed below
is the exclusion of the ultrapower alternative. The hulls in the diamond ar-
gument are chosen so that the collapsed structure has projectum equal to its
internal wy. If the ultrapower alternative occurred, an extender on the M,,-
sequence would be indexed at this internal wi. The lower part below that
index computes the index as its first uncountable cardinal, while the pres-
ence of such an extender would make it inaccessible in the relevant extender
model. This contradiction leaves only the initial-segment alternative. O

Fact 2.19 (Steel’s projective well-order of My,). The construction order <y,
restricted to the reals of M, is a A711+2 well-order. Equivalently, for reals
x,y € M,, the assertion that x is constructed before y in M, is given by a
Z}HQ formula and also by a H711+2 formula.

We shall use this fact only as a source of canonical choices inside M,,. In
particular, using <ps, we fix once and for all the canonical almost disjoint
family

D:<d£\§<w1>eMn
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used for almost disjoint coding, and the canonical <$,,- sequence used in the
bookkeeping. No later argument uses the well-order to choose elements from
projective sections in the final model.

Lemma 2.20 (A canonical M,-diamond sequence). There is a sequence
D" =(D" | a <w)e M,
with D}, < « for all a < wy such that
M, = “D" js a O, -sequence” .

Moreover D™ is uniformly definable over My,|wy from the canonical order of
construction of M,.

Proof. Work in M,,. Use the canonical well-order <, of the construction
to define D™ recursively. At a limit ordinal a < wy, suppose <Dg | B < )
has already been defined. If there is a pair (A4,C) such that A < o, C € «
is club in «, and

VB e C(Dh# AnB),

then let (Aq, Cy) be the <jy, -least such pair and set DI = A,. If there is
no such pair, set D? = ¢§. At successor stages we again set D! = .

The recursion is carried out over M,|w;, because at stage « all relevant
objects are subsets of the countable ordinal o in M,,, and the order used to
choose the least pair is the restriction of the canonical construction order of
M,.

Suppose toward a contradiction that D™ is not a diamond sequence in
M,,. Let (A,C) be the <y, -least counterexample, so A € wy, C' € wy is
club, and

Vae C (D} # Ana).

Choose an w-sound initial segment ng" containing A, C, and the sequence

l_j”, and take a countable elementary substructure
X< Jym

with A,C, D" € X and with « = X nw; € C. Let
7:X > X

be the inverse of the transitive collapse. By Theorem 2.18, the collapse X is
an initial segment of M,,. Therefore the recursive construction of D" inside
X is exactly the initial part

(DY B < ).
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The collapse sends A to A na and C to C N a, and by elementarity X sees
(Ana,C na) as the <pz,-least witness that the previous sequence is not
diamond on «. Hence the recursion at stage o gives

D) =Ana.

This contradicts a € C. Therefore no counterexample exists, and D" is a
$uwy-sequence in M. O

We fix once and for all the <, -least sequence D satisfying Lemma 2.20.
In the higher-level version of the construction, this sequence plays exactly
the role played by the M;j-diamond sequence in the detailed M7 case: it
gives the canonical lower-part bookkeeping from which the corresponding
sequence of independent Suslin trees and the localized coding apparatus are
built.

2.3 The trees T,, weak homogeneity, and small generic ab-
soluteness

We next fix the tree representations of the projective pointclasses which will
be used in the regularity argument. The main application in this paper is
the case n = 2: the Martin—Solovay tree Ts € M represents the universal 2%
set. Since the higher-level notation is no harder, we record the construction
uniformly. Thus, for n > 2, the tree T}, will be a canonical tree belonging to
M,,_1 whose projection is the universal X} 41 set of reals. In the final model
we shall use only the following consequence of its construction: membership
in p[T},] is absolute to the small generic extensions in which the relevant real
appears.

We recall the form of weak homogeneity used below. The notation fol-
lows Steel’s exposition of the Martin—Solovay theorem in terms of towers
of measures [14]. If Z is a set and & is a cardinal, let meas,(Z) be the
set of k-additive measures on Z<“. If pu € meas, (%), its dimension is the
unique m < w such that p concentrates on Z™. If y has dimension m, v has
dimension k, and m < k, we say that v projects to p if for every A < 2™,

Aep «— {ueZf|ulmeAlev.

A tower {(u; | i < w) is countably complete if, whenever A; € yu; for every i,
there is an f € Z“ such that f | dim(u;) € A; for every i.

Definition 2.21 (Weakly homogeneous tree). Let T be a tree on w x Z. For
x € w¥ write

T,={ueZ~%|Vk<|u| (z | k,ulk)eT)}.
We say that T is k-weakly homogeneous if there is a countable set

M S meas,(Z)
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closed under projections such that, for every real x,
z € p|T]

if and only if there is a countably complete tower {y; | i < w) from My such
that each p; concentrates on the corresponding finite section of T,. Equiva-
lently, T is weakly homogeneous in the sense of a weak homogeneity system
whose range is countable.

When defined from such a witnessing system, we call p|T| a k-weakly
homogeneously Suslin set.

Definition 2.22 (Absolute complements and universal Baireness). Let T' be
a tree onw X Z and S a tree on w x Z'. We say that T and S are k-absolute
complements if, for every forcing extension by a partial order of size < k,

pIT] = &*\p[S].

A set of reals is k-universally Baire if it is the projection of a tree which has
a k-absolute complement.

The connection between the preceding two notions is the Martin—Solovay
tree construction. If g is a weak homogeneity system for 7" and © is suffi-
ciently large, the Martin—Solovay tree

ms(f, ©)

searches for a coherent descending sequence of ordinal ranks through the
ultrapowers determined by the measures in fi. A branch through this Martin—
Solovay tree is precisely a continuous certificate that the corresponding tower
is ill-founded. The following is the form of the Martin—Solovay theorem used
in the rest of the paper [14, Theorem 2.20 and Corollary 2.21].

Theorem 2.23 (Martin—Solovay, Steel’s formulation). Let T be k-weakly ho-
mogeneous via a weak homogeneity system ji, and let © > |T|*. Then T and
ms(i, ©) are k-absolute complements. In particular, p[T] is k-universally
Baire. Moreover, in every forcing extension by a partial order of size < K,
the measures in § lift to a weak homogeneity system witnessing the same
assertion for the same ground-model tree T'.

Proof. This is the Martin—Solovay theorem for weakly homogeneous trees.
The key point is that a weak homogeneity system gives, for each real z, a
countable tree of possible measure towers. If one of these towers is count-
ably complete, then z € p[T']. If no such tower is countably complete, the
associated ill-foundedness is witnessed uniformly by a descending sequence
of ordinal ranks; these ranks form a branch through ms(j, ©),, provided ©
is chosen above the size of the relevant tree.
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Small forcing preserves the measure towers in the required way: the mea-
sures extend canonically to the forcing extension, and functions in the exten-
sion are represented modulo the lifted measures by ground-model functions.
Consequently the same Martin—Solovay tree remains the complementing tree
in every < k-generic extension. This is exactly Steel’s proof of the weakly
homogeneous case of the Martin—Solovay theorem. O

We shall use Theorem 2.23 only in a localized form. Let M be one of
the mice M,_1 and let § be its least Woodin cardinal. If T' € M is k-
weakly homogeneous in M for every k < 4, then for every forcing P € M
of M-cardinality < 9, and every M-generic G < P, the same tree T and
its Martin—Solovay complement compute the same projective set in M[G].
Equivalently, for reals € M[G], membership in p[T] can be checked by
the ground-model tree T" and is not changed by passing to further forcing
extensions of size below the relevant completeness bound.

Corollary 2.24 (Small generic absoluteness for a fixed weakly homogeneous
tree). Let M be a transitive model containing a k-weakly homogeneous tree
T and a witnessing system fi. Let S = ms(f, ©) for sufficiently large ©. If
G is generic over M for a forcing of M -cardinality < k, then in M[G],

p[T] = w*\p[S].

In particular, if a projective formula p(x) is represented over M by the com-
plementing pair (T,S), then for every real x € M[G],

MG F pla) > e p[T]M,

Proof. The first assertion is Theorem 2.23. For the final assertion, the pro-
jective formula is represented in M by the pair (T, .5), and the pair remains
an absolute complementing pair in M|[G]. Thus exactly one of the trees has
a branch over the real z in M[G], and this is the same truth value assigned
by the projective definition in the small generic extension. O

Remark. Later forcing notions need not be regarded globally as small over
the relevant mouse. What is used is the local consequence: every real and
every name appearing in the coding construction is read in a bounded regu-
lar subforcing, and the relevant subforcing has size below the completeness
bound of the homogeneity system. The assertion above is therefore applied
in the intermediate model generated by that local support.

2.4 Defining the canonical trees 7T, inside M,

We now choose the particular trees to which the preceding subsection will
be applied. Fix n > 2. Work in M, _1, and let

n n n
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be the Woodin cardinals of M,,_;. We write simply dg for the least of them
when n is fixed.

Let Up4+1 S w® be the standard universal E}IH set, with the first real
coordinate coding the index and the remaining coordinates coding the pa-
rameter and the argument. We fix this universal set once and for all us-
ing the usual Moschovakis parametrization conventions for projective point-
classes [9]. Thus every boldface 3}, set is a section of Uy 1.

The following theorem is the precise object needed later. It is a standard
consequence of the Martin—Steel analysis of projective scales, the Martin—
Solovay construction, and Steel’s tree-production argument for mice with
finitely many Woodin cardinals [8, 13, 14].

Theorem 2.25 (Canonical weakly homogeneous tree for X, ). In M,_1
there is a tree
T, S (w x Ap)=Y

for some ordinal \,, of M, _1 such that

p[Tn] = Un+1

inside My_1. Moreover, for every k < &g, the tree T,, is k-weakly homoge-
neous m M,_1.

Proof. We recall the construction, since the parity shift is a common source
of confusion. One begins with the projective pointclass immediately below
E,ll +1- By the periodicity theorems and the Martin-Steel scale analysis, the
relevant universal set at that lower level has a scale whose associated tree is
homogeneous in M,,_1. This is the higher analogue of the familiar Martin—
Solovay representation of the complete E% set by the tree T over M;.

If the lower-level universal set occurs with the correct polarity, the tree of
the scale already gives the required homogeneous representation. If the po-
larity is the complementary one, one applies the Martin—Solovay construction
to the homogeneity system. The Martin—Solovay tree represents the comple-
ment by searching for coherent descending ordinal ranks in the corresponding
ultrapowers. This is the step which accounts for the odd/even alternation
in the projective hierarchy.

Finally, the passage from the lower-level matrix to the universal E}L 41 set
is an existential real projection. Homogeneous representations are stable un-
der this operation in the weak sense: the additional real witness is absorbed
into the weak choice of a countably complete tower. Equivalently, the pro-
jection of a homogeneously Suslin representation is weakly homogeneously
Suslin. Thus one obtains a tree T,, with p[T},] = Up4+1 and with k-complete
weak homogeneity systems for every k < dg.

All objects used in this construction are chosen inside M,,_;. The com-
pleteness of the systems below the least Woodin follows from the extender
strength available in M,,_; and the standard Steel tree-production argu-
ment. 0
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For definiteness, we make the choice canonical.

Definition 2.26 (The canonical tree T,,). Forn > 2, T, denotes the <pr, -

least tree T for which M, _1 verifies the conclusion of Theorem 2.25. Along
with T, we fix the <jpr, , -least coherent choice of weak homogeneity systems

i (K <dp)

which witness that T}, is k-weakly homogeneous. We also fix, for sufficiently
large ©,,, the Martin—-Solovay complement

Sy = ms(fg, Oy)

whenever a completeness bound Kk has been specified. The value of S, may
depend on the chosen bound k, but this will never matter: in each application
we choose k above the size of the relevant forcing.

Lemma 2.27 (Absoluteness of the canonical T}, representation). Letn > 2,
let P € My—1 have M, _i-cardinality < k < 6(, and let G < P be M, _1-
generic. Then in M,_1[G] the ground-model tree T,, and the corresponding
Martin—-Solovay complement S, are complements. Consequently, for every
real x € M,,_1[G],

M, 1|GlEzeUyy1 <= zc€ p[Tn]Mnfl[G]'

The same equivalence remains true in all further forcing extensions of M, —1[G]
by forcing notions of size below the remaining completeness bound.

Proof. By Definition 2.26, T;, is k-weakly homogeneous in M,_; via f].
Theorem 2.23 gives a Martin—Solovay complement S, such that T}, and S,
are k-absolute complements. Since |P|M»-1 < k, the complementing relation
holds in M,,_[G].

The tree T}, represents the universal X1 41 set in the ground model, and
the complementing pair remains absolute in the extension. Therefore a real
x in the extension satisfies the projective universal formula exactly when the
T,-section above z is ill-founded. The final sentence is the same argument
applied once more to the lifted homogeneity system. O

Corollary 2.28 (The case used in the main construction). In M there is
a canonical tree Ty such that

p[TQ] = U37

where Us s the universal 2:1)) set. If § is the Woodin cardinal of My, then for
every Kk < 6, Ty is k-weakly homogeneous. Hence the Ty representation of 2%
truth is absolute to all forcing extensions of My obtained by forcing of size
< K, and locally to all later intermediate extensions whose relevant support
has size < K.
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Proof. This is Lemma 2.27 with n = 2. The tree T5 is the Martin—Solovay
tree in the form used by Hjorth and Solovay [7, 3]: it represents the universal
Eé set and carries weak homogeneity systems below the Woodin cardinal of

M;. O

Remark (how 7,, will be used). The tree T, is not an additional coding
device. Its role is to make the lower projective truth predicates robust in
small generic extensions. In the proof of Lebesgue measurability and the
Baire property, the only instance needed is T»: after a real parameter a
appears, the bookkeeping adds Random and Cohen stages over bases con-
taining L[T%, a], and amoeba stages over the same bases cover the null and
meager Borel sets coded there. The weak homogeneity and Martin—Solovay
complementing pair allow the 251)) definition to be read correctly in those
generic extensions.

3 The M;-ground model and the X} coding appara-
tus

We now describe the ground model used for the detailed Mj-case and the
coding predicate. The target value of the continuum in the final extension
is No, and the later bookkeeping iteration will have length ws. Since the
preliminary branch forcing is c.c.c., this is the same wy as in M.

3.1 The branch extension W

Using the canonical {-sequence of Mj|w, fix once and for all the canonical
M;-definable sequence
S =8 |{<w)

of independent Suslin trees. Thus for every finite set e € wy, the product
[ [
Eee

is again a Suslin tree. We identify each tree with a subset of w; by the
fixed M;-definable coding of countable normal trees. This convention is
used throughout the rest of the paper.

Let
fs
Br = H St

£<w

be the finite-support branch product, computed in M;. By independence of
S, every finite subproduct is Suslin, and the usual A-system argument shows
that Br is c.c.c. If H < Br is Mj-generic, write

be = | J{p(€) : p € H, & € dom(p)}
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for the cofinal branch through S¢ added by the &-th coordinate. We set
W = Mi[H].

Thus W is just the extension obtained by adding a branch through every
tree in the fixed sequence S. Since Br has size w1 and is c.c.c., W preserves
cardinals and satisfies 280 = Ry. The later length-wy iteration will add No
many reals and will be responsible for the final value 280 = X,.

The point of having all branches present in W is that a coding forcing
may use selected branches from H as parameters. The point of using the
finite-support product is that every real in a local subextension depends on
only countably many branch coordinates. This support feature will later
allow us to compare the information decoded from a real with the branch
coordinates which were actually used to produce that real.

3.2 Cohen coding areas

We fix the canonical M;-definable almost disjoint family of reals
D:<d§]§<w1>.

It will be used at the last step of the coding, when a subset of w; is almost-
disjointly coded into a real.
We also fix the <jy,-least bijection

pr(C2)M —

or, equivalently, the corresponding M7-definable bijection between countable
subsets of w; and w;. Let Cypy, be the Mj-version of the o-closed w;-Cohen
forcing: conditions are countable binary sequences from M7, ordered by end-
extension. If g € w; is Cypy,-generic, then every proper initial segment g | «
belongs to M7, and we define the coding area determined by g by

Co=1{plgla)]a<w}cuw.

We shall say that C' < wq is an M;-Cohen coding area if C' = Cj for some
such g. The standard fusion argument for C,;, gives the two facts we need:
each initial segment of Cy is computed in the relevant M;-initial segment,
and coding areas coming from mutually generic M;-Cohen subsets of w; are
almost disjoint in that their intersection is countable.

Definition 3.1 (Selected branch coordinates). For C' € w; and u € 2%,
define
Sel(Cyu) = {1y (y,n) | y€ C, n <w},

where

w -y + 2n, if n ¢ u,
Tu(’)’an) =

w-y+2n+1, ifneu
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Thus Sel(C,w) is the set of branch coordinates selected by the area C when
it writes the real w.

Lemma 3.2 (Countably many coding areas). Let I be countable. Let (C; :
i € I) be Mi-Cohen coding areas coming from mutually generic reservoir
coordinates, and let u; € 2 forie I. Let B € [w1]¥, and put

U= Bul JSel(Ci,u).

iel
Then the following hold.
1. If C € wy has size wy and
Vie I (C n Cj is bounded in wy),
then there are wi-many v € C such that

{w-y+k|lk<w}nU=¢.

2. If ip € I, C n Cj, is unbounded in wy, and w € 2¥ satisfies w # u;,,
then, for any n < w with w(n) # u;,(n), there are wi-many v € C N Cj,
such that

Tw(v,m) ¢ U

Proof. For i # j in I, the set C; n Cj is bounded in wq. Since I is countable,
there is 6y < wi such that

CinCj < 0y (1 # jin I).

Let
B*={y<uw |dk<w (w-v+keB)}

Then B* is countable.
For (1), choose #; < w; such that

CnC;cy (iEI).

Every v € C\(0; u B*) has the required property: it does not lie in any Cj,
and its w-block does not meet B.
For (2), let n < w be such that w(n) # w;,(n). If

v € (Cn Cig)\(0o v BY),

then v ¢ C; for all i # iy, and the w-block of v does not meet B. At the area
Ci,, the coordinate selected by u;, at n is the other member of the pair

{w-v+2n, w-y+2n+ 1}

Hence 7y,(7y,n) ¢ Sel(Cy,, ui,), and it is not in any other Sel(Cy,u;). Thus
Tw(Y,m) ¢ U. There are wi-many such +. O
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3.3 Writing a real into the Suslin sequence

Let w € 2% be a real in a generic extension of W. Suppose first that g is an
M;i-Cohen subset of w1 and put C' = Cy. For each v € C' we use the w-block

(S | k<)

of the fixed sequence S. The bit w(n) is represented by choosing the branch
through exactly one of the two trees

Sw-'y-i—?na Sw-'y+2n+1'

Equivalently, in the notation fixed above, the selected coordinate is 7, (y, n).

The branch used at the coordinate (v,n) is b7, (v,n), already present in W.

Thus any inner model which can correctly compute the trees S and which
contains, for all v € C' and n < w, the selected branches

<b7_w(%n) ‘ Y E C,n < w)
can read the characteristic function of w from the pattern

n € w <= Su.~y+2n+1 has an wi-branch,

n ¢ w <= S,.y+2, has an wi-branch,

for every vy e C.

To turn this branch pattern into a projective predicate, we do not code
the branch data directly as a bare subset of wi. Instead we first package
the relevant information into a transitive N;-sized model and then code that
model. Let

BQKLU = <b'rw('y,n) ‘ YE Cg? n < w>

be the indexed sequence of selected branches, coded as a set of triples
(v,m, bTw(%n)). Thus the domain of this sequence already determines Cl,
but we shall keep C, as an explicit object for readability.

Choose a transitive model

N = Ngw
of size N; such that
1. N = ZFC™ 4+ “¥y exists” and w{v = wi;
2. me = J2 belongs to N
3. Cy and By, belong to N;

4. using mey, the model N computes the fixed sequence S , the map p, and
the almost disjoint family D, and it sees the branch pattern determined
by By as coding the real w.
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Here w is not used as a distinguished piece of the code. It is recovered from
the selected branch pattern, while my, supplies the definition of the Suslin
sequence from which the pattern is read.
Fix a canonical code
Xy = Xg,w < w1

for the structure (N, €, mw, Cy, By ). Concretely, choose the <y, -least enu-
meration of N of length w; whose first distinguished entries are mq,, Cy,
and By, and let Xy code the resulting well-founded extensional relation
together with these distinguished constants. Any model which decodes X s
therefore recovers the transitive collapse N and the three named objects.

We now apply David’s reshaping trick to Xxs. Choose an ordinal A of
size Ny such that

Li[Xn] | ZFC™ + “Ny exists”.

Inside Ly[X ], take a continuous increasing sequence

(Me | € <wr)
of countable elementary submodels, and put
C§=M§ﬁwl, C={c§\£<w1}.

The reshaped set Y =Y, ,, S w1 codes X on the odd ordinals and codes
the club C on the even ordinals. More explicitly, the odd part of Y is a
fixed copy of X, while the even part codes the increasing enumeration of
C by the usual interval pattern: before cg it codes a well-order of type cg,
between c¢ and c¢11 it codes a well-order of type c¢11, and it is empty on
the remaining intervals.

Consequently, if M is a countable transitive model of ZFC™ + “N; exists”
and Y nwM e M, then M recognizes that wi! € C. Inside its version of
LY n wM], it recovers Xy n wM and hence a local transitive model N of
size N{V[ . This local model contains the corresponding initial segment m of
M, the local coding area, and the local selected branch sequence. Since m
defines the local version of § , the model NV can read the same branch pattern
and verify the local statement that the pattern codes w.

Finally, over the model containing Y, force with the Jensen—Solovay al-
most disjoint coding forcing

Ap(Y)

relative to the fixed Mi-definable family D. If ry is the generic real, then
a€eY < rynd, is finite

for every a < wi, and this equivalence remains absolute to all outer models
with the same interpretation of the initial segment of D.
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For a real w we denote by
Code(w)

the two-step forcing which first adds an M;-Cohen subset g of w; and then
almost-disjointly codes the reshaped set Y, ,, into a real:

Code(w) = Cyy, * AD(Y}JM).

When w is a name over an initial segment of the later iteration, the same
formula is read as the corresponding name for this two-step forcing.

Later, once hybrid presentations have been introduced, we use the same
notation Code(u) for the hybrid coding operation associated with this two-
step forcing. Thus the Cyy,-factor is inserted as a fresh reservoir product
coordinate, while the almost-disjoint forcing AD(YML) is inserted as the cor-
responding real-adding coordinate. In other words, Code(u) denotes an
ordinary two-step forcing in the local description above, but denotes this
product /iteration insertion when it occurs inside a hybrid presentation.

3.4 The predicates LocalCode, ¥, and ¢

We isolate the projective content of the preceding construction. The notation
M E LocalCode(Y, w, m)

will be used for the following first-order assertion over a transitive model M of
ZFC™ + “Ny exists”, with m € M as a displayed parameter. The set Y < wi/
is a reshaped David code: its odd part decodes a set X < w{” , its even
part supplies the reshaping club, and X codes a well-founded extensional
structure whose transitive collapse is a model

N
of size 8 such that
o N |=ZFC™ + “Ny exists”;
M

e N contains the distinguished initial segment m € T with Wi = wi;

e using m, the model A computes the local versions of S , p, and the
almost disjoint family D;

e N contains an M;-Cohen coding area C' computed from m, i.e. a set
of the form

C={p"(gla)|a<uw

for the M;-Cohen subset ¢  wi* decoded in A, and it contains an
indexed sequence of selected branches

B={cyn|veC,n<w);
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e the branch sequence verifies, in A/, the pattern coding w:

new <= Nk “SJ 5,1 has an wi"-branch”,

n¢w<= N “S .5, has an wi’-branch”

for every v € C' and every n < w.

Here Sg” denotes the &-th tree of the sequence computed from m. Thus Y
does not merely list branches; it codes a local universe in which the relevant
Mi-initial segment defines the Suslin sequence, and the selected branches
then determine the real w.

Let D™ = {d? | @ < w{") denote the canonical almost disjoint family as
computed in m. We define ¥(r, w) by the following formula:

U(r,w) <= VYMVm <M is a countable transitive model of ZFC™ + “N;

A Tow,meM

AN mel
AWl =wM

23Y€M[Y§w{vj

AVa<wM(aeY < rnd? is finite)

A M k= LocalCode(Y, w,m)]).

Thus ¥(r, w) says that every relevant countable transitive model which has
the correct Mj-initial segment at its w; decodes from r, using the local almost
disjoint family, a reshaped code for a local transitive model whose branch
sequence codes w.

The assertion ¥(r,w) is a IT3 statement. The only non-arithmetic ingre-
dient is the recognition of the correct Mj-initial segments, which is TI3 via
the class Z; the remaining decoding and branch-pattern checks are absolute
first-order checks inside the countable transitive model. Therefore

O(w) <= IrY(r,w)

is a B} predicate. We read ®(w) as “w is coded into the fixed Suslin sequence
S,

Lemma 3.3 (The inner model decoded by a ®-witness). Assume that r
witnesses ®(w), that is, assume that W(r,w) holds. Put

me = JT =T

Then the inner model L{r,mq]| contains the real w and contains the objects
decoded from r: a reshaped set Y, < wi, a model code Xp, S wi, the
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transitive model N, decoded from it, an Mi-Cohen coding area C,., and the
selected branch sequence through the trees of the fized sequence S. Moreover
L[r,mq] sees the branch pattern coding w; more explicitly, in L[r,mq]| the
decoded objects satisfy

VyeC,Vn <w new < Sy tont+1 has an wi-branch,

VyeC,Vn <w n¢w < Sy ion has an wi-branch.

Thus a witness r for ®(w) does not merely certify the projective statement
externally; together with j“],\fl it generates an actual inner model in which
the w-pattern is present.

Proof. All decoding procedures used below are the fixed canonical ones. In
particular, once r and an initial segment m € Z are given, the almost-disjoint
decoding below w]" is unique.

First L[r,mq] can form the almost-disjoint decoding of r with respect
to the canonical family computed from m:

Y, ={a <w |rnd)” is finite}.

This set belongs to L[r, ms] and is uniquely determined by r and mq.

We claim that the David decoding of Y, in L[r, my] succeeds and pro-
duces the asserted model code and branch data. Suppose not. Then some
finite part of the canonical decoding fails: either the reshaping test fails,
or the odd part does not decode a well-founded extensional structure of
the required kind, or the resulting collapse does not contain the required
distinguished objects, or one of the branch-pattern clauses fails. Choose a
sufficiently large regular © and take, in the ambient universe, a countable

elementary submodel
X < H@

containing r, w, mq, and a witness to this failure. Let
T X —M

be the transitive collapse, and put m = m(my). By the recovery and con-
densation facts for the cofinal system Z, the model m is a member of 7
and

Moreover M is a countable transitive model of ZFC™ + “N; exists”, and
r,w,me M.
Inside M, the almost-disjoint decoding of r with respect to D™ is exactly

M
Y, nwi”.
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Indeed, for every a < w{w , the real d}} is the corresponding initial member
of the canonical almost disjoint family computed from mg,, and hence

aeY,nwl <« r~d7is finite.

The reshaping and odd/even decoding are first-order procedures over the
relevant transitive model, so the failure chosen above reflects to M. Thus

M = LocalCode(Y, N w{w, w,m).

But U(r,w) applies to the countable transitive model M and the initial
segment m. It therefore yields some Y € M such that

Va<w{\7[(aeY<:>rmd§isﬁnite)

and

M E LocalCode(Y, w, m).

By uniqueness of the almost-disjoint decoding, Y = Y, nwi’, a contradiction.
Hence the global decoding in L[r,my]| succeeds. Let X, be the model
code decoded from the odd part of Y;, let N, be the transitive collapse of
the structure coded by Xy, and let C, and the selected branch sequence
be the distinguished objects decoded inside N.

It remains to see that the real read from this branch pattern is the original
real w. Since the global decoding has succeeded, L[r, mq] defines a real w*
by reading the decoded branches: for n < w, put n € w* iff, equivalently for
every 7y € C,, the decoded branch sequence witnesses that

Sw~+2n+1 has an wi-branch.

The local-code clauses ensure that this definition is independent of the choice
of v e C,.

Suppose toward a contradiction that w* # w, and choose n < w such
that w*(n) # w(n). Again take a sufficiently large countable elementary sub-
model X < Hg in the ambient universe containing r, w, me,n and enough
of the decoded global data to witness the value of w*(n), and collapse it to
M, with m = (M ). As above, M is a relevant countable transitive model,
meZ,w =wM and the almost-disjoint decoding of r in M is Y; nw}!. By
elementarity and the absoluteness of the decoding procedure, M reads the
n-th bit of the local branch pattern as w*(n). On the other hand, ¥(r, w)
says that the same uniquely decoded set satisfies

M k= LocalCode(Y; n w{w, w,m),

so M reads the n-th bit of that same branch pattern as w(n). This contra-
dicts w*(n) # w(n).

Therefore w* = w. Since w* is definable in L[r, my] from the decoded
objects, we have w € L[r,my]. The decoded objects also belong to L[r, mq |
by construction, and the displayed branch-pattern equivalences hold there.
This proves the lemma. ]
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3.5 Localized presentations of names

We now fix the presentation convention which will be used throughout the
construction. Recall that the first forcing over M; is the finite-support

branch product
fs
Br = H St,

E<w

which adds a cofinal branch through every tree in the fixed independent
sequence S. If H € Br is Mi-generic, we write

W = Mi[H].

All later forcing is described over this branch extension. A local hybrid
presentation over W will be denoted by R, and its initial presentation up to
stage 8 by Rg. Once the presentation is fixed, Pg denotes the post-branch
forcing over W associated with Rg. If R = R is a completed presentation,
then P = Ps denotes its terminal post-branch forcing.

The corresponding full forcing over M, including the initial branch block,
is written

Br Xhyb 7—\),/3.

Here Br xpy, Rp means: first force with Br, form W = M;[H], and then
force over W with the post-branch forcing Pg associated with Rg. The
symbol 11, is only notation for this composition with a post-branch hybrid
presentation; it is not an ordinary iteration symbol. Equivalently, if H < Br
is generic, then the quotient of Br xy,1, Rg over H is canonically isomorphic
to Pg.

We also fix the convention for the forcings which deal with Lebesgue
measure and the Baire property; we call them the regularity forcings. It W’
is a transitive inner model of the current ambient universe, with the relevant
w1 and enough set theory to compute Borel codes, measure, category, and
the corresponding forcing notions, then

IBII“/an
denotes the Random algebra as computed in W’. Its conditions are the
positive Borel sets coded in W/, modulo null equivalence as computed in
W'. We also write
A Nl and A‘//\VAI

for the standard amoeba forcing for the null ideal, respectively for the meager
ideal, as computed in W’. Thus AK/V, adds a Borel null set covering every
Borel null set coded in W’ and AKV/{ adds a Borel meager set covering every
Borel meager set coded in W’. We use fixed Borel-code presentations of these
amoeba forcings in which they are o-linked. In particular, these forcings
preserve Suslin trees from the ground model.
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The only bases used for regularity stages are finite-real-parameter bases
of the form
L[T3,aq,...,ax_1].

Here To € M is the fixed Martin—Solovay tree from Subsection 2.4, and
the reals ag,...,ar_1 are read from the current generic extension. When a
regularity forcing computed in such a base is used inside a larger ambient
extension, it is not recomputed in the larger universe. The conditions and
the order are the ones computed in the displayed base.

The post-branch forcing is a hybrid of a product and an iteration. We
now give its official syntactic form. A resolved hybrid bookkeeping of length
[ is a sequence

F={Fm)[n<B)

whose 7n-th value is decoded over the already constructed initial forcing as
one of the following tags:

1, Coh, Code(ty,),
or one of the relative regularity tags
(Rand; dg,...,dzrl), (AmN;éLg,...,éLZrl), (AmM;dg,...,erl).

Here k;, < w, 1, is a name for a real over the current initial forcing, and each
7 is a name for a real over the current initial forcing. The word “resolved”
is important: this bookkeeping tells the hybrid presentation what forcing
to use next. The later allowability recursions may start from higher-level
bookkeeping data, such as a well-order pair or a uniformization tuple, but
before a hybrid stage is formed that data is resolved into one of the tags
listed above.

Given such an F', we recursively build a post-branch hybrid presentation

Ry |n<pB)

a

together with its associated post-branch forcings (P, | n < ). We put
Pop = 1. At a successor stage 7 + 1, after P, has been constructed, we first
add a fresh reservoir coordinate C,,, a copy of the M;-computed w;-Cohen
forcing. Thus the preliminary forcing at this stage is

Pn+1 = IP)W X (Cn,

where g, denotes the C,-generic. The second-step forcing Qn over I/P\)nﬂ is
determined by the decoded tag F'(n):

1. If the tag is 1, then Q?? is the trivial forcing.

2. If the tag is Coh, then Qn is ordinary Cohen forcing.
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3. If the tag is Code(y,), then
Qy = Ap(Yj,,).

This is the Jensen—Solovay almost-disjoint coding forcing which codes
the reshaped set determined by the fresh reservoir generic and the real
named by .

4. If the tag is (Rand;ag, ... 7dz,,—1)’ put

Wy = L[Ty,af, ..., ],

with all real names lifted to ]/I\Dn+1. The second-step forcing is

(Dn::]BMG

rand’

the Random algebra computed in the displayed base.

5. If tthe tag is (Amp;ag, . .. ,dzn_l), respectively (Amag;ag, ... 7512,7_1)7
pu

Wy = LTy, af,..a}, ],

again with all real names lifted to I’E%H. The second-step forcing is the
measure-amoeba, respectively category-amoeba, forcing computed in

W,.

Finally we set R .
Ppi1 = Ppy1 = Q.

At limit stages we take the mixed-support limit: countable support on the
reservoir product coordinates and finite support on the c.c.c. second-step
coordinates. Thus every successor stage carries a fresh reservoir coordinate,
but ® reads such a coordinate only when the second step is an almost-disjoint
coding forcing. We call the resulting object a local hybrid presentation over
w.

We shall compare names by means of canonical localized presentations.
Since W = M;[H], we use the fixed M;-coding of W-objects by Br-names.
Whenever an object of W is used as a parameter, it is represented by its
<1, -least Br-name. Thus the collection of codes for the names and supports
below is ordered by the canonical M;-construction order.

Definition 3.4 (Admissible supports and canonical lifts). Let Rg be a local
hybrid presentation over W, with resolved bookkeeping F, and let A < 3. We
define, by induction on n < 3, the following objects simultaneously:

1. the assertion that A nn is admissible for R,;

2. the restricted hybrid presentation R o~y and its forcing P gqy;
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3. the canonical complete embedding
ZZ PA~y — Py

4. the canonical lift of names along this embedding.

At n = 0, the restricted presentation is trivial and the embedding is the
identity.

At a limit X < B, A n X is admissible if A nn is admissible for every
n < X\ and the restricted presentations are coherent. In that case Rp~x 1S
the mixed-support limit of the earlier restricted presentations, and ig 18 the
coordinatewise direct limit of the embeddings iy, n < .

Suppose now that n < 8 and that A nn has already been declared admis-
sible. If n ¢ A, then the restricted presentation skips the n-th stage:

IP)Ar\(77+1) = ]P)Arm-

The embedding iZH extends iy by placing the trivial condition at the fresh

reservoir coordinate C, and at the second-step coordinate Qn-
If n € A, then the n-th stage must be readable over the earlier restricted
forcing. We first keep the fresh reservoir coordinate and form

Pani1 =Pany x Cy,

with the embedding induced by ") x idc, . The second-step forcing is then
defined according to the resolved tag F(n):

1. For the tags 1 and Coh, the restricted stage uses the same trivial,
respectively ordinary Cohen, second-step forcing.

2. If F(n) = Code(y,), then there must be a P4~y -name 7:1,;74 such that
Py Ik iy = (a)™.

If no such name exists, then A n (n + 1) is not admissible. If such a
name exists, we use the <pp, -least one and put

Q4 = AD(an,ug)
over I/P\)A,T]+1.
3. If F(n) is a relative reqularity tag
(Rand; a(, ... ,dzn_l), (Ampr;af, . .. ,dzn_l), or (Ampgal,... ,a}gn_l),
then for every i < ky, there must be a P a~,-name d?’A such that
P, I- a7 = (aP™)™.
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If one of these names does not exist, then A (n+1) is not admissible.
If they exist, use the <pp, -least such tuple and let

A — '77714 '77’A
Wy = L[Tz,a¢", .. .,akn_l].

The restricted stage uses the same kind of regularity forcing computed
m WnA Random, measure-amoeba, or category-amoeba according to
the tag.

If the relevant requirement is satisfied, then

. T
Panms1) =Pagn1 = Qy,

and the embedding izﬂ is the natural two-step extension of i'}.

Once iy has been defined, the canonical lift of a Pa~y-name o to a Py-
name is the recursive name translation

o = {(r,i%(p)) | (1,p) € 0}
Whenn = and An 8 = A is admissible, we simply write Py, ii, and o1,

Thus, if Gg < Pg is generic and G4 = (ig)_l[Gg], then G 4 is P4-generic
and
(019Y0s — 5Ca

for every P4-name . The embedding ii identifies P4 with a complete
subforcing of Pg. In what follows we suppress the embedding and regard P4
as this complete subforcing.

If 7 is a finite tuple of Pg-names for reals or natural numbers, then an
admissible support A € 8 is admissible for T if every member of 7 is the
canonical lift of a P4-name. There may be many admissible supports for 7,
and there need not be a unique inclusion-minimal one. We therefore set

SUPPIo. (7, Pg) := the <y, -least admissible support for 7.

The notation

]Psupploc (F,]P)g)

always means the complete subforcing determined by this least admissible
support. The definition of suppy,. has no size clause. Countable localization
is proved later for the presentations which come from the allowable recursion.

Definition 3.5 (Localized presentation). Let @ be a Pg-name for a real. A
localized presentation of & is a pair (A, o) such that A < 8 is an admissible
support, o is a P4-name for a real, and

lp, & = o

We order localized presentations by the canonical <pr -order of their codes.
The canonical localized presentation of & is the <jp, -least localized presen-
tation of x.
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If Gg < Pg is generic and (A;, 0;) is the canonical localized presentation
of Z;, then
'GB GAi

Zizzi =0; 5

where G4, is the induced PP 4,-generic filter. For two names 2y, 2; we write
2"0 <loc 21

if the canonical localized presentation of zp is <j,-below the canonical lo-
calized presentation of z;. This is the comparison used by the well-order
coding stages below.

Definition 3.6 (Regularity-stage supports and branch footprints). Let Rg
be a local hybrid presentation over W = Mi[H]|, and let n < [ be a relative
reqularity stage. Suppose that the resolved tag at n is one of

(Rand; dg,...,dzrl), (AmN;ag,...,aZrl), (AmM;dg,...,erl).

The base used at this stage is, by definition,

Wy = LTy, 4],

with the evident meaning L[T>] when k, = 0. The regularity forcing at the
stage is the Random algebra, measure-amoeba forcing, or category-amoeba
forcing computed in this displayed base, according to the tag.

A support witness for the reqularity stage is a tuple

(Arb7<d}£b | 1< kn>7 B?ba Brb)
such that:

1. Ay, S 1 is a countable admissible support, and each cﬁb is a Py, -name
for a real;

2. for every i < ky),
Py I a = (ai”)™;

3. every object of W = My[H] occurring in the codes of the names dgb 18
represented by its <pr, -least Br-name, and the union of the supports
of these Br-names is contained in the countable set B?b C wi.

Let ‘
Wi, = L[Ty, 6, ..., aj) 1]

be the base read on the support Ayw,. Thus the canonical lift of Wy, to stage
n is forced to be the stage base Wn'

Using the notation from Definition 3.1, let E(Ay) be the set of explicit
coding coordinates in Ayw,. If v e E(Aw), let C, be the P4, -name for the
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coding area of the reservoir generic at v, and let 1, be the P4 -name coded
at v. The branch footprint of the witness is the P4, -name

By =BYu ] Sel(Cy, ).
VEE(Arb)

Thus Brb is generated by countably many coding areas and a countable set of
branch coordinates. It may have size wi.

Among all support witnesses for the stage, choose the <,p, -least one. We
call the associated quadruple

(Aee, Vyes, BY™E, )
the canonical support witness for the reqularity stage, where
Wiee = L[Ty,ap%, ..., % ]

1s the base read on the least support witness. The regularity forcing is always
computed in the relevant L[Ts, d]-base. It is not recomputed after passing to
a larger ambient extension.

Remark 3.7 (Regularity bases and omission). Definition 3.6 records the
support and branch-footprint data which keep the reqularity stages usable in
omitting models. If a stage used Random or amoeba forcing computed over
the whole branch extension W = M;[H|, then the stage would not in general
be interpretable over

Mi[H T (wi\{€})]-

In the definition above the base is instead generated from finitely many real
parameters on a countable admissible support:

L[T3,aq,...,ax_1].

The tree Ts is fived ground-model data and contributes no branch-product
coordinate. The branch-product coordinates relevant to the base are precisely
those used by the W -parameters occurring in the names for the reals a;,
together with the coordinates generated by explicit coding stages in the ad-
missible support on which those names are read. This is recorded by the name
BICE,

The branch footprint of such a base is not required to be countable; it is
generated by countably many coding areas and countably many ground branch
coordinates. Its complement has size wi: above one bound, each block meets
at most one generating coding area, and from each pair {w-y+2n,w-y+2n+1}
at most one coordinate is selected. This is the support form used in the branch
omisston and no-unwanted-code arguments.

Thus, for a real parameter a with a countable local presentation, L[T5,al
s a base of the allowed form, and similarly for any finite tuple of real param-
eters read on a countable admissible support. The bookkeeping inserts relative
Random, relative measure-amoeba, and relative category-amoeba stages over
such bases cofinally often.
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3.6 Allowable and a-allowable local coding iterations

We now formulate the forcing recursion using the localized-presentation con-
vention. Fix, once and for all, a universal lightface sequence

(A | m < w)

of IT} subsets of (2¢)? in the M;j-case. Real parameters are handled later
by the standard pairing argument, i.e. by applying the lightface list to
relations in the paired variable (a,x). In the higher M,-case this sequence
is replaced by the corresponding universal lightface sequence of I1} 43 sets.
A bookkeeping function is an element of Mj. Its values are M;j-descriptions
which are decoded relative to the current associated post-branch forcing Pg.
We suppress the decoding map and write, for example,

F(B) = (Rand; d(],... 7dk71>7 F(B) = wv F(B) = ('2072.51)? F(B) = (x,z,m),

when the decoded value has the corresponding form. The regularity tags
may also be

(Ampr; ag, ... ax—1) or (Ampgag,...,a5—1)-

Here the a;’s are Pg-names for reals, and the base associated with the tag is,
by definition,
LTy, ap, . . ., ag—1]-

Such a regularity tag is used only when it has a canonical admissibility
witness in the sense of Definition 3.6; equivalently, the finitely many real
parameters generating the base are read on a countable admissible support.
In the last case, m is a name for a natural number coding the relevant set
A, T is the section parameter, and z is the bookkeeping guess for a possible
value in the z-section. The name Z is disposable: at successor allowability
stages it is used only when it is not selected as the protected tentative value.

The successor stages use the same hybrid product/iteration form as
above. At every successor stage one first adds a fresh, independent copy of
the M;-Cohen coding-area forcing. The bookkeeping value then determines
the second-step forcing over the product with this fresh reservoir coordinate.
If the stage explicitly codes a real u, this second step is the Jensen—Solovay
almost-disjoint coding determined by u. Over the current intermediate model
the coding quotient is canonically isomorphic to the two-step forcing

Cu, * AD(Yg,u)v

but in the global hybrid presentation the first factor is inserted as an actual
product factor:

(current forcing x Cg) * AD(Y957Q).
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Here Cp is the fresh reservoir coordinate for the stage and gg is its canonical
generic. At relative Random, relative amoeba, ordinary Cohen, and trivial
stages the same reservoir coordinate is still present, but no almost-disjoint
code is written from it. The coding areas obtained from distinct reservoir
coordinates are mutually almost disjoint by the standard fusion argument
for Cyy,.

Definition 3.8 (0-allowable local hybrid presentations). Let F' € My be a
bookkeeping function of length § < wy. A sequence

R=(Rp|B <)

over W is a 0-allowable local hybrid presentation relative to F' if it is ob-
tained by the following recursion.
First, Rqg is the trivial post-branch presentation. Thus the associated
quotient forcing over W is
Py =1,

whereas the corresponding full forcing over My is simply Br. At limit stages,
Ry, is the mized-support limit of the preceding hybrid construction, and Py,
is the associated post-branch forcing. Suppose that Rg has been constructed,
and write Pg for its associated post-branch forcing. Choose a fresh reservoir
coordinate Cg, let gg be its canonical generic, and put

PB-H = PB X (CB'

The second-step forcing Qg over @54,1 is determined by the decoded value of
F(B).

1. If F(B) is one of the relative reqularity tags
(Rand;ag,...,afﬁ_l), (AmN;ag,...,afﬁ_l), (Ampgal, ... a

and this stage has a canonical admissibility witness in the sense of
Definition 3.6, let
reg yrsreg O,reg pHreg
(Aﬁ 7W5 aBﬁ aB/B )
be that witness. Thus, for the <pr, -least tuple of IP’ArBeg -names for reals

<d?’reg | i < kg) reading the displayed real names, we have

reg __ - B,reg - B,reg
WB = L[T>, ag ,...,akﬁ_l].

Let V'ng)‘gﬂr be the canonical I@ﬂﬂ-name obtained by lifting this base,
equivalently the name for

L[Ty, (ag™ ), (@7 %)]
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over the stage @5“. The second-step forcing Qﬁ is the member of the
following list corresponding to the tag:

. Vires . prest L pyrest
s Ale NG
rand N ’ M .

Thus the relative Random or amoeba forcing is computed in the lifted

base LT3, (df’reg)T i < kg]. It is not recomputed in the larger ambient

extension. The local support Arﬂeg and the footprint name Bgeg are

recorded as data of this stage. If the displayed regularity tag has no
admissibility witness, put Qg = 1.

. If F(B) is an ordinary Cohen tag, then
Qﬁ = Cw-
. If F(B) = w, where w is a Pg-name for a real, let
ug = w

and put _ o

QB = AD(YQ,B,%)'
f

F(B) = (2, 2,m),
where x,z are Pg-names for reals and m is a Pg-name for a natural
number, let

ug = (&, 2,1m)

and put . o

Qs = Ap(Ygsip)-
f
F(ﬁ) = (20721)5

where %o, 21 are Pg-names for reals, let (Aj, 0;) be the canonical local-
ized presentation of z;, for 1 < 2. If

(Ao, 00) <apy (A1,01),

let
ug = (20, %1)
and put
QB = AD(Y!'}B,%)'
If instead

(A1, 01) <ar, (Ao, 00),
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let
ug = (21, %0)
and put _ o
Qs = AD(Yg’mﬁﬁ)'
If the two canonical localized presentations are equal, put

Qs =1.
If none of the preceding cases applies, put
Qs = 1.
Finally define R '
Pgy1 = Pgi1 = Qp.
In cases (3), (4), and the nontrivial subcases of (5), we say that stage [

explicitly codes the name 1ug. A forcing admitting such a presentation is
called locally allowable, or 0-allowable.

Lemma 3.9. Let R be a 0-allowable local hybrid presentation over W. Then
the following hold.

1. Normal form. Owver the branch extension W, the post-branch quotient
forcing described by Rs can be rearranged into an equivalent presenta-
tion of the form

(Cres * S

Here Cies is the countable-support product of all fresh My-Cohen reser-
voir coordinates introduced at successor stages of the hybrid presenta-
tion, including stages whose second-step forcing is Random, amoeba,
ordinary Cohen, or trivial. The forcing S is a finite-support itera-
tion of c.c.c. real-adding forcings: ordinary Cohen forcing, fized rel-
ative Random algebras, fixed relative amoeba forcings over their as-
sociated L|Ts,d]-bases, Jensen—Solovay almost-disjoint coding forcings
computed from the relevant reservoir generics and localized names, and
trivial factors. Equivalently, the full forcing Br xyy, Rs over My is
equivalent to

Br s (Cpeg * S)

2. The post-branch quotient Ps is proper and preserves wi; equivalently,
the full forcing Br xyy1, R preserves wy over M. Moreover, if 0 < wa,
then the corresponding forcing preserves wo.

3. Coding areas are almost disjoint: if g and h are distinct My-Cohen
subsets of wi, then the corresponding coding areas Cy and C} have
bounded, hence countable, intersection. In particular this holds for
the reservoir generics added at distinct successor stages of the hybrid
presentation.
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4. Non-interference of coding blocks. A coding block attached to a
reservoir coordinate is read only from that reservoir area and from the
corresponding almost-disjoint coding real. Later stages use fresh reser-
voir coordinates. Hence later forcing cannot alter the decoding of an
earlier block, and a decoded area which agrees with the reservoir area of
an earlier explicit coding stage yields the real intentionally written at
that stage. Reservoir coordinates whose second-step forcing is Random,
amoeba, ordinary Cohen, or trivial write no almost-disjoint code and
therefore create no coding block.

5. If a stage explicitly codes a name ug and ug = (ug)Gﬁ, then n the next
intermediate extension there is a real rg such that ¥(rg,ug) holds. In
particular ®(ug) holds at that stage. This instance of ®(ug) persists
to all later locally allowable extensions which preserve wi and use fresh
reservoir coordinates.

Proof. For (1), observe that the first component of every successor stage
is a fresh copy of the M;j-computed wi-Cohen reservoir forcing. These co-
ordinates are independent of one another and are ordered with countable
support. They may therefore be moved to a single product part C,es. The
second-step forcing at a stage is then read over the product extension. If
the stage is a relative regularity stage, the forcing remains the fixed forcing
computed in the lifted admissible base; it is not recomputed in the larger
universe. If the stage is an explicit coding stage, the almost-disjoint forcing
is computed from the lifted localized name and from the corresponding reser-
voir generic. Ordinary Cohen and trivial stages are unaffected. Canonical
lifting of localized presentations preserves the well-order comparison clauses.
This gives the stated normal form, and the forcing over M; is obtained by
placing the initial branch product Br in front.

For (2), use the normal form from (1). The branch product Br is c.c.c.
and has size N;. The reservoir part C, is the Mi-computed countable-
support product of copies of Cps,. We use its closure before the branch
product is performed: over Mj this reservoir block is o-closed, hence it pre-
serves wi and preserves the finite-product Suslinity of the fixed sequence S.
Thus, in the reservoir extension, Br is still c.c.c. After the branch product,
the real-adding part Sisa finite-support iteration of c.c.c. forcings: ordinary
Cohen forcing, fixed relative Random algebras, fixed relative amoeba forcings
over admissible bases, Jensen—Solovay almost-disjoint coding forcings, and
trivial factors. Hence S is c.c.c. and therefore proper. This commuted pre-
sentation proves preservation for the full forcing over Mj, and therefore for
the post-branch quotient over W. Notice that we do not use the post-branch
reservoir quotient as a literally o-closed forcing over W.

If § < woy, the same normal form gives preservation of ws. Since My
satisfies GCH and Br has size Ny, the branch extension W satisfies CH
and (w2)* = wy. The usual A-system argument therefore shows that the
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countable-support product of at most we many Nj-sized reservoir coordi-
nates has the Ny-chain condition. In the reservoir extension, every real-
adding iterand in S has size at most R;: this is clear for ordinary Cohen
forcing, Jensen—Solovay almost-disjoint coding, and trivial forcing, and for
relative relative regularity forcing it follows because admissible bases have
only Nj-many relevant Borel codes. A second A-system argument therefore
shows that the finite-support real-adding iteration has the No-chain condi-
tion. Thus ws is preserved.

Clause (3) follows from the definition of the coding areas. If g # h, let
& < wy be the first coordinate at which they differ. Then no proper initial
segment of g of length above £ can equal a proper initial segment of A of
length above £. Since p is one-to-one, Cy n C}, is contained in the codes of
the initial segments of length at most &, and is therefore bounded in w;.

For (4), the decoding predicate is local to a single reservoir area and to
the almost-disjoint real added for the reshaped set associated with that area.
Distinct reservoir areas are almost disjoint by (3), and all later stages use
fresh reservoir coordinates. Thus later coding blocks may add new codes,
but they do not change the old almost-disjoint pattern and cannot make
a disjoint block decode the same old object. If a purported decoding uses
the same reservoir area as an earlier explicit coding stage, then the David
decoding on that area is the one produced at that stage, so it yields the
intentionally coded real. If the reservoir area belongs to a non-coding stage,
there is no corresponding almost-disjoint coding real and hence no coding
block to decode.

For (5), after gs is added, the set Y, ., is exactly the David reshaping
of the model code associated with ug, and the real rg added by Ap(Yy, us)
almost-disjointly decodes this Y over every relevant countable model. Hence
U(rg,ug) holds by the definition of ¥. The persistence follows because later
locally allowable stages preserve wq, use fresh reservoir coordinates, and do
not change the already added real rg or the initial segment of the almost-
disjoint family used in the decoding. O

We next fix the branch-footprint notation used in the omission argu-
ments. This notation is not part of the definition of admissibility.

Let A < 6 be a countable admissible support, let & be a finite tuple
of P4-names for reals, and let G5 < Ps be generic. The names in &, the
bookkeeping entries used on A, and the names appearing in the stages of R 4
may use parameters from W = M;[H]. Each such parameter is represented
by its <p,-least Br-name. Let

Bo(A, 5) < w1

be the union of the supports of these Br-names. If n € A is a relative
Random, measure-amoeba, or category-amoeba stage, and

reg yi/reg nO,reg preg
(AT, Virmee, BOres, fyreg)
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is the canonical admissibility witness for its base, then we also put Bg’reg
into By(A,d). Thus By(A,d) is countable.

Let R(A) be the set of relative Random and relative amoeba stages in
A, and let E(A) be the set of explicit coding stages in A. If n € R(A), set

B:]eg,G _ (B:]eg)GA;eg )

If ne E(A), let C’nG be the coding area determined by the reservoir generic
at n, and let ug be the real coded at 1. Define

U(A,5,Gs) = Bo(A,5) v | ] Bye©
neR(A)
G , G
v Sel(Cy7, wy)).
nek(A)

Thus U(A, &, Gs), informally the branch footprint of A and & in the generic
extension, records the branch coordinates used by the restricted presentation
and the displayed names. It is generated by countably many coding areas
and a countable set of branch-product coordinates. It may have size wy. At
a coding stage only the selected coordinates Sel(C’nG ,una) are included; the
other member of {w-7v+2n,w-v+2n+1} is not included unless it is selected
by another coding stage or belongs to a regularity-base footprint.

Lemma 3.10 (Countable localization and branch footprints). Let Rs be a
0-allowable local hybrid presentation over W, and let Ps be its associated
post-branch forcing. If T is a finite tuple of Ps-names for reals or natural
numbers, then there are a countable admissible support A < § and a tuple &
of Pa-names such that

Ps - 7 = &',

Consequently, if Gs < Ps is generic and x € W[Gs| n 2%, then
x € W[G 4]

for some countable admissible A € &, where G4 = G N Py4.
Moreover, for every such A, every finite tuple &, and every G, the branch
footprint has the form

U(A,3,Gs) = Bu | ] Sel(Cy, uy),
jedJ

where J is countable, B € [w1]*, each Cj is a reservoir coding area occur-
ring in the local presentation, and each u; € 2. Thus the conclusions of
Lemma 3.2 apply to U(A, &, Gs).
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Proof. We prove the localization statement by induction on §. We use the
normal form from Lemma 3.9, but in the commuted full presentation over
M. Thus the full forcing is equivalent to

Cres * (BT * S)'}

where Cie is the Mj-computed countable-support product of the reservoir
coordinates, and, in the C,es-extension, Br = Sis a finite-support c.c.c. it-
eration of the branch product together with the real-adding second-step co-
ordinates. The reservoir block is used here before the branch product. It is
o-closed over M7, and hence adds no reals, and no countable sequences of M-
ordinals. We do not use the post-branch reservoir quotient over W = M;[H |
as a closed forcing.

Replace 7 by equivalent names in this commuted presentation. In the
Cres-extension, take nice names for these reals and natural numbers with
respect to the c.c.c. forcing Br = S. Thus, for each bit of each real name,
and for each natural-number name, there is a countable maximal antichain
deciding the relevant value. Each condition in such an antichain has finite
branch support and finite support in the real-adding second-step coordinates.
Since C,es adds no countable sequences of ground ordinals, the union of the
second-step supports appearing in all these antichains is represented by a
countable set of hybrid coordinates. Let this set be Ay < §. The branch
coordinates which occur in the W-parameters of these names are recorded
separately in By; they are not coordinates of the post-branch forcing.

We now close Ag under the dependencies needed to make the restricted
hybrid presentation meaningful. Given A,,, define A, as follows. If n € A,
is a relative Random, measure-amoeba, or category-amoeba stage, let

reg yi/reg nO0,reg preg
(An 7W77 7Bn 7Bn )
be the canonical support witness for the regularity base at n. Thus
Wi = L[y, af, ..., iy ]

for finitely many names for reals read on Ay ®. Put Ay® < A,41. lfne A,
is an explicit coding stage, apply the induction hypothesis below 7 to the
name which is coded at 7, and add the resulting countable admissible support
to Apy1. Ordinary Cohen and trivial stages require no additional support.

Finally let
A= 4.
n<w
Then A is countable.
By construction, every nontrivial stage kept in A has all earlier data
needed to interpret its tag: regularity stages have their finite real-parameter
base read on the included support, and coding stages have the coded real read
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on the included support. Hence A is admissible in the sense of Definition 3.4,
and the canonical embedding identifies P4 with a complete subforcing of Ps.
The nice names chosen above mention only stages in A, after replacing every
kept stage by its restricted version. Therefore they define a tuple ¢ of P4-
names such that
Py - 7 = &1,

This proves the localization statement. The assertion for a real x € W|[Gs]
follows by applying the first part to a name for z.

It remains to record the footprint form. By definition, By(A, &) is count-
able. Each explicit coding stage in A contributes one set Sel(C,u). If ne A
is a relative Random, measure-amoeba, or category-amoeba stage, then the
canonical support witness for its base contributes

Bg’reg v, U Sel(Cy,uy).
VEB(ALE)

Here A;® is the countable support on which the finitely many real parame-

ters generating the displayed L[T%, d@]-base are read, and Bg’reg is the count-

able branch-product support of the W-parameters occurring in those names.
Since A is countable, all selected coding-area contributions can be enumer-
ated as

(Cj,uj)jer with J countable,

together with one countable set B < wi. Hence

U(A,3,Gs) = B u | ] Sel(Cj, uy).
jedJ

Lemma 3.2 applies to every set of this form. O

Lemma 3.11. Let Rs be a 0-allowable local hybrid presentation over W, let
G5 < Ps be generic, and let A < 0 be a countable admissible support. Let &
be a finite tuple of P a-names for reals. Suppose that & < wy satisfies

f ¢ U(Aa O_:v G5)
Let H < Br be the branch-product generic used to form W, and set
We = Mi[H | (wi\{£})]-

Then R4 is interpretable over We. If Gao = G5 0Py, then G4 is generic
over We, the interpretations of the names in & belong to We¢[G 4], and

We[Gal = “Se is Suslin.”
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Proof. We argue by induction over the restricted presentation R4. Since
¢ ¢ Bo(A,d), every ground-model parameter from W = M;[H] used by &,
by the bookkeeping on A, or by a stage of R4, is represented by a <jpz,-
least Br-name whose support omits §. Hence all such parameters are in W.
Moreover the product on the branch coordinates different from £ preserves
Se, by independence of S

Suppose first that n € A is a relative Random, measure-amoeba, or
category-amoeba stage. Let

(Aje, Wiee, B8, B;8)
be the admissibility witness for its base. Since A is admissible,
AyE S An.

Also . G
BY™8 < By(A,&) and (Bj®) 4" < U(A,G,Gj).

Thus £ is outside the branch footprint of the base. By Definition 3.6, this
witness is obtained from finitely many P Ares-names for reals

-7 -7
gy -+ o5 Qg
and
”'freg _ -1 -1
n = L[TQ,CLO, e ’a’kn—l]'

The set Bg’reg records the branch-product supports of the W-parameters
. : G re

occurring in the codes of these real names, and (By®) ® records the branch

coordinates generated by the explicit coding stages in A;®. Since both are

contained in U(A,d,Gs) and & ¢ U(A, 7, Gy), the finite tuple
@ | i <ky)

is interpreted in We[G 4rez] with the same value as in W[G yrec]. Hence the
base interpreted in the £-omitting model is the same model

L[Ts, ag, . ,azn_l]

as in the full extension; here To € M is fixed ground-model data. The
iterand at 7 is therefore the same relative Random, measure-amoeba, or
category-amoeba forcing computed in this base; it is not recomputed in
the ambient model. The relative Random algebra is Knaster, and the two
amoeba forcings used here are o-linked. Hence the iterand preserves Se.

If n € A is an ordinary Cohen or trivial stage, the conclusion is imme-
diate. The reservoir coordinate at n is the fixed M;-Cohen forcing and is
independent of the branch coordinate &; in the normal form of Lemma 3.9 it
is placed before the branch product and preserves Se.
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It remains to consider an explicit coding stage n € A. Let 1, be the
name coded at n, and let C,? be the coding area of the reservoir generic. By
admissibility, %, is read on an earlier support contained in A. The branch
coordinates used by the David code at this stage are precisely

Sel(CnG,u,?).

Since this set is contained in U(A, &, G5) and £ ¢ U(A, &, G;), the branch b
is not used in forming Yy, ., . Hence the same reshaped set and the same
almost-disjoint coding forcing are computed over the £-omitting model. The
Jensen—Solovay almost-disjoint forcing is Knaster, and so preserves S.

At limit stages the restricted presentation uses mixed support. The
support in A is countable on reservoir coordinates and finite on the c.c.c.
real-adding coordinates at each condition. The preceding successor analysis
therefore iterates along A. Thus R4 is defined over We, G 4 is generic over
We, the tuple 794 belongs to We[G 4], and no stage of the restricted forcing
adds a branch through S¢. Hence Sg¢ remains Suslin in We[G4]. O

Lemma 3.12 (No unwanted ®-codes). Let Rs be a 0-allowable local hybrid
presentation over W, and let G5 < Ps be generic. Suppose that w € W|[Gs]
2“ and

WI[G;s] = @(w).

Then there is an explicit coding stage B < 0 with coded name g such that
w = (1g)°".

Equivalently, Random stages, amoeba stages, ordinary Cohen stages, trivial
stages, and coding stages for other reals do not create new instances of ®.

Proof. Fix r € W[Gs] such that U(r,w). Put
My = jujj\ldl .

By Lemma 3.3, the model L[r,my] decodes a coding area C, € w; and a
selected branch pattern. Thus |C,| = w1, and for every v € C, and n < w, if

£ = 7Tw(v,n),

then L[r, me] contains an wi-branch through Se.

First suppose that » € W. Since W = M;[H] is obtained by the finite-
support branch product, there is B € [w1]* such that r € Mi[H | B]. Since
w € L[r,my], also w € Mi[H | B]. Choose v € C, such that

{w-y+k|k<w}nB=¢.

Choose n < w, and set & = 7,(v,n). Then & ¢ B. By independence of S,
the tree S¢ is Suslin in M [H | B]. But

Lir,my] < Mi[H | B]
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contains an wi-branch through Se, a contradiction. Hence r ¢ W.
Choose a countable admissible support A € § and a P4-name o such
that

GA:T’, GA:G(;(W]P)A.

Enlarge A, if necessary, so that it contains the local supports needed for
this name. Let & = (o). By the definition of the footprint, there are a
countable set J, a countable set B < wy, coding areas (C; : j € J), and reals
(uj : j € J), such that

U(A,3,Gs) = B u | ] Sel(Cj, uy).
jedJ

o

Each pair (C},u;) comes from an explicit coding stage of Rs. The set B
contains the branch-product supports of the W-parameters in the names
under consideration and the countable parts of the regularity-base witnesses.
The coding areas (C; : j € J) are pairwise almost disjoint.

If there is j € J such that u; = w, then w is the real explicitly coded at
the corresponding stage, and we are done. We therefore assume

VielJ wuj #w.
Let
Ji ={jeJ|C,nCjis unbounded in wy}.
If J1 # &, choose jp € J1. Then uj, # w. Choose n < w with
uj, (n) # w(n).

By Lemma 3.2, applied to the countable family (C; : j € J), the set B, the
set Cr, and the index jo, there is v € C}. n C}, such that

Tw(y,n) ¢ U(A,d,Gs).

Set £ = Ty (7, 7).
If J1 = &, then every C,. n Cj, j € J, is bounded. By Lemma 3.2 there
is v € C such that

{w-y+k|k<wlnU(A7d,Gs) = J.

Choose n < w, and set & = 7, (7, n).
In both cases

g ¢ U(Aa O_:v G5)7

and L[r,me] contains an wi-branch through S¢. By Lemma 3.11, the re-
stricted extension W¢[G 4] contains 7, and S¢ remains Suslin in We[Ga].
Since mo, € My < We[G 4], we have

L[T, moo] e Wg [GA].
This contradicts the Suslinity of S¢ in W¢[G 4]. The contradiction shows that

the earlier case must occur: w is explicitly coded at some stage § < §. [
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We now define the derivative hierarchy of allowable forcings. The point of
the hierarchy is to separate genuine candidates for a uniformizing value from
guesses which can be destroyed by further allowable forcing. A successor step
asks the following local question. Given the bookkeeping data (z, A,,) in the
current extension, is there already, in the local subextension determined by
the canonical support of these data, a real y such that (x,y) is in the a-
section of A,, and such that lower-rank allowable tails cannot force it out
of that section? If the answer is yes, y becomes a tentative value of the
least possible rank, and the construction codes some other real on the same
section. If the answer is no, the construction treats the bookkeeping value
as a guess and codes that guess. The hierarchy is defined by transfinite
recursion. Limit levels are pure intersections; successor levels are obtained
by the local test just described.

For p-allowability we work with pairs

(R,I)eW,

where R is a mixed-support local hybrid presentation over W and Iisa
name, over the terminal post-branch forcing associated with R, for a set of
quadruples (z,y,m, ). After interpretation by a generic filter, I is the set
of tentative uniformizing values, and the ordinal £ records the rank at which
the value was selected. The base level is

0-allowable = locally allowable,

with I the canonical name for the empty set.

Definition 3.13 (Limit A-allowability). Assume that \ is a nonzero limit
ordinal and that C-allowability has already been defined for every ¢ < A. Let
AIC/V denote the class of pairs (R,I) € W which are (-allowable over W. We

define
AV = (AL
<A

Thus (R, 1) is A-allowable iff it is C-allowable for every ¢ < .

Definition 3.14 (Relative p-allowable extensions). Assume that p-allowability
has been defined. If (R,I) and (S, J) are pairs belonging to W, we write

(S’J) >P (R’I)

if S is obtained by appending to R a mized-support local hybrid tail which
satisfies the same p-allowability clauses, starting with the auxiliary name I
instead of the empty name. Let P and P’ be the terminal post-branch forcings
associated with R and S, respectively. If G < P is generic, then P'/G is
called a p-allowable tail over the interpreted pair (R, )%
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Definition 3.15 (Successor p-allowability). Assume that p = a+1 and that
C-allowability and relative (-allowability have been defined for every ¢ < p.
Let F € My be a bookkeeping function of length § < we. We say that (Rs, L;)
is p-allowable relative to F' if it is obtained by the following recursion in W.

At each stage 8 < § we construct a hybrid presentation Rg and a Pg-
name fﬁ, where Pg denotes the post-branch forcing associated with Rg. We
start with W and with Iy the canonical name for the empty set. At a limit
stage n < 0, Ry, is the mized-support limit of the preceding hybrid presenta-
tions, and jn is the canonical P;-name forced to be the union of the earlier
interpreted auxiliary names.

Suppose that f < ¢ and that (Rg, Ig) has already been constructed. The
value F () is decoded relative to Pg. If the decoded value is a relative Random
tag, a relative amoeba tag, a Cohen tag, a direct coding tag w, or a well-
order tag (2o, %1), then the next stage is the hybrid operation prescribed in
Definition 3.8, and fg+1 is the canonical lift of fg.

It remains to describe the uniformization tag. Suppose that

F(ﬁ) = (iﬁ,é,?”h),

where z, z are Pg-names for reals and m is a Pg-name for a natural number.
Let

A= Supploc((j;7 m)7 Pﬁ)

A candidate value in the test below is a P a-name yg for a real, lifted canon-
ically to a Pg-name. We distinguish two alternatives.

(a) There are an ordinal ¢ < p and a Pa-name o for a real such that
Ps I (2, 90°) € A,

and no relative (-allowable extension in W can force this pair out of
the relevant section. More explicitly, for every relative -allowable ex-
tension

(S, ) =¢ (Rg, I)

i W, write Ps for the terminal post-branch forcing associated with S.
If the displayed names are lifted to Ps, then

Pg |- “there is no condition in Ps/Gg which forces (:'cT‘S,y'SS) ¢ Aipns.”
If such witnesses exist, choose first the least possible (, and then choose

the <ur, -least localized presentation of a witnessing name .

In this case yg is declared to be a tentative value of rank (. The next
forcing does not code this tentative value. Instead it codes another real
on the same section: if the bookkeeping quess z is forced to be different
from ygﬁ, use Z; otherwise use the <p, -least localized name Z' for a
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real forced to be different from ygﬁ. Denote the resulting name by .

The next coding operation is
Code((, u, 1)),

understood in the hybrid sense of Definition 5.8. The auziliary name
is updated by letting Iz be the canonical Pgyi-name forced to be

1§ 049, G, O,

(b) If clause (a) fails, then the construction guesses. The bookkeeping guess
z 1s used, unless the bookkeeping code does not provide a usable real
name, in which case we use the <,p, -least default real name. The next
coding operation is

Code({z, 2, m)),

again understood as the corresponding hybrid product/iteration step,
and no new tentative value is added:

foo = i
up to the canonical lift to the longer hybrid presentation.

If the decoded bookkeeping value is none of the recognized tags, the stage is
trivial and f/3+1 1s the canonical lift of fg, If there is a bookkeeping function
F € My such that (R, I) is p-allowable relative to F', then we simply say that
(R, 1) is p-allowable.

Lemma 3.16 (Shrinking of allowability). Work in W. Let o < (3. Let
R be a hybrid presentation, and let P be its terminal post-branch forcing.
Suppose that R is B-allowable, say there is a P-name I8 such that (R, IfB)
is B-allowable. Then there is a P-name I such that (R, I‘") is a-allowable.
In particular, the classes of underlying allowable hybrid presentations are
decreasing with the rank of allowability.

Proof. We prove the statement for the underlying hybrid presentation. The
auxiliary name is allowed to change, and in general it should change, because
the set of tentative values records the ranks at which values were selected.

If B is a limit ordinal, the assertion is immediate from Definition 3.13. If
« is a nonzero limit, it is enough to prove the assertion for all ¢ < . Thus it
remains to consider the case in which [ is a successor ordinal and « is either
0 or a successor ordinal.

Write 8 = 6 + 1, and let F' € M, witness that (Rg,f?) is p-allowable.
We construct a new Mi-bookkeeping function F'® such that the a-allowable
recursion guided by F'® produces the same underlying hybrid presentation

<Rn | n<6).

592



At trivial, relative Random, relative amoeba, Cohen, direct coding, and well-
order coding stages we keep the same bookkeeping entry. These clauses are
independent of the rank of allowability.

At a uniformization stage, suppose first that the original construction
uses clause (b). Then no witness for clause (a) exists at any rank below g3,
hence none exists at any rank below a. The a-construction therefore also
uses clause (b), coding the same real.

Suppose next that the original construction uses clause (a). Let £ < 3 be
the least rank witnessing clause (a), let go be the chosen local name, and let
1 be the name actually coded by the stage. If £ < «, then the same witness
is available in the a-allowable construction, and the same name u is coded.
If « < & < B, then by minimality of £ there is no witness to clause (a) of
rank below «. In this case we alter the bookkeeping entry so that it decodes
to the uniformization tuple

(@, 1, i),
where % is the name actually coded by the original construction. If oo = 0,
this is a 0-allowable coding stage. If « is a successor, clause (a) fails below a,
so clause (b) prescribes the same coding operation. Thus the same underlying
forcing stage is reproduced.

This defines F'* recursively. The definition uses only M;j-codes for the
original bookkeeping entries, the canonical localized presentations, the se-
lected names, and the relevant ordinals. Hence F'* € M7, and the a-allowable
construction guided by F'“ produces the same underlying hybrid presenta-
tion. O

Lemma 3.17 (Allowability of tails). Let (Rg,fg) be p-allowable over W,
witnessed by a bookkeeping function F' € My, and let

(R, L), v<3,

be the canonical initial hybrid presentations and auxiliary names produced by
this construction. If B <~y < 4, then

(R, Iw) >p (Rl%jﬁ)

as a relative p-allowable extension in W. Consequently, if Gg < Pg is generic
over W, then the quotient
Py/Gg

is a p-allowable tail over W[Gg]. If & < p, then the same quotient also has
a W-presentation as a relative &-allowable tail. Finally, relative allowable
extensions are transitive.

Proof. Restrict the bookkeeping construction witnessing the p-allowability
of (Rs, Is) to the interval [3,~). This restricted construction starts with the
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already built pair (Rg, I 3) and then appends exactly the same hybrid steps
which occur in the original construction between stages 5 and . At successor
stages, the decision is made from the current full hybrid forcing, the current
auxiliary name, the decoded bookkeeping entry, the localized presentations
of the names involved, and the forcing relation over that current hybrid
forcing. These are exactly the data available in the relative construction
starting from (Rg, I 3). If the stage is a relative Random or amoeba stage,
its admissibility witness

(Arb7 Wrba nga Brb>

is carried with the stage: the tail uses the forcing computed in Wrb, and the
lifted footprint name records the branch coordinates generated by the local
support. At limit stages both constructions take the same mixed-support
hybrid limit and the same canonical union of the preceding auxiliary names.

The quotient assertion follows by interpreting the relative presentation
in W by a Pg-generic filter. The assertion for lower ranks follows from
Lemma 3.16, applied to the relative tail. Transitivity is obtained by concate-
nating the two relative tail presentations, renaming reservoir coordinates to
fresh coordinates if necessary. O

Lemma 3.18 (Products of allowable local hybrid presentations). Let p be
an ordinal. For i < 2, suppose that

(R, 1)

is p-allowable over W, witnessed by a bookkeeping function F; € My. Let
H < Br be the fized branch generic used to form W = Mi[H]. For i < 2,
let P be the terminal post-branch forcing over W represented by R'. Then
the ordinary product P° x P!, computed over W, has a canonical p-allowable
local hybrid presentation.

More precisely, there are a local hybrid presentation R® over W, an
auxiliary name I® over its terminal post-branch forcing, and a bookkeeping
function F® e My, definable from Fy and Fy, such that

(R®, 1)

is p-allowable over W, witnessed by F®, and its associated terminal post-
branch forcing is canonically forcing equivalent to P° x P1.

Proof. We argue by induction on p. Write
Ri—(Ry|B<6) (i<2),

and let Pé denote the post-branch forcing over W represented by R%; thus
Pt = Pgi. The product presentation R® is obtained by first running R°, and
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then running a shifted copy of R'. Every name 7 occurring in the second
block is replaced by its canonical lift 71 to the corresponding product initial
segment, and all reservoir coordinates in the second block are renamed to
fresh coordinates. Let P§ denote the post-branch forcing associated with
the initial product presentation R? Thus, for every £ < 41,

& ~ pO 1
P do+B8 = PTx Pﬁ :
The auxiliary names are defined by
o 0 .1
2 ,=1"0 (3!
with the evident interpretation at stages < Jdy. Limit stages use the same
mixed-support limits as the two original presentations.
For p = 0, this concatenation witnesses 0-allowability. The ordinary
Cohen, direct coding, well-order coding, and trivial stages are lifted second-

block stages. If a shifted second-block stage is a relative regularity stage
with tag

(Rand;do,...,dk,l), (Am_/\/';d(),...,dkfl), or (AmM;do,...,dkfl),

then the product presentation uses the shifted tag obtained by lifting the
finitely many real names to the product initial segment. If the original stage
has canonical admissibility witness

(Arba Wrbv Broba Brb)7

where

Wi, = L[T, bo, . .., bp_1]

for the least tuple of names reading the displayed real parameters, then the
shifted stage has the lifted witness obtained from

A?%a <bj | 1 < k>> BI(')b’ BrTb

Here A% is the shifted copy of A}, in the second block, each bz is the canon-

ical lift of b; to the product initial segment, and BrTb is the canonical lift of
the branch-footprint name. The lifted regularity base is therefore

L[Ty,b),...,0} ]

(with the evident meaning L[T5] if £ = 0). The Random or amoeba forcing
is computed in this lifted base, not in the larger product extension. Hence
the displayed product equivalence is preserved at the shifted regularity stage.

Now assume p = « + 1. By the successor uniformization clause we
mean the two alternatives (a) and (b) in Definition 3.15, evaluated at a
uniformization tag

(UF, &, 2, m).
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Thus clause (a) searches through ranks ¢ < p for a localized name ¢ which is
forced into the relevant A,;,-section and cannot be forced out by any relative
(-allowable tail; clause (b) is used when no such witness exists.

Consider a shifted uniformization stage dg + 3, and let

(UF, &, 2,m)

be the corresponding second-block bookkeeping value. For {( < p and a
localized Pﬁl—name 1, write

Kickj(¢, )

for the assertion that there are a relative (-allowable extension

and, writing Ps for the terminal post-branch forcing associated with S, a
quotient condition p € Ps /G}j such that

p I (j;TS’ ?)TS) ¢ Ass.

Define Kick?({ ,9/1) analogously over the product initial segment

® r®
(R50+5’ I50+5)'

Then
Kicks(¢,§) <= Kick¥(¢,9").

The implication from left to right follows by taking the product of the fixed

first block with the displayed relative (-allowable tail and applying the in-

duction hypothesis. The implication from right to left follows by restricting

the witnessing product tail to the complete subpresentation generated by

the lifted second-block support of (&, 9, ), using Lemmas 3.17 and 3.16.
Similarly,

Pyl (3,9) € Ay <= P'x Py (! g") e Ay

Hence the set of clause (a) witnesses in the product construction is exactly
the lift of the set of clause (a) witnesses in the second construction. Thus
clause (a) holds in the shifted product stage iff it holds in the original second-
block stage. When it holds, the least rank and the <js,-least localized wit-
ness are the lifted ones. When it fails, clause (b) uses the lifted bookkeeping
guess 2!, The auxiliary name is updated by

100 (I3

This proves the successor step.
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Finally let A be a nonzero limit ordinal. If both inputs are A-allowable,
then by the induction hypothesis the product presentation is (-allowable for

every ( < A. Since
AV = [ AY,
<A
the product presentation is A-allowable. The bookkeeping witness at a limit

level is obtained by packaging the lower-level witnesses together with the
concatenation description. Thus F® € M; is definable from Fy and Fy. O

Lemma 3.19 (Tentative values remain in their sections). Let (R,I) be a-
allowable over W with respect to an Mj-bookkeeping function F, and let P
be the terminal post-branch forcing associated with R. Let G € P be generic

over W, and let IC = IC. If
(z,y,m, &) € I

for some £ < a, then
WIG] = (z,y) € Am.

Moreover, for every relative &-allowable extension in W
(S) ‘]) 3 (R’ I),

the quotient over G forces preservation of this membership: if P’ is the ter-
minal post-branch forcing associated with S, then

P'/G I (z,y) € Ap,.

Proof. Suppose that [ is the stage at which the tuple (z,y,m,§) is added
to the auxiliary name. At that stage clause (a) of Definition 3.15 was used.
Let

Tg,  Ys Mg
be the canonical names chosen there, and let {g = £. Clause (a) gives

Ps I~ (w.lg,yg) € Amﬁ,
and it also gives the preservation statement saying that no relative &g-
allowable tail over the stage-3 initial segment can force the lifted pair out of
the relevant section.
By Lemma 3.17, the interval from stage § to the terminal forcing is a
relative {g-allowable tail. Therefore no condition in the terminal forcing can
force

(5, Yp) & Ay
The forcing theorem gives the membership in the final extension. If (S, .J) D¢
(R, 1) is any further relative {-allowable extension, then the concatenation
of the interval from S to the terminal forcing with this further extension is
again a relative £-allowable extension over stage 8. The same preservation

statement therefore rules out any quotient condition forcing the pair out of
Am. O
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Stabilization of the allowability hierarchy. We next pass from the
transfinite derivative hierarchy to its stabilized level. The following conven-
tion is used only to make the derivative classes into subsets of one fixed set.
It is unrelated to the projective coding predicate ®.

Two pairs (R,I) and (S,.J), consisting of a local hybrid presentation
over W and its auxiliary name, are identified if their associated forcings
are canonically isomorphic over W, the isomorphism preserves the order of
stages and sends the auxiliary name I to J. This identification only removes
harmless choices such as the names of fresh reservoir coordinates. For each
equivalence class we take its <y, -least representative and denote it by

repy (R, 1).

Let C be the set of all such representatives for pairs of the form used in
the definitions of p-allowability. For every ordinal p put

AZV — {repy (R, 1) | (R, 1) is p-allowable over W} < C".

By Lemma 3.16, the sequence <AZV | p € Ord) is decreasing, and at limit
stages it is defined by intersection. Since all terms are subsets of the single
set CW, the sequence stabilizes.

Definition 3.20 (The stabilized level and oco-allowability). Let og be the
least ordinal o such that

.AEV =AY for every = «

Set
o =ap + 1.

A pair (R, I), consisting of a local hybrid presentation over W and its aux-
iliary name, is called oco-allowable over W if

repy (R, 1) € AZZ).

Equivalently,
repy (R, I) € A%,

since the hierarchy has stabilized at .

The passage from ag to a* = ag + 1 is only a technical convenience.
The class has already stabilized at ag, but o™ is a successor ordinal, so the
successor clause of Definition 3.15 can be used literally. Thus, whenever an
oo-allowable construction reaches a uniformization tag

(UF, %, 2,m)
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after an initial segment (Rﬂ,f 3), it evaluates clause (a) of Definition 3.15
with p = a*. More explicitly, writing

A= Supploc((j"v m)? PB)?

a candidate is a P 4-name g for a real. In the displayed test below, Ps denotes
the terminal post-branch forcing associated with the relative extension S.
The candidate is accepted at rank ¢ < o™ iff

Ps I (2,9"%) € Ay
and

V(S D)((S, T) e (Rg, Is) _
= Pg |- “there is no p € Ps/Gg such that
p I (21,919) ¢ A;ns7).

If such candidates exist, the construction chooses the least possible ¢, and
then the < -least localized presentation of such a name gy in the sense
of Definition 3.5. If no candidate satisfies the displayed preservation test,
clause (b) of Definition 3.15 is used.

Countable local killing tails. We shall use the following consequence of
the local-support convention. Suppose that (R, I ) is a p-allowable pair over
W. Let P be the terminal post-branch forcing associated with R. Suppose
that x, ¢ are P-names for reals, and that m is a P-name for a natural number.
If there is a relative p-allowable extension

(87‘]) >p (R)I)
and a quotient condition p in the associated quotient which forces
(i‘TS, yTS) ¢ Ast,

then such a witness may be chosen so that S is obtained from R by ap-
pending a countable local hybrid tail. Indeed, write the complement of A,,
as Ir O(r,x,y,m), with 6 a H% formula. Strengthen the quotient condition,
if necessary, and use the maximum principle to choose a quotient name 7
such that the strengthened condition forces 0(r, #1, 51, 1m'®). The condi-
tion and the names z,y,m,r are read on a countable admissible support
in the appended tail, after closing under the local supports appearing in
regularity-base witnesses and under the names coded at coding stages. The
regularity stages in this restricted tail keep their lifted footprint names and
still use the forcings computed in their witnessed bases. The induced com-
plete subpresentation is a countable local hybrid tail; by Lemmas 3.17 and
3.16, it is still relative p-allowable. Completeness preserves the displayed
forcing statement.
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For later reference we also isolate the intentional uses of the coding ma-
chinery. Let (R, I ) be a p-allowable pair over W, witnessed by a bookkeeping
function F. Let P be the terminal post-branch forcing associated with R,
and let G < IP be generic. We write

IIltq;(R, F, G)

for the set of reals intentionally submitted to the coding machinery by the
presentation. Thus, if a direct coding stage uses a name w, the correspond-
ing element is w8, If a well-order stage uses a tag (%9, %1), let (A;,07) be
the <, -least localized presentation of z;, for ¢ < 2. If these presentations
are distinct, the stage contributes the well-order tag with the smaller presen-
tation placed first. If a uniformization stage is used, the stage contributes
the real
(UF, z,u,m)y

selected by clause (a) or clause (b) of Definition 3.15. With this notation,
wente(R, F,G) = @(w).

Conversely, Lemma 3.12 applies to the underlying locally allowable coding
presentation: in an allowable extension, every new instance of ®(w) is pro-
duced at an intentional coding stage, except for instances already present in
the previous initial segment.

4 The final iteration

We now define the forcing which will give the final model. The definition
is the local M;j-analogue of the last iteration in the Hé—uniformization and
Al-well-order construction. The iteration uses the stabilized class of co-
allowable local hybrid presentations from Definition 3.20. The bookkeeping
places ordinary Cohen stages cofinally often and, for every finite tuple of
real names, places the corresponding relative Random, measure-amoeba, and
category-amoeba stages cofinally often over the associated base. The bases
used in the Mj-case are precisely the finite-real-parameter models

L[Tg, agp, . . . ,ak_l]

whose real parameters are read on countable admissible supports. In partic-
ular, the one-parameter bases L[T»,a] are included. The stages over these
bases yield the covering statement used with the Martin—Solovay tree 15 in
Hjorth’s proof of Lebesgue measurability and the Baire property.

Throughout this section, wo denotes the ordinal wéwl, equivalently the
same wo in the preliminary branch extension W. We fix, in M7, a bookkeep-
ing function

F w9y —> Hfgl
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with the following properties. The values of F' are decoded relative to the
current associated hybrid forcing. There is a cofinal subset of wo on which F
is the ordinary Cohen tag. Moreover, whenever finitely many real names over
a countable admissible support determine a regularity stage with canonical
admissibility witness . .

(Arba Wrb; B?ba Brb):

where

Wiy = L[T», ag, ..., ax—1],

each of the corresponding finite-real-parameter tags
(Rand;a),....al ),  (Ampsah,....al ),  (Ampgal,....al )

appears cofinally often after the stage at which the tuple becomes meaning-
ful. Thus the regularity bookkeeping ranges over the allowed bases of the
form L[Ty,d], not over unspecified named models. The forcing at such a
stage is the one computed in the lifted base generated by the displayed real
names. The witness records the support on which the real parameters a;
are read, the countable branch-product support B?b of the W-parameters
occurring in those names, and the branch footprint Brb. Finally, whenever
an M;i-description becomes meaningful over some initial segment as one of
the following objects,

(WO, 20,21),  (UF,,9,mm),

where the displayed symbols are names for reals, and m is a name for a
natural number, that code appears cofinally often after the stage at which
it becomes meaningful. We use disjoint recursive real codings for the two
kinds of coding actions and write

<W0720721>7 <UF,$,y7m>

for the corresponding tagged reals. Thus the well-order coding and the uni-
formization coding are syntactically disjoint.

Definition 4.1 (The main iteration). We define, in W, an increasing se-
quence

((Rp,I5) | B <wa)

of local hybrid presentations in W and auxiliary names. The subscript
denotes the outer bookkeeping stage. In the second uniformization case below,
the extension appended at the stage is required to be a countable local hybrid
tail over the current presentation. Thus each successor step adds either one
hybrid coordinate or a countable block of hybrid coordinates. Since wa is
reqular, every Rg is again a single local hybrid presentation of length at
most wo.
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Set Rg to be the trivial post-branch presentation, so that
]P)O = 17

and the corresponding full forcing over My is simply Br. Let Iy be the canon-
ical name for the empty set. At a limit stage A < wo, let Ry be the mized-
support direct limit of the earlier presentations, with countable support on
reservoir coordinates and finite support on the c.c.c. real-adding coordinates,
and let Iy be the canonical name for the union of the earlier interpreted aux-
iliary names.

Assume that < wy and that (Rﬂ,fﬁ) has been constructed. Let Py be
the post-branch forcing associated with Rg. The next step is chosen by the
following cases.

Relative regularity and Cohen stages. In these cases the hybrid succes-
sor step first adds a fresh reservoir coordinate. Thus choose a fresh copy Cg
of Car,, let gg be its generic, and put

@5+1 = Pg X (Cg.
If F(B) is one of the relative reqularity tags

(Rand;ag, ...,y 1), (Amwsag,...,af ), (Amaiags...ay ),
and this stage has a canonical admissibility witness in the sense of Defini-
tion 3.6, let . _

(A, Wi, By, 1)

be that witness. Let Wéeg’Jr be the corresponding I@ﬁﬂ—name for the lifted
base. Thus .
WS = LTy, (a3 ™), (a77%)"]

for the least tuple of names reading the displayed real parameters. Let Qg be
the member of the following list corresponding to the tag:

. Vires:+ . pirest . prest
s Al A's
rand N ) M '

Then .

Psi1 = Pgr1* Qg
If the displayed regularity tag has no admissibility witness, the second-step
forcing is trivial and we set

Pgi1 = Py,

If F(B) is the ordinary Cohen tag, the second-step forcing is ordinary Cohen
forcing on w: R ‘
PB+1 = PB+1 * (Cw.
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In all these cases jﬁ is lifted canonically. Ordinary Cohen forcing is dis-
tinct from the My-Cohen reservoir coordinate attached at the beginning of
the hybrid successor step.

Well-order stages. Suppose that F(3) decodes to
(WO, 29, 1),

where Zg and 1 are Pg-names for reals. Let (a;, i) be the canonical localized
presentation of z;, fori < 2. Asin every hybrid successor step, this case uses
the fresh reservoir coordinate attached at the beginning of the stage. If the
two canonical localized presentations are equal, the second-step forcing over
that reservoir coordinate is trivial and the auxiliary name is lifted. Otherwise
compare them by <p, . If

(a0, 00) <ur (a1,01),
use the second-step coding forcing for

Code({WO, 2o, 21)).
If

(a1,01) <u (ap,00),

use the second-step coding forcing for
Code(<WO, ,7;’1, Zo>)

In either nontrivial case this means, as in Definition 3.8, that the nontrivial
second step over the reservoir coordinate already attached at this stage is the
Jensen—Solovay almost-disjoint coding of the corresponding reshaped David
code into a real. The auxiliary name is lifted unchanged.

Uniformization stages. Suppose that F () decodes to
(UF, 2, y,m),

where = and y are Pg-names for reals and m is a Pg-name for a natural
number. Let

LB = Supploc((i’m)7pﬁ)'
We apply the stabilized o*-test from Definition 3.20. Thus we ask whether
there are an ordinal ¢ < o and a Pr -name yo for a real such that, after
canonically lifting 9o to a Pg-name,

Py I (2,50°) € A,

and no relative (-allowable extension in W can force this pair out of the
relevant section. Explicitly, for every

(S, ) =¢ (Rg, I)
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in W, write Ps for the terminal post-branch forcing associated with S. If the
displayed names are lifted to Ps, then

Pg I+ “there is no condition in PS/GB forcing (&15, y'(T)S) ¢ Ains.”
If such witnesses exist, choose the least possible ( and then the <py, -least
localized presentation of a witnessing 1o.
In this first case, 1 is put into the tentative uniformizing set with rank
(. We do not code v itself. Instead choose the <y, -least usable real name
w such that
Py - # )

and such that the tagged name
(UF, &, 0, m)

has not already been intentionally coded at an earlier uniformization stage.
If the bookkeeping guess v is already forced to be different from ygﬁ and has
not yet been so coded, we take . = 1. Now perform

Code((UF, &, i, 1n)).

The new auxiliary name is the canonical Pgyi-name forced to be
-G NePRIRY: Ne AN eI
150 O {(@%, (g3 %, m<, )}

If the stabilized test fails, we use the other side of the co-allowable di-
chotomy. Choose the <y, -least description of a countable relative o -allowable
local hybrid tail

(8, ) =ax (Rg, 1)

together with a quotient condition witnessing that the current bookkeeping
candidate can be forced out of the section. Writing Ps for the terminal post-
branch forcing associated with S, after restricting the quotient below that
condition we have

Ps/Gg - (219,919) ¢ Ars.

The preceding countable-tail observation ensures that such a countable wit-
ness exists whenever any relative allowable tail can kill the candidate. We
replace S by this canonical restricted countable tail and set

(R5+1,f5+1) = (5, j)~

Thus the stage does not merely remember that some condition could kill the
candidate; the appended countable quotient itself forces the megation.

If the value of F(f3) is not meaningful over the current initial segment,
the hybrid successor step still attaches its fresh reservoir coordinate, but the
second-step forcing is trivial and I 5 1s lifted canonically.
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Let _ '
P* = P,,, I* =1,,.

If G* < P* is W-generic, we write
W*=W[G*], I* = (I*)%".

Lemma 4.2 (The final presentation is oo-allowable). The pair (Re,, L, ) be-
longs to W and s co-allowable. More precisely, there is an M;y-bookkeeping
function F* such that every initial segment of the final presentation is o*-
allowable relative to F*. In addition, ordinary Cohen forcing occurs co-
finally often. If a finite-real-parameter reqularity stage becomes meaningful,
with canonical support witness (A, Wrb, B]?b, Brb), then the relative Random
forcing, measure-amoeba forcing, and category-amoeba forcing computed in
Wy occur cofinally often in the final presentation.

Proof. We argue by induction on the construction stages. At stage 0, the
presentation is the trivial post-branch presentation, which is allowable by
Lemma 3.9. At limit stages, the construction takes the countable-support
direct limit of the earlier presentations. This is allowed by the limit clause
in the derivative hierarchy defining a-allowability.

Consider a successor stage. The relative regularity cases, the ordinary
Cohen case, and the well-order case are instances of the successor clauses in
the local allowable recursion. In each of these cases the construction first
adds the fresh M;-Cohen reservoir coordinate and then performs the specified
second step, or the trivial second step if the relevant bookkeeping value is
not meaningful. Therefore the resulting presentation remains a*-allowable
over the preceding initial segment.

The first uniformization case is the stabilized successor clause from Def-
inition 3.20. The chosen tentative value is added to the auxiliary name with
its rank, and the construction intentionally codes only a competing reserved
tag. Thus the new presentation is again a*-allowable over the preceding
initial segment.

It remains to check the second uniformization case. In this case the
construction starts with a relative a*-allowable continuation

(S,J) =ax (Rs, I5),

a quotient condition ¢ € Ps/ G 3, where Pgs is the terminal post-branch forcing
associated with &, and a name 7 such that

q I 0,219,915, m%).
By the local-support convention for hybrid presentations, the condition ¢,
the name 7, the lifted names

S0 gls s



and the data needed to interpret these objects are contained in a countable
localized subpresentation of (S,.J) over (Rg, I5). The construction chooses
the <z, -least such support and restricts the corresponding presentation be-
low the witnessing condition g. The resulting presentation

(SB, JB) > (Rﬁ, Iﬁ)

is still relative o*-allowable, because the derivative clauses are closed under
passing to localized subpresentations and under restricting below a condition.
Moreover its quotient forces

. B B
(xTS 7yTS ) ¢ AmTSB .

Thus the second uniformization case also preserves a*-allowability.

It remains to record the bookkeeping. Whenever the construction ap-
pends a countable presentation in the second uniformization case, we use
the bookkeeping function witnessing that chosen presentation on the newly
added coordinates. On the coordinates coming from the original stages we
use the original bookkeeping function F'. Since ws is regular, the concatena-
tion of we-many countable presentations has length at most ws, and hence
can be indexed by wo in the order in which it is built. This gives a single
M;-bookkeeping function F* for the final presentation.

The cofinality requirements are inherited from F'. The original bookkeep-
ing function places ordinary Cohen tags cofinally often. Once a finite tuple
of real names becomes meaningful as an admissibly based regularity stage,
with witness (A, Wrb,B?b,Brb), F places the three corresponding finite-
real-parameter tags cofinally often, using the Random, measure-amoeba,
and category-amoeba forcings computed in the lifted base generated by that
witness. Adding countably many coordinates at individual stages does not
destroy cofinality in the final indexing of length wy. Therefore the final
presentation has all the required cofinal regularity and Cohen stages, and
every initial segment is a*-allowable relative to F*. Hence (RwQ,fw2) is
co-allowable. 0

The next step will be to prove the final dichotomy. For each m and z,
either I* contains a tentative value (z,y,m,§) of least rank, in which case
Lemma 3.19 keeps (z,y) in A,, through all further co-allowable tails, or else
the second uniformization case is applied cofinally often to every candidate
name for a value in the x-section and the final model forces that section of
Ay, to be empty.

Before proving the dichotomy we isolate the exactness property of the
reserved tags used below.

Lemma 4.3 (Exactness for reserved tags). Let

w = (UF,z,y,m) or w={(WO,zy,z21)
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be a real of one of the reserved tagged forms in W*. If
W* = &(w),

then this instance of ®(w) was introduced by an intentional coding step of
the construction. More precisely, a code for a real of the form (UF,x,y, m)
1s introduced only by a uniformization coding step, and a code for a real of
the form (WO, zg, z1) is introduced only by a well-order coding step.

Proof. Fix a real r € W* witnessing ®(w). Thus ¥(r,w) holds in W*, where
¥ is the predicate used in the definition of ®. By the local-support property
of the hybrid presentations, the real w, the witness r, and the data needed to
verify W(r,w) are read in a countable localized subpresentation of the final
construction over W. Closing this support under the local data used by the
relevant names gives a 0-allowable local hybrid presentation R4 over W and
a generic filter G 4 such that

r,we W[Ga] and WI[G4] = ¥(r,w).

Hence
W[G 4] = @(w).

Apply Lemma 3.12 to this localized presentation. There is an explicit

coding coordinate 1 of R4 and a name u, such that
w = ()94,

Thus every occurrence of ®(w) for a reserved tag is produced by an explicit
coding coordinate of the actual local presentation which reads the witness.

It remains only to identify which coding coordinates may write reserved
tags. The construction uses the tags UF and WO only for the reserved
uniformization and well-order decisions. Direct coding clauses do not use
reals whose outer tag is UF or WO. The same convention is part of ev-
ery countable localized presentation appended in the second uniformization
case. Therefore an explicit coding coordinate which writes a real of the form
(WO, zp, z1) must be a well-order coding step, and an explicit coding coordi-
nate which writes a real of the form (UF,z,y, m) must be a uniformization
coding step.

This proves the claimed exactness of the reserved tags. O

Lemma 4.4 (Final dichotomy for the uniformization stages). In W*, for
every real x € 2% and every m € w, exactly one of the following alternatives
holds.

1. There are a real y and an ordinal £ < o™ such that

(x,y,m,&) e I*.
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In this case there is a unique real yo such that
w* ): (.I‘, yO) € Am and _'q)(<UF,.Z‘, Yo, m>)
Moreover, if y # yo and (x,y) € A, then

W* = ®((UF, z,y,m)).

2. For every real y and every ordinal £ < o,

(x7y7m?§) ¢ I*'

In this case

W*e= Ay, =J.

Here (UF, z,y, m) denotes the fixed recursive real coding of the tagged quadru-
ple used at the uniformization coding stages.

Proof. The two alternatives are mutually exclusive and exhaustive by their
first displayed clauses. We prove the corresponding conclusions.
Assume first that

Xem ={(,€) | § <a® and (z,y,m, ) € I}

is nonempty. Let & be the least ordinal such that (y, &) € X, for some y.
Among all names whose interpretation gives such a tuple of rank &y, choose
the one with <y, -least localized presentation. Let its value be yg, and let
Bo < wo be the first stage at which the corresponding tuple

(SE, Yo, m, 50)

is inserted into the auxiliary name. By Lemma 3.19, applied to the tail of
the final co-allowable presentation after 3y,

W* = (2,%0) € Am. (1)

We show that ®((UF,z,y9,m)) fails in W*. Suppose otherwise. By
Lemma 4.3, there is an intentional uniformization coding stage 1 < wo which
codes

wo = {UF, z,yp, m).

Choose 7 least with this property.

First suppose that n > fy. At every stage ' = [, the lift of the name
for yg is still a rank &y tentative value, by Lemma 3.19. If the construction
at 7 selected some value different from g, then that value would have either
smaller rank than &y, or rank &y and a strictly earlier localized presentation.
Its tuple would belong to I*, contradicting the choice of (&, yo). Hence yo
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is the selected value at n. The first uniformization clause never codes the
selected value itself, so wg is not coded at 7, a contradiction.

Now suppose that n < Gy. If wg is coded at i by the second uniformiza-
tion case, then there are a relative &y-allowable continuation (S,.J) over
(Ry, fn), a quotient condition ¢, and a name 7, all contained in the count-
able localized subpresentation chosen at stage n, such that, writing Ps for
the terminal post-branch forcing associated with S,

q ”_pS/Gn 9(7.’7 jjTS? y(T)S’ m)v
where (u,v) ¢ A, is written as 3r 0(r, u, v, m) with 6 € I1}. By Lemma 3.18
and Lemma 3.17, composing this continuation with the actual interval from
n to By gives a relative {y-allowable continuation over (Rg,, I 3,) which forces
the lift of (&, yp) out of A,,. This contradicts the fact that yo is inserted at
stage By as a rank & tentative value.

Thus stage n used the first uniformization case. It selected some value ¥,
and coded g as a different candidate. If a relative y-allowable continuation
over (R, I)) forced the lift of (i, 7o) out of A, then the same composition
argument would contradict the insertion of (z,yo,m,&) at Byo. Hence yo
was already eligible at n as a rank & tentative value. Since the construction
chooses first the least rank and then the </, -least localized presentation, the
selected value y, has rank below &g, or has rank {, with an earlier localized
presentation. Then the tuple for y, belongs to I*, again contradicting the
choice of (&, y0). Therefore

W* £ ~®((UF, 2,50, m)). (2)

Let now y # yo and suppose that W* |= (z,y) € A,,. Choose localized
names T, ¥, Yo and, by the usual mixing below a condition in G*, arrange
that

Ly #50, 5 =z, 9% =y, 95 =uwo
By bookkeeping, there is a stage v > [y with
F(’Y) = (UF>$7yam)

after these names are available. At stage «, the lift of yg is the selected
tentative value by the preceding minimality argument. If (UF,z,y, m) has
not already been coded, the first uniformization case codes

(UF, &, 9,m),
since 1 |- v # yg. Hence, in all cases,
W* = ((UF, 2,y,m)). (3)

Equations (1)—(3) prove the first alternative.
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Assume now that
Xem = . (4)

Suppose toward a contradiction that W* | (z,y) € Ay,. Choose localized
names z,y for z,y, and choose a later stage v < wy such that

F(v) = (UF,z,y,m).

The first uniformization case cannot occur at -, since it would add some
tuple (z,y',m, &) with £ < a* to I'*, contradicting (4). Therefore the second
uniformization case is used. Thus the construction appends a countable
localized relative a*-allowable presentation, restricted below a witnessing
quotient condition ¢, and a name r such that

q - 0(r, ",y m), (5)

where again (u,v) ¢ A, is written as 3r 6(r,u, v, m) with 6 € II3.

The presentation added at «y is an initial segment of the final presentation,
and the remaining quotient is an allowable local hybrid tail. By the T»-
absoluteness used for allowable tails, the IIi-statement in (5) remains true
in the final extension for the same witness r = #¢". Hence

W* ): (‘T7y) ¢ Am7
contradicting the choice of y. Therefore A, , = & in W*, as required. [

Corollary 4.5 (The final IT}-uniformizing relation). In W* the IT}-uniformization
property holds for the relations in the fived universal list. More precisely, for
each m < w define

Um($ay) A (ZL‘,y) € Am A _'(I)(<UF7:E7yam>)'

Then Uy, is a I} relation. Moreover, for every real x, if the x-section of
Ay, is nonempty, then there is exactly one real y such that Up,(x,y). Conse-
quently W* satisfies the lightface I1L-uniformization property. By the usual
relativization, it also satisfies the boldface 11}-uniformization property.

Proof. Fix m < w and a real x € W*. If the z-section of A,, is empty, then
no real y satisfies U, (z,y), by definition. Suppose therefore that A, , # <.
The second alternative of Lemma 4.4 is then impossible. Hence the first
alternative holds, and the lemma gives a real 39 such that

w* ): (‘Tay0> € Am and W* ): _'(b(<UF7x7y07m>)

Thus U, (x, yo) holds.
The same lemma also gives uniqueness. Namely, if y # yo and (z,y) €
A, then
W* = @((UF, z,y,m)),
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so Up(z,y) fails. If (z,y) ¢ Ay, then U, (z,y) fails already by its first
conjunct. Therefore yg is the unique value selected by U, on the z-section
of A,,.

It remains to record the projective complexity. By the choice of the
universal list, (z,y) € Ay, is IIL. The local coding predicate ®(w) was
defined in the coding section as a 3} predicate. Therefore

_‘q)(<UF7 z,Y, m>)

is I1}. Since the class II} is closed under finite conjunctions, Uy, (z,y) is I1.

For the boldface conclusion, let A(x,y) be IT}(a). Using the fixed recur-
sive pairing of reals, regard this as a lightface I} relation in the pair (a,z)
and the value y, say as a section of some member of the universal list. Apply-
ing the preceding lightface uniformization to the relation on ((a,z),y) and
then fixing the parameter a gives a IT}(a) uniformizing relation for A. [

Lemma 4.6 (The final A}-well-order). In W* the reals admit a A}-definable
well-order.

Proof. We first describe the underlying order independently of the projective
definition. If z € W* is a real, let 7(z) be the <, -least localized presen-
tation, in the final hybrid presentation, of a name whose interpretation is
z. Such a presentation exists because every real in the final mixed-support
hybrid iteration has a bounded local support. If zg # 21, then 7w(zg) # 7(21),
since the same localized name has only one interpretation in the fixed generic
extension. Hence

2021 <= 20 # 2z and w(20) <, 7(21)

defines a well-order of the reals in W*. It is the order induced by the fixed
<, -well-order of the canonical localized presentations.
We claim that, for distinct reals zq, 21 € W*,

zZ20< 21 < W* ): ‘1>(<WO, 205 Zl>).

Assume first that zg<tz;. Choose localized names zg, z; whose final canonical
localized presentations are m(zp) and 7(z1). The supports of these presenta-
tions are bounded in wo, so there is an initial segment Pz over which these
names are already available. By the bookkeeping property of F', there is a
later stage v > 3 at which

F(y) = (WO, 2, %1).

At stage v the well-order clause compares the same canonical localized pre-
sentations. The localization convention and the product/tail lemmas ensure
that passing to the larger initial segment, or later appending a countable
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local tail, does not change the <js,-comparison of these presentations. Since
7(20) <ar, ™(21), the stage explicitly codes

(WO, 29, 21 ).
After interpreting by G*, Lemma 3.9 yields
W* = (WO, 20, 21)).-
Conversely suppose that zg # 21 and
W* = (WO, 29, 21)).

By Lemma 4.3, this code was introduced at an intentional well-order coding
stage of the final presentation. Thus, at some stage, the construction decoded
a well-order tag, compared the canonical localized presentations of two names
whose interpretations are zg and z;, and coded the ordered tag with the
smaller presentation placed first. Again the localization and product/tail
conventions imply that this comparison agrees with the comparison of the
final canonical presentations 7(zg) and m(z1). Therefore 7(20) <ar, 7(21),
and hence zp <t 1. This proves the claim.
Now define, in W*,

20<az1 <= zp#z A PUWO, 2, 21)).

By the claim, <A is exactly <, and hence is a well-order of the reals.

It remains to record the projective complexity. Since ® is the local -
coding predicate, the displayed definition of <a is X}. The claim also gives,
for distinct reals zg, z1, that exactly one of

D((WO, 20, 21)),  PKWO, 21, 20))
holds. Hence, in W*, the same relation is equivalently defined by
20<az1 <= zp#z A ~PWO, 2z, 20)).

This second definition is IT}. Thus < is both X} and IT}, and consequently
is a Al-definable well-order of the reals. O

Lemma 4.7 (Localized covering over L[T5,a]). Let a € W* be a real and
put
N, = L[T», a).

Then there is a Borel null set Zév e W* such that

U{B | B is a Borel null set coded in N,} < Zév.
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There is also a Borel meager set Z2' € W* such that
U{B | B is a Borel meager set coded in Ny} < ZM.
Consequently
R, = {z € w” : z is not Random-generic over Ng}
s null, and
Cy = {z € w” : z is not Cohen-generic over N}

18 meager.

Proof. Fix a € W*. By Lemma 3.10, choose a countable admissible support
A C w9 and a P4-name o such that

= a7
where G4 = G* n P4. Since wy is regular, choose 8 < ws with A € . Let
a=(o)”

and let N be the Pg-name for L[T»,a]. Then the corresponding regularity
tags for N are admissibly based. Indeed, this is the one-parameter instance
of Definition 3.6: take

Ay = A, k=1, ag = o, Wiy = L[T», o].

No further presentation data are needed. The set B?b is the countable union
of the branch-product supports of the W-parameters occurring in the name
o, and By, is the corresponding branch footprint generated by B?b and by
the explicit coding coordinates in A. Thus the bookkeeping for admissible
bases applies to N , and it must eventually schedule the relative measure-
and category-amoeba stages over this base.

By the final bookkeeping, at some stage Ays > [ the tag

(Amy, NTAV)
is used. At this stage the forcing is
ARe

computed in the interpreted base N, = L[T3,a]. Let Z2 be the Borel null
set added by this amoeba forcing. By the definition of amoeba forcing for
the null ideal,

BczN
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for every Borel null set B coded in N,. Later forcing preserves the Borel
code for Zé\/ and the statement that it is null. Hence the first displayed
inclusion holds in W*.

The meager case is identical. The bookkeeping later uses the tag

(AmM,NT)‘M)

for some Apq > 5. The forcing Aﬁ\vj adds a Borel meager set ZM covering
every Borel meager set coded in N,, and this covering relation remains true
in the final extension.
Finally, a real is not Random-generic over N, iff it belongs to some Borel
null set coded in N,. Hence
R, < ZV,

so R, is null. Similarly, a real is not Cohen-generic over N, iff it belongs to
some Borel meager set coded in N,. Hence

Co < ZM,
so C, is meager. O

Lemma 4.8 (Hjorth—Solovay regularity in the final model). In W*, every
boldface Eé set of reals is Lebesque measurable and has the Baire property.

Proof. We give the argument in the form in which it is used in Hjorth’s
proof of Corollary 2.4 of [3], with the use of Martin’s Axiom replaced by
Lemma 4.7. Let a € W* be a real parameter and put

N, = L[Tb,d].

Here T5 is the Martin—Solovay tree fixed in the preliminaries. By Lemma 4.7,
almost every real in W* is Random over N,, and comeagerly many reals in
W#* are Cohen over N,.

Let A € w® be Xi(a), say

A={z:W* = ¢(za)},

where ¢(v,a) is a X}(a) formula. We prove first that A is Lebesgue measur-
able. Work in N, with the Random algebra Bﬁi‘; q and let 7 be its canonical
name for the Random real. The Boolean value

lo(7, )| e
rand

is represented by a Borel set B € w*“, coded in N,, modulo null sets. If z is
Random over N,, then the forcing theorem for Bﬁ;‘l q gives

ze€B < Nyz] E ¢(z,a).
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The Martin—Solovay tree T5, together with its absolute complement from
Corollary 2.28, gives the required ¥} generic absoluteness through all forcing
extensions used here. Hence, for every z Random over N,,

Nile Ep(za) — W*Eo(za),

Thus A and B can differ only on R,, the set of reals which are not Random
over N,. By Lemma 4.7, R, is null. Therefore AAB is null, and A is
Lebesgue measurable.

The proof of the Baire property is the category analogue. Work in N,
with ordinary Cohen forcing CNe and let ¢ be its canonical Cohen real. The
Boolean value

[ (¢, a)llena

is represented, modulo meager sets, by a Borel set C' € w* coded in N,. If
z is Cohen over N, then the forcing theorem gives

zeC < Ny|z] = ¢(z,a).
The same T5-absoluteness yields

Nolzl Ep(z0) = W' E@(za)

for every such Cohen real z. Hence AAC < C,, where C, is the meager set
of reals which are not Cohen over N,. Therefore A differs from the Borel set
C by a meager set, and A has the Baire property.

Since the parameter a was arbitrary, the conclusion holds for all boldface
31 sets of reals in W*. ]

4.1 Yl-uniformization in small M;-generic extensions

It remains to record the lower-level Y.-uniformization conclusion. Unlike the
H}l—uniformization theorem, this part does not use the coding predicate ®.
It follows from the relativized Steel capture analysis of Mj(s).

What is used is the standard Steel analysis of M; and of its relativiza-
tions. We only need this analysis for the small generic extensions which
occur in the construction. Thus, throughout this subsection, a small generic
extension of M7 means an extension M;[G] by a set forcing whose size in
M is below the Woodin cardinal of M7 and to which the canonical iteration
strategy of M lifts. All intermediate models used in the construction, and
in particular the final model W*, are of this form.

For a real s in such an extension, let Mj(s) denote the canonical proper
class mouse over s with one Woodin cardinal. The relevant mice exist and
are iterable by the lifted M;-strategy. The argument below uses a capture
theorem for this canonical mouse over s; it does not identify M;(s) with the
forcing extension generated by s.
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Definition 4.9. A simple s-mouse is a sound, I13-iterable s-premouse which
projects to w and is an initial segment of the canonical construction of My (s).

The assertion that a real ¢ codes a sound simple s-mouse is a II3(s, c)
condition. Any two such mice compare by initial segment. Hence the reals
of Mj(s) carry the usual good %i(s) well-order <!: first compare the least
simple s-mouse containing the real, and then use the canonical well-order of
that mouse.

We shall use the following standard form of Steel’s relativized capture
theorem at the first mouse level; see the projective definability and compar-
ison analysis of M in [13, 12].

Fact 4.10. Let N = M;[G] be a small generic extension of My, and let
se RN,

1. If N satisfies a ¥i(s) statement of the form
JuIvb(s,u,v),
where 0 is 115, then there are such witnesses u,v € Mi(s).

2. For reals from Mi(s), TI3 truth is computed correctly by Mi(s) and is
preserved to N. Equivalently, if u,v € My(s) and 0 is 13, then

Mi(s) E0(s,u,v) <= N E=0(s,u,v).

3. The well-order <! is good for E:l), definitions. More explicitly, for every
113 formula 6(s,u,v), the relation

Leastg(s, u)

saying that u € Mi(s) and u is the <l-least real for which there is a
v € My (s) with My(s) |= 0(s,u,v) is uniformly Xi(s).

For completeness, let us spell out why this is the right theorem to ap-
ply. The mouse M;(s) is the canonical mouse over the parameter s. The
comparison theorem for IIi-iterable s-mice identifies its countable initial seg-
ments with the segments captured by the 13 mouse condition. Therefore a
small generic extension of M) cannot create a new Y3(s) witness without
some countable initial segment of M;(s) already capturing the correspond-
ing branch. The same comparison analysis gives the I} correctness used in
item (2), and the usual definition of the well-order by least simple s-mouse
gives item (3).

Theorem 4.11. Every small generic extension of My satisfies boldface ¥i-
uniformization. In particular, W* satisfies E%—uniformization.
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Proof. Let N = M;[G] be a small generic extension of M;. Work in N, and
let A < R? be a boldface X} relation. The same argument also works for
lightface Eé—relations. Fix a real parameter a and a I formula v such that

Awy) = Ie(azp2)
For each real x, put s = a ® z. Define A*(x,y) to hold iff
LeaStG(Say),

where 6(s, y, z) is the II} formula obtained from 1) (a, z,vy, 2) after decoding
s =a@®z. By Fact 4.10(3), the relation A* is ¥1(a), hence boldface ¥3.

We verify that A* uniformizes A. If A*(x,y) holds, then by definition
there is some z € M1(a @® x) such that

MI(GJ@:U) ': w(avxv Y, Z)

By Fact 4.10(2), N = ¢(a,z,y, z). Hence A(x,y) holds.
The relation A* is single-valued because <lg, is a well-order and A*(xz,y)
asserts that y is the <,11®$—least real in M (a@®z) for which a suitable z exists.
Finally suppose that the x-section of A is nonempty in N. Then

N E 3y3z9(a, 2.y, 2).

By Fact 4.10(1), there are witnesses y,z € Mj(a @ x). Therefore the set
of <}1@x—candidates is nonempty, so it has a least element. For this least
element yp, Fact 4.10(3) gives A*(z, yo).

Thus A* is a boldface Z% uniformization of A in N. The final model W*
is a small generic extension of M; by the forcings fixed in the construction,
so the final assertion follows. O

Theorem 4.12 (The main theorem in the M; case). Assume that My ezists.
There is a forcing extension W* such that

W = 2% = R,

every boldface Zé set of reals is Lebesgue measurable and has the Baire prop-
erty, the Zé- and Hi-unifarmization properties hold, and the reals admit a
Al-definable well-order.

Proof. Let W* = W|[G*] be the final model obtained from Definition 4.1.
By Lemma 3.9 and Fact 4.2, the final forcing is a proper, No-c.c. hybrid
presentation of length wo = wéw ! with iterands of size at most N;. Since W
satisfies CH, the final forcing has size at most wy. Hence W* = 280 < Ny,
On the other hand, ordinary Cohen forcing occurs cofinally often in the final
presentation, and each such nontrivial coordinate adds a new real. Therefore

W* has at least we many reals. Thus W* = R0 = N,
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Theorem 4.11 gives the boldface E%—uniformization property. Corol-
lary 4.5 gives the boldface IT}-uniformization property. Lemma 4.6 gives
a Al-definable well-order of the reals. Finally, Lemma 4.8 gives Lebesgue
measurability and the Baire property for all boldface Eé sets of reals. These
are exactly the asserted conclusions. O

5 The uniform M,-version

The preceding sections were written in full detail for the first nontrivial case,
namely for the construction over M;. We now record the uniform form of
the argument. The point of this section is not to introduce a new forcing
construction, but to make explicit the replacements which turn the M-
argument into the general M,,-argument and to isolate the few places where
the shift in projective complexity is used.

Fix for the rest of this section a natural number n > 1, and assume that
M, exists. Let

Ky = ((,UQ)M".
We work over the canonical M, -ground in exactly the same way as above.
Thus we let B
St =(SE 1€ <w™)

be the M,-least independent sequence of Suslin trees obtained from the
canonical M,-diamond sequence of Lemma 2.20, and we first pass to the
finite-support branch extension

Wi = My[<be | € < w{\/[n>]

All subsequent forcing is a hybrid coding iteration over W,,. It uses the same
reservoir convention as the detailed Mj-construction. Thus every successor
stage first attaches a fresh M,,-Cohen reservoir coordinate, added by the
M,-computed countably closed forcing. The second-step forcing is then a
finite-support real-adding coordinate: a relative Random algebra, a relative
amoeba forcing for measure or category, ordinary Cohen forcing, a Jensen—
Solovay almost-disjoint coding forcing, or the trivial forcing. Random and
amoeba coordinates are understood in the relative sense: the stage is tagged
by an admissible base of the form L[T},1, @], with finitely many real param-
eters read on a countable admissible support, and uses the forcing computed
in that base, not the corresponding forcing recomputed in the ambient uni-
verse. At an explicit coding coordinate, the fresh reservoir generic chooses
the coding area in 5”; the construction writes the relevant real into the as-
sociated w-blocks of the Suslin sequence, reshapes in the sense of David, and
finally almost-disjointly codes the reshaped set by a real.
The following dictionary will be used throughout this section:

My v~ M, Ty v Ty,
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1 1 1 1
25 o 34 Iy o s, D v Dy

Here T}, 11 is the canonical weakly homogeneous tree fixed in Definition 2.26;
by Theorem 2.25 and Lemma 2.27, it represents the universal 31 49 set and
has the required small-generic absoluteness properties. In the M,,-version,
Definition 3.6 is read with M replaced by M,, and with 75 replaced by T}, 1.
Thus a relative regularity stage is generated by finitely many real names over
a countable admissible support, and its base has the form

L[Ty+1, o, - - -, ag—1]-

Definition 5.1 (The M,-localized coding predicate). Let ®,,(r) be the pred-
icate obtained from the construction of ® in Section 3 by replacing My by
M, the My -least Suslin sequence by 5", and the M -local presentation order
by the My -local presentation order. Thus ®,(r) asserts that r is decoded by a
correct M, -localized coding witness: a lower-part M,-mouse code, a bounded
localized presentation of the relevant hybrid forcing, a fresh M, -Cohen coding
area, o David-reshaped set of ordinals, and a final Jensen—Solovay almost-
disjoint code.
For the two tags used in the final construction we reserve the forms

(WO, n, zg, 21) and (UF,n,z,y, m).

These tags are not used as direct coding tags except at the corresponding
well-order and uniformization stages.

Lemma 5.2 (Complexity and exactness of ®,,). In the final M,,-construction,
P, is a 211”3 predicate. Moreover, for the reserved tags the following exact-
ness statement holds. If

W': ): q)n(<W07 n, zo, 21>)7

then this code was introduced at an intentional well-order coding stage com-
paring the canonical localized presentations of zg and z1. If

W: ): (I)TL(<UF’ n,x,y, m>)a

then this code was introduced at an intentional uniformization stage for the
triple (z,y,m). Conversely, every intentional coding of either of these re-
served tags gives the corresponding instance of ®, in the final model.

Proof. The complexity calculation is the uniform version of the calculation
for ® in the M; case. A witness to ®,(r) is a real coding a countable
localized presentation together with the associated decoding data. The cor-
rectness of the lower-part mouse and of the localized M,,-initial segment is
expressed using the II,-iterability analysis from Definition 2.11, Fact 2.12,
and Lemma 2.15. Steel’s definability theorem places the relevant verifica-
tion one projective level above the definition of the M,-well-order, hence at
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level E}Z +3- The remaining clauses-that the displayed Suslin-tree pattern
is present, that the reshaping is correct, and that the almost-disjoint code
decodes the reshaped set—are arithmetic or projective of lower complexity
relative to that mouse witness. Thus the whole predicate is %1 43

The exactness assertion is the M,-version of Lemma 4.3. The proof of no
unwanted codes uses independence of the Suslin sequence, freshness of the
M,-Cohen coding areas, and branch omission for selected coordinates. The
branch-footprint part is unchanged: the finitely many real names generating
a regularity base are read on countable admissible supports, and hence gen-
erate only countably many coding areas; the footprint records the selected
coordinates coming from those areas. Hence the proof of Lemma 3.12 applies
after replacing My by M,. Since the two reserved tag forms are excluded
from direct coding and are used only by the well-order and uniformization
clauses, any final occurrence of ®, on such a tag is intentional, and every
intentional code is read by ®,,. O

Let
(An, [mew)

be a fixed universal enumeration of lightface II},, 5 subsets of (w*)2. Boldface
parameters are handled, as usual, by allowing the bookkeeping to range over
names for real parameters and by coding the parameter into the first coor-
dinate. Thus it is enough to define uniformizing relations for the displayed
universal family.

Definition 5.3 (M,,-p-allowability and M,-oco-allowability). The classes of
My, -p-allowable and My, -c0-allowable hybrid presentations are obtained from
Definitions 3.8, 3.13, 3.14, 3.15, and 3.20 by making the following replace-

ments:
M -localized presentation > M, -localized presentation,

Ty v Tny1, LTy, a0,...,a45—1] v~ L[Thyi1, a0, ., ax_1],
Do O, T o T, Ay s AT

In particular, the regularity bases in the M, -version are precisely the finite-
real-parameter models

L[Tn+17 agp, - - - 7ak—1]

whose real parameters are read on countable admissible supports. At a suc-
cessor uniformization stage for a triple (&,y,m) the construction asks the
same stabilized question as before: is there, locally and relative to the current
My, -allowable presentation, a tentative value in the -section of AT which
cannot be removed by the relevant future My -allowable tails? If yes, the
least such value, ordered by rank and by the M, -canonical order of localized
presentations, is protected and all competing candidates are coded with their
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reserved UF-tags. If no, a countable relative My, -p-allowable local hybrid tail
is chosen which forces the candidate out of the section.

Lemma 5.4 (Structural lemmas for M,-allowability). The shrinking, tail,
product, and persistence lemmas for allowability hold for the M,-allowable
hierarchy. More explicitly:

1. if a presentation is M,-B-allowable and o < [, then it is My-o-
allowable;

2. tails of My-p-allowable presentations are relative My, -p-allowable; more-
over, any tail witnessing that a candidate can be forced out of an A} -
section can be replaced by a countable local hybrid tail with the same
forcing property;

3. products of M, -p-allowable presentations are again represented by M, -
p-allowable presentations after the usual concatenation and renaming
of the hybrid supports;

4. tentative values remain in their H}HP’ sections through all later M,,-co-
allowable tails.

Proof. The first three assertions are formal consequences of the recursive
definition, exactly as in Lemmas 3.16, 3.17, and 3.18. The proof uses only
the fact that the class at a later derivative stage has more restrictions, that
the hybrid presentation can be factored into an initial part and a relative tail,
that relative regularity tags carry finitely many real parameters and branch
footprints under products, and that the fresh coding areas for a product can
be renamed to fresh coordinates. The countable-tail refinement in (2) is the
same local-support argument used in the M; construction: choose a name
for the witness to the relevant 31 +3 statement and restrict to the countable
complete subpresentation generated by that name, the condition, and the
parameters.

For (4), suppose a value has been declared tentative at a successor stage.
By definition, every relevant future M,-p-allowable tail preserves its mem-
bership in the relevant IT! 43 section. The only possible loss of membership
would be witnessed by a 2711 3 statement in a later extension. This statement
is represented, relative to the real parameters already present, by the canon-
ical tree T}, 1 and its Martin—Solovay absolute complement. Lemma 2.27
therefore gives the same small-generic absoluteness used in the T5 argument.
Hence the proof of Lemma 3.19 lifts with 75 replaced by T}, 1. O

Definition 5.5 (The final M, -iteration). Let
Fy by —> HMn

be the M, -least bookkeeping function with the following properties. It places
ordinary Cohen tags cofinally often. Moreover, whenever finitely many real
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names over a countable admissible support determine a regularity stage with
canonical admissibility witness

(Arb; Wrba B?ba Brb)7

where

Wrb = L[Tn+17 dOv cee ,dk_l],
the corresponding finite-real-parameter tags

(Rand;a),....a ,),  (Amnial,....a) ), (Amagah,....al )
appear cofinally often after that point. The forcing is computed in the lifted
base generated by the displayed real names, and the witness records the sup-
port on which the real parameters are read, the countable branch-product
support B?b of their W, -parameters, and the branch footprint Brb. The book-
keeping also lists, cofinally often and in all possible localized presentations,

well-order tags
(WO7 20) Zl)

and uniformization tags
(UF, ,y,m).

We define by recursion a hybrid presentation

(RBIF) | B < ron).

At every single-coordinate successor stage of this presentation we first attach
the fresh M,y-Cohen reservoir coordinate. At relative regularity stages the
second-step forcing is the Random or amoeba forcing computed in the lifted
base L|T,+1,d) generated by the displayed finite tuple of real names, and at
Cohen stages the second-step forcing is the ordinary Cohen iterand. At well-
order stages we compare the final canonical localized presentations of the two
interpreted reals and, if they are distinct, use the second-step almost-disjoint
coding forcing to intentionally code exactly one of

<WO,n, 20,21>, <WO,n,2’1,Z0>,

namely the tag with the smaller canonical presentation first. At uniformiza-
tion stages we apply the M, -c0-allowable successor rule from Definition 5.5.
Thus, if a tentative value is found, the least tentative value is protected and
the non-selected candidates are coded with their tags

<UF7 n? x? y? m>'

If no tentative value is found, we append the chosen countable relative M,,-
oo-allowable local hybrid tail, restricted below the quotient condition which
forces the current candidate out of its A}, -section. At limits we take the
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mized-support hybrid limit, with countable support on reservoir coordinates
and finite support on the c.c.c. real-adding coordinates. The final forcing is
denoted by

Py, =Py,

and if G, is generic, we write

Wi =W,[Gr], I =(I)%.

n

Fact 5.6. The final presentation (Rﬁn,lgn) is My-00-allowable. Moreover
ordinary Cohen forcing occurs cofinally often. If a finite-real-parameter reg-

ularity stage becomes meaningful, with canonical support witness
(Arb; Wrba B?ba Brb)7

then the relative Random forcing, measure-amoeba forcing, and category-
amoeba forcing computed in the lifted base gemerated by that witness occur
cofinally often in the final presentation.

Proof. This is the same countable-tail argument as in Fact 4.2. The book-
keeping function F,, supplies cofinally many ordinary Cohen coordinates,
cofinally many relative Random and amoeba coordinates for every finite-
real-parameter regularity stage once it becomes meaningful, and cofinally
many names for the well-order and uniformization tasks. At a relative regu-
larity stage the forcing is the one computed in the witnessed base L[T}, 41, d].
The witness carries the support on which the finitely many real parameters
a are read, the countable branch-product support of the W,,-parameters oc-
curring in those names, and the branch footprint through later tails and
products. A second-case uniformization stage appends a countable relative
M,,-o0-allowable local hybrid tail rather than a single coordinate. Since &,
is regular, inserting countable blocks at k, many stages still gives a presen-
tation of length at most k,, and the witnessing bookkeeping functions for
the countable tails can be concatenated with the original bookkeeping into
one global bookkeeping function. The M,,-allowability clauses are preserved
by this countable-tail construction. ]

Lemma 5.7 (The M, final dichotomy). Let x € w*, m € w, and work in
W, Ezactly one of the following alternatives holds.

1. The final auxiliary object contains a tentative value for the pair (z,m).
In this case there is a rank-and-presentation least such value 1y, and

(z,y0) € Al
Moreover, for every y,
(z,y) e Ay, and y#yo = Pu((UF,n,z,y,m)).
Also
=®, ((UF,n,x,yp, m)).
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2. The final auziliary object contains no tentative value for (x,m). In this
case

Proof. The proof is the proof of Lemma 4.4, with the complexity shifted by
n — 1. We indicate the points where something has to be checked.

Suppose first that a tentative value occurs. By Lemma 5.4(4), tentative
values remain in their II}, , sections through later M,-co-allowable tails.
Let yo be the least tentative value according to the fixed rank and M-
localized-presentation order. The bookkeeping revisits every later candidate
y in the same section. Whenever y # yq is still a member of the x-section,
the uniformization clause intentionally codes the tag (UF,n,z,y,m). By
Lemma 5.2, these intentional codes are exactly the final instances of ®,, on
reserved UF-tags. The selected value yg is never coded with its own UF-tag,
again by the exactness lemma. This gives the first alternative.

Now suppose that no tentative value occurs. Let y be any real in the final
model and choose a bounded localized name for y. By the cofinality of the
bookkeeping, some later uniformization stage considers the corresponding
triple (x,y, m). Since no tentative value is available, the construction uses the
second case and appends a countable relative M,,-co-allowable local hybrid
tail, restricted below a quotient condition forcing

(z,y) ¢ A,

The complement of A7, is ¥} .. The witness to this X, , statement is
preserved through the remaining tail by the 7,41 absoluteness supplied by
Lemma 2.27. Hence (z,y) ¢ A}, in W}*. Since y was arbitrary, the section is
empty. O

Corollary 5.8 (The M,, uniformizing relations). In W, every H}LH set of
pairs of reals has a H}l+3 uniformization. More precisely, for each m € w,

define
Un(z,y) < (z,y)e Ay A —Pu((UF,n, z,y,m)).
Then U]}, uniformizes Ay, .

Proof. Since A7, is IT} 43 and @, is »l +3, the displayed relation is 15 43
If the z-section of A}, is empty, then the x-section of U is empty. If the
x-section of A7 is nonempty, Lemma 5.7 gives a unique value yp in the
section whose UF-tag is not ®,-coded. Hence U} (x,y) holds exactly for
y = yo. This is uniformization. The boldface version follows by the usual
coding of real parameters into the universal family and by the fact that the
bookkeeping ranges over names for those parameters. O

Lemma 5.9 (The A; 4 well-order in the M,, extension). In W}, the reals
admit a A}, 5-definable well-order.
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Proof. For a real z € W, let m,(z) be the least canonical M,-localized

presentation of a name whose interpretation is z, ordered by the fixed M,,-

well-order of localized presentations. Every real has such a presentation

because the final hybrid forcing has countable support and every real name

has bounded local support. Distinct reals have distinct least presentations.
Define the underlying order by

20<p 21 <= 290 # 21 and mu(20) <np, Tn(21).

This is a well-order of the reals. The well-order stages of Definition 5.5
intentionally code
<WO7 n, zo, Zl>

exactly when zg <1, z1. By Lemma 5.2, for distinct reals zg, 21,
20 <In 21 Aaand (bn (<WO) n, 2o, Zl>).
Thus
20 <anz1 = 2 #z21 A P,((WO,n, 20, 21))

is a ¥L 43 definition of the well-order. Since exactly one of the two opposite
well-order tags is intentionally coded, the same relation is equivalently given
by

20 <anz1 = z2#z21 A ~P,((WO,n,z,2)).

This is a II! . 5 definition. Hence the well-order is Al . O

Lemma 5.10 (Localized covering over L[T},+1,a]). Let a € W} be a real
and put
N = L[Tps1, 4.

a

Then there is a Borel null set Z,jxa e W} such that
U{B | B is a Borel null set coded in N'} Z,Jl\(a.
There is also a Borel meager set Z,% e W} such that

U{B | B is a Borel meager set coded in N'} < Z,%.

Consequently the set of reals which are not Random-generic over N} is null,
and the set of reals which are not Cohen-generic over N} is meager.

Proof. Fix a € W}. By the M,-version of Lemma 3.10, choose a countable
admissible support A € k,, and a P4-name ¢ such that

:a’

where G4 = G, nP4. Choose 8 < Kk, with A < 3. Let a = o8, and let N
be the Pg-name for L[T},41,a]. Then the corresponding regularity tags for
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N are admissibly based. This is the higher-level version of Definition 3.6,
with
Ay = A, k=1, ag = 0, Wy, = L|T\41,0].
The set B?b is the countable union of the branch-product supports of the
W,-parameters occurring in o, and By, is the corresponding branch footprint
generated by B?b and by the explicit coding coordinates in A.
By the final bookkeeping, at some stage Ays > [ the tag

(Amy, NTAWV)
is used. At this stage the forcing is
Ng
ANF,

computed in the interpreted base NJ. Let Z,/L\( , be the Borel null set added
by this amoeba forcing. By the definition of amoeba forcing for the null
ideal,

Bc zZ¥,

for every Borel null set B coded in N;'. Later forcing preserves the Borel
code for Z{Xa and the statement that it is null. Hence the first displayed
inclusion holds in W}¥.

The meager case is the same. The bookkeeping later uses the tag
(AmM7 NTAM)
for some Apq > B. The forcing A%‘EL adds a Borel meager set Z,% covering
every Borel meager set coded in N, and this covering relation remains true
in the final extension.

Finally, a real is not Random-generic over N} iff it belongs to a Borel
null set coded in N/'. Hence the non-Random reals over N are contained
in Z,/LY o Similarly, the non-Cohen reals over N are contained in Z,/l‘fl. This
proves the lemma. ]

Lemma 5.11 (Hjorth-Solovay regularity in the M, extension). In W},
every boldface 2711+2 set of reals is Lebesgue measurable and has the Baire
property.

Proof. Let A € w” be X! _,(a), where a € W}* is a real parameter, and put
N = L[T,+1,a]. By Lemma 5.10, almost every real is Random over N
and comeagerly many reals are Cohen over N/'.

For Lebesgue measurability, work in N with the Random algebra Bﬁiﬁd
and let 7 be the canonical Random real. The Boolean value of the statement

“r e A” is represented, modulo null sets, by a Borel set B coded in NJ'. If z
Ng'

is Random over Ny', the forcing theorem for B ¢ ;

gives

zeB <« N}'[z]E=z€ A
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Since 4 is X1 4o(a) and T, is the canonical weakly homogeneous tree rep-
resenting the universal X1 4o set, Lemma 2.27 identifies this truth with the
truth of z € A in the final model. Therefore A/AB is contained in the null set
of reals which are not Random over N/'. Hence A is Lebesgue measurable.

For the Baire property, the same argument is carried out in N7 with
Cohen forcing. The Boolean value of “¢ € A” for the canonical Cohen real is
represented by a Borel set C' coded in N7, and for every Cohen real z over
N;! we have

ze(C <<= z€eA

by the same T,,,1 absoluteness. Thus AAC is contained in the meager
set of reals which are not Cohen-generic over N}. Hence A has the Baire
property. ]

5.1 X! ,-uniformization in small M,-generic extensions

We shall argue for X! ,-uniformization now. Again, as in the case n =
1, this follows from a more general fact. Throughout this subsection, a
small generic extension of M, means an extension M,[G] by a set forcing
in M,, of M,-cardinality below the least Woodin cardinal, in the class of
forcing extensions considered here, so that the canonical M, -strategy and
the relevant comparison arguments are preserved.

Proposition 5.12. Let N be such a small generic extension of M, and let
s € RN, Let M,(s) be the canonical proper class s-mouse with n Woodin
cardinals. Then the following hold in N.

1. 1If
N E3Juvb(s,u,v),

where 6 is H}LH, then there are witnesses u,v € R n My, (s) such that
Ma(s) = 6(s,u,v).

2. For reals u,v € My(s), I} | truth is computed correctly by M,(s) and
is preserved to N. Thus, for every H}LH formula 0,

M, (s) E0(s,u,v) <= N E60(s,u,v).

3. The canonical mouse order <, s on R M,(s) is a good £} _,(s) well-
order. More explicitly, if 0(s,u,v) is HLH, then the relation

Leasty (s, u)
saying that u € My(s) and u is the <, s-least real for which there is a

v € My(s) with My(s) = 0(s,u,v) is uniformly S} o(s).
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Proof. This is the relativized Steel analysis of the canonical mice M,(s), in
the same form as Fact 4.10 for n = 1. We recall the ingredients in order to
make clear that no new coding argument is being used here.

The projective description of the sound initial segments of M,,(s) is the
relativized version of the Il -iterability analysis recalled in Section 2. In the
codes, the relevant s-premice are described by a 1'[711 +1(s) condition: they are
sound, project to w, are n-small over the parameter s, and have the required
II,,-iterability. Steel comparison linearly orders these premice by initial seg-
ment and identifies the correctly iterable ones with the initial segments of
the canonical mouse M,,(s).

The usual comparison-and-capture argument then gives the first two
clauses. If a small generic extension satisfies a X}, ,(s) assertion, write
it in the form Judv (s, u,v) with 6 II} ;. The tree or mouse witnessing
this assertion is captured by a countable initial segment of M, (s); otherwise
comparison with the canonical construction would produce the same contra-
diction as in Steel’s proof of the projective correctness of M, (s). Conversely,
once the witnesses belong to M,(s), I} 41 correctness follows from the same
comparison theorem and the preservation convention for the generic exten-
sions considered here.

Finally, define <, by first taking the least sound initial segment of
M, (s) containing the real in question, and then using the canonical well-
order of that premouse. Since membership in the relevant initial segment
class is 1‘[71Z +1(s) and comparison gives initial-segment linearity, initial seg-
ments of <,, s are uniformly 3} ,(s). Therefore least-witness assertions for
IT} . ; matrices are again X} _,(s). O

Theorem 5.13. Every small generic extension of M, satisfies boldface Z%L+2_
uniformization. In particular, W) satisfies X} Lo-uniformization.

Proof. Let N be a small generic extension of M,,. Work in N, and let A < R?
be a boldface X, , relation. Choose a real parameter a and a II! | formula
1) such that

Az,y) <= 3Jz¢(a,z,y,2).

For each real x, put s = a®x, and let 6(s, y, z) be the H}LH formula obtained
from v (a, z,y, z) after decoding s as a @ x. Define U(x,y) to hold iff

Leasty (a @ z,y).

By Proposition 5.12(3), U is X}, ,(a), hence boldface X, ,.
If U(z,y) holds, then for some z € M, (a ® z),

M, (a® ) = Y(a,z,y, 2).

By Proposition 5.12(2), N = ¢ (a, z,y, z), and therefore A(x,y) holds. Thus
Uc A
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The relation U is single-valued because <y, q@y is a well-order and U (x, y)
asserts that y is the least real in M, (a @ x) for which a suitable z exists.
Finally suppose that the x-section of A is nonempty in N. Then

N E 3y3z9(a, 2.y, 2).

By Proposition 5.12(1), there are witnesses y, z € M,,(a®z). Hence the set of
<na@e-candidates is nonempty, and it has a least element yo. By definition,
U(z,y0) holds. Thus U uniformizes A. O

Theorem 5.14 (The main theorem, uniform form). Assume that M, ezists,
where 1 < n <w. There is a forcing extension W such that

Wi b= 2% = Ry,

every boldface 2,1”2 set of reals is Lebesgue measurable and has the Baire
property, the Z}HQ— and H}Hg-um‘formization properties hold, and the reals
admit a A}, ;-definable well-order.

Proof. Let W be the final extension from Definition 5.5. The forcing has
length s, = (we)Mn
size and A-system argument used in Lemma 3.9, and every iterand has size
at most N; in the relevant intermediate model. Since the preparatory model
satisfies CH, the final forcing has size at most k,, so

, preserves wi, has the No-chain condition by the same

W;: )Z 2NO < No.

Cofinally many ordinary Cohen coordinates add new reals, and hence W
has at least x, many reals. Therefore

W = 280 = R,.

Theorem 5.13 gives ¥} ,-uniformization. Corollary 5.8 gives I, ;-uniformization.
Lemma 5.9 gives a Al 43 well-order of the reals. Lemma 5.11 gives Lebesgue
measurability and the Baire property for all boldface 31 1o sets of reals. This
proves the theorem. ]
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