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Abstract

Assume that Mn, the canonical inner model with n Woodin car-
dinals, exists. We force a model with continuum ℵ2 in which every
Σ1

n`2 set of reals is Lebesgue measurable and has the Baire property,
the Σ1

n`2- and Π1
n`3-uniformization properties hold, and the reals ad-

mit a ∆1
n`3-definable well-order. Thus regularity up to a fixed finite

projective level, together with a definable well-order of the reals at the
adjacent level, does not force the determinacy strength which would
normally explain that regularity, even when this package is strength-
ened by adjacent Σ- and Π-uniformization. In particular, this gives a
negative answer to a local form of Woodin’s twelfth Delfino problem
asked by Friedman–Schindler.

1 Introduction

A central theme in descriptive set theory is the interaction between regu-
larity properties, such as Lebesgue measurability and the Baire property,
and definable choice principles for projective sets of reals. This paper con-
cerns finite projective configurations in which regularity, uniformization, and
definable well-ordering occur together. The canonical source of such config-
urations is the hierarchy of mice with finitely many Woodin cardinals. Let
Mk denote the canonical inner model with k Woodin cardinals. Steel’s anal-
ysis shows that Mk has a ∆1

k`2-definable well-order of its reals [13, 12]. On
the other hand, the Woodin cardinals in these models account, through the
corresponding local determinacy and scale analysis, for regularity and uni-
formization phenomena at lower projective levels.
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ThusMn`1 suggests a specific finite constellation in the projective hierar-
chy. Below the well-ordering level one has the regularity and scale-theoretic
consequences associated with the local determinacy fragment; at the next
level the fine structure of Mn`1 supplies a ∆1

n`3-definable well-order of the
reals. The visible pattern relevant here is therefore regularity for boldface
Σ1

n`2 sets, the corresponding finite uniformization behavior, and a ∆1
n`3-

definable well-order.
Before the present work, the systematic examples exhibiting this exact

constellation came from Mn`1 and closely related canonical models; in par-
ticular, they satisfied the corresponding ∆1

n`1-determinacy fragment. Since
the standard source for this behavior of the projective sets of reals is the
Mn`1-picture, it is natural to ask whether this source is unique. Does the
finite projective behavior just described imply the corresponding local de-
terminacy hypothesis, or can the same behavior be obtained over a weaker
mouse?

The global antecedent of this recognition question is Woodin’s twelfth
Delfino problem. In one formulation, the problem asks whether ZFC to-
gether with the statements that every projective set is Lebesgue measurable
and has the Baire property, and that every projective relation admits a pro-
jective uniformization, implies PD. Woodin showed that this theory implies
that x: exists for every real x and conjectured a positive answer. Steel gave
a negative solution in 1997, and Schindler later determined the precise con-
sistency strength of the theory; see [10, 11, 1]. The present paper studies
the corresponding finite recognition problem.

Friedman and Schindler isolated finite-level versions of this question in
[2]. Motivated by their formulation, we consider the following exact-placement
local form.

Question 1 (Friedman–Schindler local problem, exact-placement form). Let
2 ď n ă ω. Suppose that every boldface Σ1

n`2 set of reals is Lebesgue mea-
surable and has the Baire property, and suppose that the reals admit a ∆1

n`3-
definable well-order. Must ∆1

n`1-determinacy hold?

Friedman and Schindler obtained a negative answer to a nearby local
problem. Working over inner models with finitely many strong cardinals,
they produced forcing extensions in which the relevant finite level of the
projective hierarchy is universally Baire and the reals admit a projective
well-order. Their construction gives the well-order at the desired level from a
specific coding real as a parameter, and parameter-free at a higher projective
level. Thus the exact lightface placement in Question 1, with a ∆1

n`3 well-
order and no additional real parameter, remained open.

We resolve this exact-placement problem and add an adjacent uniformiza-
tion conclusion. Throughout the introduction, uniformization statements
written without the word “boldface” are meant in the lightface sense: a

2



pointclass Γ has uniformization if every lightface relation in Γ has a uni-
formizing function whose graph is again in Γ. Boldface regularity assertions
are stated explicitly.

Theorem 1.1. Let 1 ď n ă ω, and assume that Mn, the canonical inner
model with n Woodin cardinals, exists. Then there is a forcing extension W ˚

of Mn preserving all cardinals such that 2ℵ0 “ ℵ2 and:

1. every boldface Σ1
n`2 set of reals is Lebesgue measurable;

2. every boldface Σ1
n`2 set of reals has the Baire property;

3. the Σ1
n`2-uniformization property holds;

4. the Π1
n`3-uniformization property holds;

5. the reals admit a ∆1
n`3-definable well-order.

For n ě 2, Theorem 1.1 gives a negative answer to Question 1. The
proof records that the final extension does not satisfy ∆1

n`1-determinacy.
Hence the regularity-and-well-ordering window suggested by Mn`1 can al-
ready be realized by forcing over Mn. Moreover, the construction gives the
two additional lightface uniformization conclusions Σ1

n`2-uniformization and
Π1

n`3-uniformization.
The first case, n “ 1, is not an instance of Question 1 as stated, but it

illustrates the same phenomenon at the lowest level covered by the theorem.
Starting from M1, we obtain a model in which all boldface Σ1

3 sets are
Lebesgue measurable and have the Baire property, Σ1

3-uniformization and
Π1

4-uniformization hold, and the reals have a ∆1
4-definable well-order. Thus

adjacent Π-uniformization can coexist with a projective well-order of the
reals.

Relation with the companion paper. The present paper is the Π-side
construction for the local Delfino problem. Its additional conclusion, beyond
the exact-placement negative answer, is the adjacent Π1

n`3-uniformization
theorem. The forcing mechanism introduced for this purpose is the deriva-
tive hierarchy of allowable hybrid forcings, which controls the stability of
proposed values for sections of Π1

n`3 relations through all later allowable
extensions.

The companion paper [6] treats a different direction. It obtains the
same Σ1

n`2 regularity and a ∆1
n`3 well-order, but combines them with Mar-

tin’s Axiom and with a global tail of Σ-uniformization, namely Σ1
n`2`m-

uniformization for every m P ω. That construction is based on coding over
codes. The two papers share the same exact-placement background, but
their forcing mechanisms are separate: the present construction is based
on the local coding predicate and the derivative hierarchy which yields the
Π1

n`3-uniformization conclusion.
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Proof overview. The construction has four main components. First,
over Mn we add branches through an Mn-definable independent sequence
of Suslin trees and define a local coding predicate Φn of complexity Σ1

n`3.
The predicate is arranged to be exact on the coding tags used for the well-
order and for the uniformization requirements.

Second, we use a hybrid forcing which combines a countable-support
product of Mn-Cohen reservoir coordinates with a finite-support c.c.c. itera-
tion. The reservoir coordinates provide fresh coding areas, while the iteration
meets the coding, uniformization, and regularity requirements. This hybrid
form refines the forcing methods from [5].

Third, the adjacent Π1
n`3-uniformization conclusion is obtained from a

derivative hierarchy of allowable hybrid forcings, refining the method of [4].
At each derivative step, the construction tests whether a proposed value for
a section of a Π1

n`3 relation is stable under all further allowable extensions
or can still be destroyed. The process is iterated to a stable class of allowable
forcings, and the final iteration uses only forcings from this stable class.

The same coding predicate gives the ∆1
n`3 well-order. For each pair of

reals, the construction codes the relative order of their canonical localized
presentations. Exactness of Φn on the well-order tags ensures that exactly
one of the two possible order tags is coded. This gives both a Σ1

n`3 and a
Π1

n`3 definition of the order.
Finally, the regularity bookkeeping is kept separate from the coding book-

keeping. The final iteration places ordinary Cohen stages cofinally often and,
for every real parameter a, places relative random, measure-amoeba, and
category-amoeba stages over LrTn`1, as cofinally often. The covering state-
ments obtained from the amoeba stages, together with the small-generic
absoluteness of the weakly homogeneous Martin–Solovay tree Tn`1, yield
Lebesgue measurability and the Baire property for all boldface Σ1

n`2 sets by
Hjorth’s argument. The Σ1

n`2-uniformization conclusion is obtained sepa-
rately from Steel’s relativized capture analysis of Mnpsq in the small generic
extensions used in the construction.

Organization. Section 2 recalls the inner-model-theoretic background: the
relevant fragments of Steel’s comparison theory for M1 and Mn, the recov-
ery of the initial segments used in the construction, and the Martin–Solovay
trees Tn`1. The next sections define the local coding predicate, the hybrid
forcings, and the derivative hierarchy of allowable forcings. The main con-
struction is first carried out in full detail over M1. The final section records
the uniform lift to Mn and proves Theorem 1.1 in full generality.
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2 Canonical inner models with Woodin cardinals
and the trees Tn

2.1 The canonical inner model with one Woodin cardinal

We recall the fragment of Steel’s comparison theory which will be used later.
The ground model for the main construction is the canonical proper class
mouse M1, the minimal iterable proper class premouse with one Woodin
cardinal. We use the notation and comparison conventions of Steel’s out-
line of inner model theory, and the projective definability analysis of Steel’s
work on projectively well-ordered inner models; see [12, 13]. In particular,
every proper initial segment of M1 is 1-small and ω-sound, and the order of
construction gives a canonical ∆1

3 well-order of the reals of M1.
A premouse M is 1-small above η if whenever E is an extender on the

M-sequence and η ă critpEq, the initial segment JM
critpEq

has no Woodin
cardinal above η. We say that M is 1-small if it is 1-small above 0.

We also recall the weak iterability notion used by Steel at the first odd
level. Let T be an ω-maximal putative iteration tree on M, let b be a
maximal branch through T , and let α be a countable ordinal. The branch b
is α-good if whenever N is either MT

b itself, or the α-th linear iterate of an
initial segment P ĲMT

b by one extender on the P-sequence and its images,
then either N is well-founded or α P wfppN q. A countable premouse M
is Π1

2-iterable if player II wins the corresponding one-round weak iteration
game: player I plays a countable putative ω-maximal tree together with a
countable ordinal α, and player II either accepts a last well-founded model or
plays a maximal α-good branch. Steel proves that this iterability condition
is Π1

2 in the codes. For 1-small mice it is the n “ 1 instance of the general
Πn-iterability analysis; see [13, Lemma 1.7].

We now fix the local notation for limit length trees.

Definition 2.1 (The common part of a limit tree). Let T be a k-maximal
iteration tree of limit length on a premouse M, where k ď ω.

1. We set
δpT q “ suptlhpET

ξ q | ξ ` 1 ă lhpT qu.

2. MpT q denotes the common part of the models along T below δpT q,
i.e. the unique passive premouse P of height δpT q such that, for every
extender ET

ξ used in T , P agrees with the corresponding model of the
tree below lhpET

ξ q.

We shall use the following form of Steel’s branch uniqueness theorem,
often called the zipper lemma.

Theorem 2.2 (Steel’s zipper lemma). Let T be a k-maximal iteration tree
of limit length on a premouse M, where k ď ω, and let b, c be distinct
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cofinal branches through T . Put δ “ δpT q. Suppose that A Ď δ and that
A, δ P wfppMT

b q X wfppMT
c q. Then one of the two branch models satisfies

Dκ ă δ pκ is A-strong up to δq.

Definition 2.3 (Q-structures). Let T be a k-maximal iteration tree of limit
length on a premouse M, where k ď ω, and let b be a cofinal well-founded
branch through T . The Q-structure Qpb, T q is the least initial segment of
MT

b , if it exists, which either sees that δpT q is not Woodin over the common
part MpT q, or projects strictly below δpT q at an allowed finite degree. More

explicitly, Qpb, T q “ JMT
b

γ for the least γ such that either

JMT
b

γ`1 |ù “δpT q is not Woodin2,

or, for some m ă ω allowed by the degree of the tree,

ρm`1pJ
MT

b
γ q ă δpT q.

If no such γ exists, then Qpb, T q is undefined.

The point of the preceding definition is that, in the 1-small context, a
Q-structure determines at most one good cofinal branch. If two distinct
branches had the same relevant well-founded Q-structure, the zipper lemma
would produce strength below δpT q, contradicting the initial segment which
witnesses that δpT q is not Woodin.

In the next few statements, an ordinary premouse means a premouse
in Steel’s usual premouse language, with no real parameter, predicate pa-
rameter, or base set added to the structure. This is only a terminological
convention distinguishing these premice from mice over a real or over another
base; no additional fine-structural notion is being introduced.

Lemma 2.4 (Comparison with a Π1
2-iterable mouse). Let M and N be

countable ordinary premice. Assume that both are ω-sound and project to ω,
that MŸM1, and that N is 1-small and Π1

2-iterable. Then the comparison
of M with N is successful. Consequently

M Ĳ N or N ĲM.

Proof. Run the usual coiteration by least disagreement, producing trees T on
M and U on N . The M-side is governed by the strategy inherited from M1.
The N -side is governed by the winning strategy witnessing Π1

2-iterability.
There is no new issue at successor stages. Consider a countable limit

stage and suppose first that both sides have reached the same comparison
height, so that δpT q “ δpUq. Let b be the branch selected on the M-side.
Since MŸM1 andM1 is 1-small below its Woodin, the branch model MT

b has
a Q-structure witnessing the relevant failure of Woodinness at this common
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δ. Write this Q-structure as LαpMpT qq, using the standard coding of the
common part.

Apply the Π1
2-iterability of N to the tree U with ordinal parameter α.

Player II supplies a maximal α-good branch c. Because the two sides of the
comparison agree below the common δ, the initial segment LαpMpT qq is
also the corresponding Q-structure for c on the N -side, provided the branch
model is well-founded past that structure. If there were a second sufficiently
good cofinal branch through U , then the zipper lemma, applied with a code
for the common Q-structure as parameter A, would produce strength below
δpUq. This contradicts the witness to the failure of Woodinness coded by
the Q-structure. Hence the good branch through U is unique, and it is fully
well-founded.

If one side has stopped using extenders, the same argument applies with
the last model on the stopped side replacing the common branch model. Its
relevant initial segment supplies the Q-structure which witnesses that the
remaining comparison height is not Woodin, and therefore determines the
unique well-founded branch on the other side.

It remains to rule out a comparison of length ω1. Suppose that such a
putative comparison existed. Force with the Lévy collapse Colpω, ω1q over
the ambient model. In the collapse extension, the putative tree becomes
countable, and Π1

2-iterability is preserved. Thus there is a branch supplied
by the Π1

2 strategy. By the uniqueness just proved, this branch is ordinal
definable from the ground-model data of the comparison. Homogeneity of the
collapse therefore puts the branch back in the ground model, contradicting
the assumption that the comparison had no branch at stage ω1.

Thus the comparison terminates below ω1. The terminal models are lin-
early ordered by initial segment. Since both premice are ω-sound and project
to ω, the usual no-drop argument for the shorter side pulls the conclusion
back to the original premice. Hence M Ĳ N or N ĲM.

Preservation convention for the outer models used below. We shall
use Lemma 2.4 only in the forcing extensions which occur in this paper. The
preservation fact needed there is the following: if M Ÿ M1 is countable
and belongs to one of these extensions, then M remains Π1

2-iterable there.
This is the realizability preservation supplied by Steel’s weak iteration-game
analysis for initial segments of M1, applied to the proper, ω1-preserving
forcing extensions used below. We do not claim that the set of all real codes
for Π1

2-iterable premice is absolute between arbitrary outer models with the
same ω1.

Lemma 2.5 (Definable cofinal system ofM1-initial segments). Let M1rGs be
an ω1-preserving forcing extension of M1 of the kind fixed in Paragraph 2.1.
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In M1rGs let

I “
␣

N | N is a countable ordinary premouse,
N is 1-small, N is ω-sound,

ρωpN q “ ω, and N is Π1
2-iterable

(

.

Then I is Π1
2-definable in the codes. Moreover every member of I is of the

form JM1
η for some η ă ω1, and

tη ă ω1 | JM1
η P Iu

is cofinal in ω1.

Proof. The clauses saying that a real codes a countable ordinary premouse,
that the premouse is 1-small, that it is ω-sound, and that ρω “ ω are arith-
metic, after fixing the usual coding of countable premice by reals. By Steel’s
analysis of the weak iteration games, Π1

2-iterability is a Π1
2 condition in the

code. Hence the displayed definition of I is Π1
2.

We next show that no nonstandard premouse enters I. Work in M1rGs
and let N P I. Since ω1 is preserved, N has countable height below the
true ωM1

1 . Choose η ă ω1 such that OrdN ă η and such that JM1
η is ω-

sound and projects to ω. The initial segment JM1
η is an ordinary premouse

and is realizable inside M1; hence it is Π1
2-iterable in the present extension

by Paragraph 2.1. Applying Lemma 2.4 to JM1
η and N , the alternative

JM1
η Ÿ N is impossible by the choice of η. Therefore N Ĳ JM1

η , so N is
itself an initial segment of M1.

Finally, the fine structure of M1 gives cofinally many η ă ω1 such that
JM1
η is ω-sound and projects to ω. These levels are ordinary premice, 1-

small, and realizable, hence Π1
2-iterable in the present extension by the same

preservation convention. Therefore they belong to I, proving cofinality.

Definition 2.6 (Recovering M1|ω1). In any ω1-preserving forcing extension
of M1 of the kind fixed in Paragraph 2.1, we write

N “M1|ω1

for the assertion that
N “

ď

tM |M P Iu,
where I is the class from Lemma 2.5. Equivalently, x P N iff x belongs to
some countable ordinary premouse which is 1-small, ω-sound, Π1

2-iterable,
and projects to ω.

Lemma 2.7 (The recovered initial segment). Let M1rGs be an ω1-preserving
forcing extension of M1 of the kind fixed in Paragraph 2.1. Then Defini-
tion 2.6 defines the true initial segment

M1|ω1 “ JM1
ω1

.

Moreover the definition is uniform in all such extensions.

8



Proof. By Lemma 2.5, every member of I is an initial segment JM1
η with

η ă ω1. Hence the union in Definition 2.6 is contained in M1|ω1. Conversely,
the same lemma gives cofinally many η ă ω1 with JM1

η P I. Their union
is JM1

ω1
. The same formula defining I is used in every such extension. We

do not assert that the same real codes belong to I in different extensions,
since new reals may code new countable putative iteration trees. Rather,
applying Lemma 2.5 inside the given extension identifies the union of the
premice satisfying that formula with the true JM1

ω1
.

Remark. The notation in Definition 2.6 is a convention for outer models
of M1 which preserve ω1. The same first-order-looking assertion, if evaluated
inside an arbitrary transitive model, need not imply that the object obtained
is the true M1|ω1. Later, whenever this definition is used inside countable
auxiliary models, the relevant countable premouse is also required externally
to belong to the class I.

We shall need a canonical diamond sequence which is available from
the same fine structure. The argument is Jensen’s proof of diamond in
L, with Steel’s condensation theorem for initial segments of M1 replacing
condensation for L.

Theorem 2.8 (Steel condensation, in the form used here). Let M ĲM1 be
an ω-sound initial segment and let

π : N̄ ÑM

be the inverse of the transitive collapse of a sufficiently elementary substruc-
ture of M. Suppose that the critical point of π is the relevant standard
projectum of N̄ . Then either

1. N̄ ĲM, or

2. N̄ is an initial segment of a degree-zero ultrapower of an initial seg-
ment of M by an extender on the M1-sequence whose length is that
projectum.

In the hulls used in the diamond argument below, the second alternative is
impossible. Hence the transitive collapse is an initial segment of M1.

Proof. This is the standard condensation theorem for the SteelM1-construction;
see [12, Theorem 5.1]. We only spell out why the ultrapower alternative does
not occur in the present application. The hulls below are chosen so that their
collapse has projectum equal to its internal ω1. If the second alternative held,
there would be an extender on the M1-sequence indexed exactly at this inter-
nal ω1. The lower part below that index is the collapse of the corresponding
lower part of the hull and sees the index as the successor cut reached by
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the construction. An extender indexed there would make the index inac-
cessible in the relevant extender model. This contradicts the fact that the
collapsed lower part computes it as its ω1. Therefore only the initial-segment
alternative remains.

Lemma 2.9 (A canonical M1-diamond sequence). There is a sequence

D⃗ “ xDα | α ă ω1y PM1

with Dα Ď α for all α ă ω1 such that

M1 |ù “D⃗ is a ♢ω1-sequence2.

Moreover D⃗ is uniformly definable over M1|ω1 from the canonical order of
construction of M1.

Proof. Work in M1. Use the canonical well-order ăM1 of the construction
to define D⃗ recursively. At a limit ordinal α ă ω1, suppose xDβ | β ă αy
has been defined. If there is a pair pA,Cq such that A Ď α, C Ď α is club in
α, and

@β P C pDβ ‰ AX βq,

then let pAα, Cαq be the ăM1-least such pair and set Dα “ Aα. If there is
no such pair, set Dα “ H. At successor stages we may again set Dα “ H.

The recursion is carried out over M1|ω1. Indeed, all objects considered
at stage α are subsets of the countable ordinal α in M1, and the order used
to choose the least pair is the restriction of the canonical M1 construction
order. Hence the resulting sequence is uniformly definable over M1|ω1.

It remains to verify that D⃗ is a diamond sequence. Suppose not. Let
pA,Cq be the ăM1-least counterexample, so A Ď ω1, C Ď ω1 is club, and

@α P C pDα ‰ AX αq.

Choose an ω-sound initial segment JM1
θ containing A, C, and the sequence

D⃗, and then take a countable elementary substructure

X ă JM1
θ

with A,C, D⃗ P X and with α “ X X ω1 P C. Let

π : X̄ Ñ X

be the inverse of the transitive collapse. By Theorem 2.8, X̄ is an initial
segment of M1. Consequently the recursive construction of D⃗ inside X̄ is
exactly the initial part

xDβ | β ă αy.
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Moreover the collapse sends A to AXα and C to CXα, and by elementarity
X̄ sees pAX α,C X αq as the ăM1-least witness that the previous sequence
is not diamond on α. Therefore the recursion at stage α gives

Dα “ AX α.

Since α P C, this contradicts the choice of pA,Cq. Thus no counterexample
exists, and D⃗ is a ♢ω1-sequence in M1.

We fix once and for all the ăM1-least sequence D⃗ satisfying Lemma 2.9.
In later sections this sequence will be used to define a canonical ω1-sequence
of independent Suslin trees over M1. The construction of those trees is
postponed until the point where the coding machinery needs them.

2.2 The canonical inner model with n-many Woodin cardi-
nals

We now record the higher-level analogue of Subsection 2.1. Throughout this
subsection 1 ď n ă ω is fixed, and Mn denotes the canonical minimal proper
class premouse with n Woodin cardinals, in the sense of Steel’s construc-
tion of tame mice with full background extenders. Thus M0 “ L, and for
n ą 0 the model Mn is obtained from the Steel background construction by
stopping at the first failure of n-smallness, or as the limit of the n-small con-
struction if no such failure occurs. We shall use only the following standard
consequences of Steel’s analysis.

First, if there are n Woodin cardinals, then Mn exists and satisfies that
there are n Woodin cardinals. Secondly, every proper initial segment of Mn

is n-small and ω-sound. Thirdly, the order of construction of Mn gives a
canonical construction well-order of the reals of Mn, and Steel’s projective
analysis shows that this well-order is ∆1

n`2 over the reals of Mn; see [13, 12].
The case n “ 1 is exactly the situation isolated in the previous subsection.

Definition 2.10 (n-smallness). Let M be a premouse and let η ă OrdM.
We say that M is n-small above η if whenever E is an extender on the
M-sequence and

η ă critpEq,

then the initial segment JM
critpEq

does not have n Woodin cardinals above η.
We say that M is n-small if it is n-small above 0.

We shall also use Steel’s finite-level iterability condition. The exact def-
inition depends on the parity of n. For even n, one uses the n-round weak
iteration game in which the branches played by player II are required to be
sufficiently definable over the trees played by player I. For odd n, one adds
the corresponding α-goodness requirement at the last round. In both cases
the definition is arranged so that realizable mice satisfy it, and so that it is
projectively simple in the codes.
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Definition 2.11 (Steel Πn-iterability). Let M be a countable premouse and
let η ă OrdM be a cutpoint. We say that M is Πn-iterable above η if player
II has a winning strategy in Steel’s game GpM, η, nq for Πn-iterability above
η. We say simply that M is Πn-iterable if it is Πn-iterable above 0.

For later reference we isolate the three consequences of the definition
which are used in this paper.

Fact 2.12 (Steel). For each fixed 1 ď n ă ω the following hold.

1. The relation

“x codes a countable premouse which is Πn-iterable2

is Π1
n`1 in the real code x.

2. If M is a countable initial segment of Mn, then M is Πn-iterable in
the Steel sense, in all outer models considered in this paper in which
the relevant realizability argument is preserved.

3. If M is countable, n-small and realizable, and N is countable, n-small
and Πn-iterable, then the Steel comparison of M and N is successful,
provided the two mice have the same lower part. In the applications
below the lower part is empty, so this is the η “ 0 case.

The next lemma is the direct analogue of Lemma 2.4. We state it sepa-
rately because it is the form in which it will be used later.

Lemma 2.13 (Comparison with a Πn-iterable mouse). Let M and N be
countable ordinary premice. Assume that both are ω-sound and project to ω,
that MŸMn, and that N is n-small and Πn-iterable. Then the comparison
of M with N is successful. Consequently

M Ĳ N or N ĲM.

Proof. This is the η “ 0 instance of Steel’s comparison theorem for n-small
Πn-iterable mice. Since M Ÿ Mn, the premouse M is realizable in the
background construction of Mn. Since N is n-small and Πn-iterable, the
N -side has exactly the amount of iterability required by Steel’s comparison
lemma. Because both premice are ordinary premice in the parameter-free
sense fixed above, the lower parts agree trivially.

The proof is the usual least-disagreement coiteration. The M-side uses
the realization strategy inherited from the construction of Mn, while the
N -side uses the Πn-iterability strategy. At limit stages, the good branch
is characterized by the corresponding Q-structure: for n “ 1 this is the
branch uniqueness argument described in Subsection 2.1, and for n ą 1 the
assertion is proved by induction on n, because the Q-structure appearing
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at a limit stage is pn ´ 1q-small and Πn´1-iterable above the new cutpoint.
If two distinct good branches were available, Steel’s zipper argument would
produce the forbidden strength below the comparison height, contradicting
n-smallness at the relevant level. Thus the comparison has well-founded
branches and reaches terminal models which are linearly ordered by initial
segment.

Finally, since both premice are ω-sound and project to ω, the standard
no-drop pullback argument gives the initial-segment relation already between
the original premice. Hence M Ĳ N or N ĲM.

Preservation convention for the outer models used below. As in the
M1 case, we shall only use the preceding comparison in forcing extensions
which occur in this paper. The preservation fact needed is the following
one: if M Ÿ Mn is countable and belongs to such an extension, then M
remains Πn-iterable there. This is the higher-level version of the realizability
preservation used in Paragraph 2.1. We do not claim that the class of all
real codes for Πn-iterable premice is absolute between arbitrary outer models
with the same ω1.

For the coding arguments we only need to recover the lower part Mn|ω1.
Thus we isolate the lower-part initial segments of Mn, rather than the larger
class of all n-small Πn-iterable mice. This distinction is harmless for n “ 1,
but it is important at higher odd levels, where one has to avoid the familiar
nonstandard Πn-iterable mice. The lower-part restriction below excludes
these objects from the definition used in the coding apparatus.

Definition 2.14 (Lower-part Mn-approximations). Let MnrGs be an ω1-
preserving forcing extension of Mn of the kind fixed in Paragraph 2.2. In
MnrGs let In be the class of all N such that

1. N is a countable passive ordinary premouse;

2. N is a lower-part premouse, i.e. N has no Woodin cardinal;

3. N is n-small, ω-sound, and ρωpN q “ ω;

4. N is Πn-iterable.

Lemma 2.15 (Definable cofinal system of Mn-initial segments). Let MnrGs
be an ω1-preserving forcing extension of Mn of the kind fixed above. Then
In is Π1

n`1-definable in the codes. Moreover every member of In is of the
form JMn

η for some η ă ω1, and

tη ă ω1 | JMn
η P Inu

is cofinal in ω1.

13



Proof. The clauses saying that a real codes a countable passive ordinary
premouse, that the premouse is lower-part, n-small, ω-sound, and satisfies
ρω “ ω, are arithmetic in the usual code for countable premice. By Fact 2.12,
the Πn-iterability clause is Π1

n`1. Therefore In is Π1
n`1 in the codes.

We next prove that no nonstandard lower-part premouse enters In. Work
in MnrGs and let N P In. Since ω1 is preserved, the height of N is below
the true ωMn

1 . Choose η ă ω1 such that OrdN ă η and such that JMn
η is

passive, lower-part, ω-sound, and projects to ω. The fine structure of Mn

gives cofinally many such η. The initial segment JMn
η is realizable inside

Mn, and hence is Πn-iterable in the present extension by the preservation
convention.

Apply Lemma 2.13 to JMn
η and N . The alternative JMn

η Ĳ N is impos-
sible by the choice of η, because OrdN ă η. Therefore

N Ĳ JMn
η ,

and hence N is itself an initial segment of Mn.
Conversely, let η ă ω1 be such that JMn

η is passive, lower-part, ω-sound,
and projects to ω. Then JMn

η is n-small and realizable in the Steel construc-
tion of Mn, and by the preservation convention it is Πn-iterable in MnrGs.
Thus JMn

η P In. Since such η are cofinal in ω1, the cofinality assertion
follows.

Definition 2.16 (Recovering Mn|ω1). In any ω1-preserving forcing exten-
sion of Mn of the kind fixed above, we write

N “Mn|ω1

if
N “

ď

In,
where In is the class from Definition 2.14, computed in that extension.

Lemma 2.17 (Correctness of the recovery). Let MnrGs be an ω1-preserving
forcing extension of Mn of the kind fixed above. Then Definition 2.16 defines
the true initial segment

Mn|ω1 “ JMn
ω1

.

Moreover the definition is uniform in all such extensions.

Proof. By Lemma 2.15, every member of In is an initial segment JMn
η with

η ă ω1. Hence the union in Definition 2.16 is contained in Mn|ω1. Con-
versely, the same lemma gives cofinally many η ă ω1 with JMn

η P In. The
union of these initial segments is JMn

ω1
.

The same formula defining In is used in every relevant extension. We
do not assert that the same real codes belong to In in different extensions,
since new reals may code new countable putative iteration trees. Rather,
applying Lemma 2.15 inside the given extension identifies the union of the
premice satisfying the formula with the true JMn

ω1
.
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Remark. The notation Mn|ω1 in Definition 2.16 is a convention for the
outer models of Mn used in this paper. It should not be read as saying that
an arbitrary transitive model which internally satisfies the same first-order-
looking definition has computed the true Mn|ω1. Later, whenever countable
auxiliary models are used, the relevant countable premouse is also required
externally to belong to In.

The condensation and diamond arguments from the previous subsection
lift without change once M1 is replaced by Mn.

Theorem 2.18 (Steel condensation for Mn, in the form used here). Let
M ĲMn be an ω-sound initial segment and let

π : N̄ ÑM

be the inverse of the transitive collapse of a sufficiently elementary substruc-
ture of M. Suppose that the critical point of π is the relevant standard
projectum of N̄ . Then either

1. N̄ ĲM, or

2. N̄ is an initial segment of a degree-zero ultrapower of an initial seg-
ment of M by an extender on the Mn-sequence whose length is that
projectum.

In the hulls used in the diamond argument below, the second alternative is
impossible. Hence the transitive collapse is an initial segment of Mn.

Proof. This is the condensation theorem for initial segments of the Steel Mn-
construction. The proof is the same fine-structural argument as in the M1

case, with n-smallness replacing 1-smallness. The only point needed below
is the exclusion of the ultrapower alternative. The hulls in the diamond ar-
gument are chosen so that the collapsed structure has projectum equal to its
internal ω1. If the ultrapower alternative occurred, an extender on the Mn-
sequence would be indexed at this internal ω1. The lower part below that
index computes the index as its first uncountable cardinal, while the pres-
ence of such an extender would make it inaccessible in the relevant extender
model. This contradiction leaves only the initial-segment alternative.

Fact 2.19 (Steel’s projective well-order ofMn). The construction order ăMn

restricted to the reals of Mn is a ∆1
n`2 well-order. Equivalently, for reals

x, y P Mn, the assertion that x is constructed before y in Mn is given by a
Σ1
n`2 formula and also by a Π1

n`2 formula.

We shall use this fact only as a source of canonical choices inside Mn. In
particular, using ăMn we fix once and for all the canonical almost disjoint
family

D “ xdξ | ξ ă ω1y PMn
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used for almost disjoint coding, and the canonical ♢ω1- sequence used in the
bookkeeping. No later argument uses the well-order to choose elements from
projective sections in the final model.

Lemma 2.20 (A canonical Mn-diamond sequence). There is a sequence

D⃗ n “ xDn
α | α ă ω1y PMn

with Dn
α Ď α for all α ă ω1 such that

Mn |ù “D⃗ n is a ♢ω1-sequence2.

Moreover D⃗ n is uniformly definable over Mn|ω1 from the canonical order of
construction of Mn.

Proof. Work in Mn. Use the canonical well-order ăMn of the construction
to define D⃗ n recursively. At a limit ordinal α ă ω1, suppose xDn

β | β ă αy
has already been defined. If there is a pair pA,Cq such that A Ď α, C Ď α
is club in α, and

@β P C pDn
β ‰ AX βq,

then let pAα, Cαq be the ăMn-least such pair and set Dn
α “ Aα. If there is

no such pair, set Dn
α “ H. At successor stages we again set Dn

α “ H.
The recursion is carried out over Mn|ω1, because at stage α all relevant

objects are subsets of the countable ordinal α in Mn, and the order used to
choose the least pair is the restriction of the canonical construction order of
Mn.

Suppose toward a contradiction that D⃗ n is not a diamond sequence in
Mn. Let pA,Cq be the ăMn-least counterexample, so A Ď ω1, C Ď ω1 is
club, and

@α P C pDn
α ‰ AX αq.

Choose an ω-sound initial segment JMn
θ containing A, C, and the sequence

D⃗ n, and take a countable elementary substructure

X ă JMn
θ

with A,C, D⃗ n P X and with α “ X X ω1 P C. Let

π : X̄ Ñ X

be the inverse of the transitive collapse. By Theorem 2.18, the collapse X̄ is
an initial segment of Mn. Therefore the recursive construction of D⃗ n inside
X̄ is exactly the initial part

xDn
β | β ă αy.
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The collapse sends A to AX α and C to C X α, and by elementarity X̄ sees
pA X α,C X αq as the ăMn-least witness that the previous sequence is not
diamond on α. Hence the recursion at stage α gives

Dn
α “ AX α.

This contradicts α P C. Therefore no counterexample exists, and D⃗ n is a
♢ω1-sequence in Mn.

We fix once and for all theăMn-least sequence D⃗ n satisfying Lemma 2.20.
In the higher-level version of the construction, this sequence plays exactly
the role played by the M1-diamond sequence in the detailed M1 case: it
gives the canonical lower-part bookkeeping from which the corresponding
sequence of independent Suslin trees and the localized coding apparatus are
built.

2.3 The trees Tn, weak homogeneity, and small generic ab-
soluteness

We next fix the tree representations of the projective pointclasses which will
be used in the regularity argument. The main application in this paper is
the case n “ 2: the Martin–Solovay tree T2 PM1 represents the universal Σ1

3

set. Since the higher-level notation is no harder, we record the construction
uniformly. Thus, for n ě 2, the tree Tn will be a canonical tree belonging to
Mn´1 whose projection is the universal Σ1

n`1 set of reals. In the final model
we shall use only the following consequence of its construction: membership
in prTns is absolute to the small generic extensions in which the relevant real
appears.

We recall the form of weak homogeneity used below. The notation fol-
lows Steel’s exposition of the Martin–Solovay theorem in terms of towers
of measures [14]. If Z is a set and κ is a cardinal, let measκpZq be the
set of κ-additive measures on Zăω. If µ P measκpZq, its dimension is the
unique m ă ω such that µ concentrates on Zm. If µ has dimension m, ν has
dimension k, and m ď k, we say that ν projects to µ if for every A Ď Zm,

A P µ ðñ tu P Zk | u æ m P Au P ν.

A tower xµi | i ă ωy is countably complete if, whenever Ai P µi for every i,
there is an f P Zω such that f æ dimpµiq P Ai for every i.

Definition 2.21 (Weakly homogeneous tree). Let T be a tree on ωˆZ. For
x P ωω write

Tx “ tu P Z
ăω | @k ă |u| ppx æ k, u æ kq P T qu.

We say that T is κ-weakly homogeneous if there is a countable set

MT Ď measκpZq

17



closed under projections such that, for every real x,

x P prT s

if and only if there is a countably complete tower xµi | i ă ωy from MT such
that each µi concentrates on the corresponding finite section of Tx. Equiva-
lently, T is weakly homogeneous in the sense of a weak homogeneity system
whose range is countable.

When defined from such a witnessing system, we call prT s a κ-weakly
homogeneously Suslin set.

Definition 2.22 (Absolute complements and universal Baireness). Let T be
a tree on ωˆZ and S a tree on ωˆZ 1. We say that T and S are κ-absolute
complements if, for every forcing extension by a partial order of size ă κ,

prT s “ ωωzprSs.

A set of reals is κ-universally Baire if it is the projection of a tree which has
a κ-absolute complement.

The connection between the preceding two notions is the Martin–Solovay
tree construction. If µ̄ is a weak homogeneity system for T and Θ is suffi-
ciently large, the Martin–Solovay tree

mspµ̄,Θq

searches for a coherent descending sequence of ordinal ranks through the
ultrapowers determined by the measures in µ̄. A branch through this Martin–
Solovay tree is precisely a continuous certificate that the corresponding tower
is ill-founded. The following is the form of the Martin–Solovay theorem used
in the rest of the paper [14, Theorem 2.20 and Corollary 2.21].

Theorem 2.23 (Martin–Solovay, Steel’s formulation). Let T be κ-weakly ho-
mogeneous via a weak homogeneity system µ̄, and let Θ ą |T |`. Then T and
mspµ̄,Θq are κ-absolute complements. In particular, prT s is κ-universally
Baire. Moreover, in every forcing extension by a partial order of size ă κ,
the measures in µ̄ lift to a weak homogeneity system witnessing the same
assertion for the same ground-model tree T .

Proof. This is the Martin–Solovay theorem for weakly homogeneous trees.
The key point is that a weak homogeneity system gives, for each real x, a
countable tree of possible measure towers. If one of these towers is count-
ably complete, then x P prT s. If no such tower is countably complete, the
associated ill-foundedness is witnessed uniformly by a descending sequence
of ordinal ranks; these ranks form a branch through mspµ̄,Θqx, provided Θ
is chosen above the size of the relevant tree.
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Small forcing preserves the measure towers in the required way: the mea-
sures extend canonically to the forcing extension, and functions in the exten-
sion are represented modulo the lifted measures by ground-model functions.
Consequently the same Martin–Solovay tree remains the complementing tree
in every ă κ-generic extension. This is exactly Steel’s proof of the weakly
homogeneous case of the Martin–Solovay theorem.

We shall use Theorem 2.23 only in a localized form. Let M be one of
the mice Mn´1 and let δ be its least Woodin cardinal. If T P M is κ-
weakly homogeneous in M for every κ ă δ, then for every forcing P P M
of M -cardinality ă δ, and every M -generic G Ď P, the same tree T and
its Martin–Solovay complement compute the same projective set in M rGs.
Equivalently, for reals x P M rGs, membership in prT s can be checked by
the ground-model tree T and is not changed by passing to further forcing
extensions of size below the relevant completeness bound.

Corollary 2.24 (Small generic absoluteness for a fixed weakly homogeneous
tree). Let M be a transitive model containing a κ-weakly homogeneous tree
T and a witnessing system µ̄. Let S “ mspµ̄,Θq for sufficiently large Θ. If
G is generic over M for a forcing of M -cardinality ă κ, then in M rGs,

prT s “ ωωzprSs.

In particular, if a projective formula φpxq is represented over M by the com-
plementing pair pT, Sq, then for every real x PM rGs,

M rGs |ù φpxq ðñ x P prT sMrGs.

Proof. The first assertion is Theorem 2.23. For the final assertion, the pro-
jective formula is represented in M by the pair pT, Sq, and the pair remains
an absolute complementing pair in M rGs. Thus exactly one of the trees has
a branch over the real x in M rGs, and this is the same truth value assigned
by the projective definition in the small generic extension.

Remark. Later forcing notions need not be regarded globally as small over
the relevant mouse. What is used is the local consequence: every real and
every name appearing in the coding construction is read in a bounded regu-
lar subforcing, and the relevant subforcing has size below the completeness
bound of the homogeneity system. The assertion above is therefore applied
in the intermediate model generated by that local support.

2.4 Defining the canonical trees Tn inside Mn´1

We now choose the particular trees to which the preceding subsection will
be applied. Fix n ě 2. Work in Mn´1, and let

δn0 ă δn1 ă ¨ ¨ ¨ ă δnn´2
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be the Woodin cardinals of Mn´1. We write simply δ0 for the least of them
when n is fixed.

Let Un`1 Ď ωω be the standard universal Σ1
n`1 set, with the first real

coordinate coding the index and the remaining coordinates coding the pa-
rameter and the argument. We fix this universal set once and for all us-
ing the usual Moschovakis parametrization conventions for projective point-
classes [9]. Thus every boldface Σ1

n`1 set is a section of Un`1.
The following theorem is the precise object needed later. It is a standard

consequence of the Martin–Steel analysis of projective scales, the Martin–
Solovay construction, and Steel’s tree-production argument for mice with
finitely many Woodin cardinals [8, 13, 14].

Theorem 2.25 (Canonical weakly homogeneous tree for Σ1
n`1). In Mn´1

there is a tree
Tn Ď pω ˆ λnq

ăω

for some ordinal λn of Mn´1 such that

prTns “ Un`1

inside Mn´1. Moreover, for every κ ă δ0, the tree Tn is κ-weakly homoge-
neous in Mn´1.

Proof. We recall the construction, since the parity shift is a common source
of confusion. One begins with the projective pointclass immediately below
Σ1

n`1. By the periodicity theorems and the Martin–Steel scale analysis, the
relevant universal set at that lower level has a scale whose associated tree is
homogeneous in Mn´1. This is the higher analogue of the familiar Martin–
Solovay representation of the complete Σ1

3 set by the tree T2 over M1.
If the lower-level universal set occurs with the correct polarity, the tree of

the scale already gives the required homogeneous representation. If the po-
larity is the complementary one, one applies the Martin–Solovay construction
to the homogeneity system. The Martin–Solovay tree represents the comple-
ment by searching for coherent descending ordinal ranks in the corresponding
ultrapowers. This is the step which accounts for the odd/even alternation
in the projective hierarchy.

Finally, the passage from the lower-level matrix to the universal Σ1
n`1 set

is an existential real projection. Homogeneous representations are stable un-
der this operation in the weak sense: the additional real witness is absorbed
into the weak choice of a countably complete tower. Equivalently, the pro-
jection of a homogeneously Suslin representation is weakly homogeneously
Suslin. Thus one obtains a tree Tn with prTns “ Un`1 and with κ-complete
weak homogeneity systems for every κ ă δ0.

All objects used in this construction are chosen inside Mn´1. The com-
pleteness of the systems below the least Woodin follows from the extender
strength available in Mn´1 and the standard Steel tree-production argu-
ment.
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For definiteness, we make the choice canonical.

Definition 2.26 (The canonical tree Tn). For n ě 2, Tn denotes the ăMn´1-
least tree T for which Mn´1 verifies the conclusion of Theorem 2.25. Along
with Tn we fix the ăMn´1-least coherent choice of weak homogeneity systems

µ̄nκ pκ ă δn0 q

which witness that Tn is κ-weakly homogeneous. We also fix, for sufficiently
large Θn, the Martin–Solovay complement

Sn “ mspµ̄nκ,Θnq

whenever a completeness bound κ has been specified. The value of Sn may
depend on the chosen bound κ, but this will never matter: in each application
we choose κ above the size of the relevant forcing.

Lemma 2.27 (Absoluteness of the canonical Tn representation). Let n ě 2,
let P P Mn´1 have Mn´1-cardinality ă κ ă δn0 , and let G Ď P be Mn´1-
generic. Then in Mn´1rGs the ground-model tree Tn and the corresponding
Martin–Solovay complement Sn are complements. Consequently, for every
real x PMn´1rGs,

Mn´1rGs |ù x P Un`1 ðñ x P prTns
Mn´1rGs.

The same equivalence remains true in all further forcing extensions of Mn´1rGs
by forcing notions of size below the remaining completeness bound.

Proof. By Definition 2.26, Tn is κ-weakly homogeneous in Mn´1 via µ̄nκ.
Theorem 2.23 gives a Martin–Solovay complement Sn such that Tn and Sn
are κ-absolute complements. Since |P|Mn´1 ă κ, the complementing relation
holds in Mn´1rGs.

The tree Tn represents the universal Σ1
n`1 set in the ground model, and

the complementing pair remains absolute in the extension. Therefore a real
x in the extension satisfies the projective universal formula exactly when the
Tn-section above x is ill-founded. The final sentence is the same argument
applied once more to the lifted homogeneity system.

Corollary 2.28 (The case used in the main construction). In M1 there is
a canonical tree T2 such that

prT2s “ U3,

where U3 is the universal Σ1
3 set. If δ is the Woodin cardinal of M1, then for

every κ ă δ, T2 is κ-weakly homogeneous. Hence the T2 representation of Σ1
3

truth is absolute to all forcing extensions of M1 obtained by forcing of size
ă κ, and locally to all later intermediate extensions whose relevant support
has size ă κ.
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Proof. This is Lemma 2.27 with n “ 2. The tree T2 is the Martin–Solovay
tree in the form used by Hjorth and Solovay [7, 3]: it represents the universal
Σ1

3 set and carries weak homogeneity systems below the Woodin cardinal of
M1.

Remark (how Tn will be used). The tree Tn is not an additional coding
device. Its role is to make the lower projective truth predicates robust in
small generic extensions. In the proof of Lebesgue measurability and the
Baire property, the only instance needed is T2: after a real parameter a
appears, the bookkeeping adds Random and Cohen stages over bases con-
taining LrT2, as, and amoeba stages over the same bases cover the null and
meager Borel sets coded there. The weak homogeneity and Martin–Solovay
complementing pair allow the Σ1

3 definition to be read correctly in those
generic extensions.

3 The M1-ground model and the Σ1
4 coding appara-

tus

We now describe the ground model used for the detailed M1-case and the
coding predicate. The target value of the continuum in the final extension
is ℵ2, and the later bookkeeping iteration will have length ω2. Since the
preliminary branch forcing is c.c.c., this is the same ω2 as in M1.

3.1 The branch extension W

Using the canonical ♢-sequence of M1|ω1, fix once and for all the canonical
M1-definable sequence

S⃗ “ xSξ | ξ ă ω1y

of independent Suslin trees. Thus for every finite set e Ď ω1, the product
ź

ξPe

Sξ

is again a Suslin tree. We identify each tree with a subset of ω1 by the
fixed M1-definable coding of countable normal trees. This convention is
used throughout the rest of the paper.

Let

Br “
fs
ź

ξăω1

Sξ

be the finite-support branch product, computed in M1. By independence of
S⃗, every finite subproduct is Suslin, and the usual ∆-system argument shows
that Br is c.c.c. If H Ď Br is M1-generic, write

bξ “
ď

tppξq : p P H, ξ P domppqu
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for the cofinal branch through Sξ added by the ξ-th coordinate. We set

W “M1rHs.

Thus W is just the extension obtained by adding a branch through every
tree in the fixed sequence S⃗. Since Br has size ω1 and is c.c.c., W preserves
cardinals and satisfies 2ℵ0 “ ℵ1. The later length-ω2 iteration will add ℵ2

many reals and will be responsible for the final value 2ℵ0 “ ℵ2.
The point of having all branches present in W is that a coding forcing

may use selected branches from H as parameters. The point of using the
finite-support product is that every real in a local subextension depends on
only countably many branch coordinates. This support feature will later
allow us to compare the information decoded from a real with the branch
coordinates which were actually used to produce that real.

3.2 Cohen coding areas

We fix the canonical M1-definable almost disjoint family of reals

D “ xdξ | ξ ă ω1y.

It will be used at the last step of the coding, when a subset of ω1 is almost-
disjointly coded into a real.

We also fix the ăM1-least bijection

ρ : păω12qM1 ÝÑ ω1

or, equivalently, the corresponding M1-definable bijection between countable
subsets of ω1 and ω1. Let CM1 be the M1-version of the σ-closed ω1-Cohen
forcing: conditions are countable binary sequences from M1, ordered by end-
extension. If g Ď ω1 is CM1-generic, then every proper initial segment g æ α
belongs to M1, and we define the coding area determined by g by

Cg “ tρpg æ αq | α ă ω1u Ď ω1.

We shall say that C Ď ω1 is an M1-Cohen coding area if C “ Cg for some
such g. The standard fusion argument for CM1 gives the two facts we need:
each initial segment of Cg is computed in the relevant M1-initial segment,
and coding areas coming from mutually generic M1-Cohen subsets of ω1 are
almost disjoint in that their intersection is countable.

Definition 3.1 (Selected branch coordinates). For C Ď ω1 and u P 2ω,
define

SelpC, uq “ tτupγ, nq | γ P C, n ă ωu,

where

τupγ, nq “

#

ω ¨ γ ` 2n, if n R u,
ω ¨ γ ` 2n` 1, if n P u.
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Thus SelpC, uq is the set of branch coordinates selected by the area C when
it writes the real u.

Lemma 3.2 (Countably many coding areas). Let I be countable. Let pCi :
i P Iq be M1-Cohen coding areas coming from mutually generic reservoir
coordinates, and let ui P 2ω for i P I. Let B P rω1s

ω, and put

U “ B Y
ď

iPI

SelpCi, uiq.

Then the following hold.

1. If C Ď ω1 has size ω1 and

@i P I pC X Ci is bounded in ω1q,

then there are ω1-many γ P C such that

tω ¨ γ ` k | k ă ωu X U “ H.

2. If i0 P I, C X Ci0 is unbounded in ω1, and w P 2ω satisfies w ‰ ui0,
then, for any n ă ω with wpnq ‰ ui0pnq, there are ω1-many γ P CXCi0

such that
τwpγ, nq R U.

Proof. For i ‰ j in I, the set CiXCj is bounded in ω1. Since I is countable,
there is θ0 ă ω1 such that

Ci X Cj Ď θ0 pi ‰ j in Iq.

Let
B˚ “ tγ ă ω1 | Dk ă ω pω ¨ γ ` k P Bqu.

Then B˚ is countable.
For (1), choose θ1 ă ω1 such that

C X Ci Ď θ1 pi P Iq.

Every γ P Czpθ1 YB˚q has the required property: it does not lie in any Ci,
and its ω-block does not meet B.

For (2), let n ă ω be such that wpnq ‰ ui0pnq. If

γ P pC X Ci0qzpθ0 YB
˚q,

then γ R Ci for all i ‰ i0, and the ω-block of γ does not meet B. At the area
Ci0 , the coordinate selected by ui0 at n is the other member of the pair

tω ¨ γ ` 2n, ω ¨ γ ` 2n` 1u.

Hence τwpγ, nq R SelpCi0 , ui0q, and it is not in any other SelpCi, uiq. Thus
τwpγ, nq R U . There are ω1-many such γ.
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3.3 Writing a real into the Suslin sequence

Let w P 2ω be a real in a generic extension of W . Suppose first that g is an
M1-Cohen subset of ω1 and put C “ Cg. For each γ P C we use the ω-block

xSω¨γ`k | k ă ωy

of the fixed sequence S⃗. The bit wpnq is represented by choosing the branch
through exactly one of the two trees

Sω¨γ`2n, Sω¨γ`2n`1.

Equivalently, in the notation fixed above, the selected coordinate is τwpγ, nq.
The branch used at the coordinate pγ, nq is bτwpγ,nq, already present in W .
Thus any inner model which can correctly compute the trees S⃗ and which
contains, for all γ P C and n ă ω, the selected branches

xbτwpγ,nq | γ P C, n ă ωy

can read the characteristic function of w from the pattern

n P w ðñ Sω¨γ`2n`1 has an ω1-branch,
n R w ðñ Sω¨γ`2n has an ω1-branch,

for every γ P C.
To turn this branch pattern into a projective predicate, we do not code

the branch data directly as a bare subset of ω1. Instead we first package
the relevant information into a transitive ℵ1-sized model and then code that
model. Let

Bg,w “ xbτwpγ,nq | γ P Cg, n ă ωy

be the indexed sequence of selected branches, coded as a set of triples
pγ, n, bτwpγ,nqq. Thus the domain of this sequence already determines Cg,
but we shall keep Cg as an explicit object for readability.

Choose a transitive model

N “ Ng,w

of size ℵ1 such that

1. N |ù ZFC´ ` “ℵ1 exists2 and ωN
1 “ ω1;

2. m8 “ JM1
ω1

belongs to N ;

3. Cg and Bg,w belong to N ;

4. using m8, the model N computes the fixed sequence S⃗, the map ρ, and
the almost disjoint family D, and it sees the branch pattern determined
by Bg,w as coding the real w.
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Here w is not used as a distinguished piece of the code. It is recovered from
the selected branch pattern, while m8 supplies the definition of the Suslin
sequence from which the pattern is read.

Fix a canonical code
XN “ Xg,w Ď ω1

for the structure pN , P,m8, Cg,Bg,wq. Concretely, choose the ăM1-least enu-
meration of N of length ω1 whose first distinguished entries are m8, Cg,
and Bg,w, and let XN code the resulting well-founded extensional relation
together with these distinguished constants. Any model which decodes XN
therefore recovers the transitive collapse N and the three named objects.

We now apply David’s reshaping trick to XN . Choose an ordinal λ of
size ℵ1 such that

LλrXN s |ù ZFC´ ` “ℵ1 exists2.

Inside LλrXN s, take a continuous increasing sequence

xMξ | ξ ă ω1y

of countable elementary submodels, and put

cξ “Mξ X ω1, C “ tcξ | ξ ă ω1u.

The reshaped set Y “ Yg,w Ď ω1 codes XN on the odd ordinals and codes
the club C on the even ordinals. More explicitly, the odd part of Y is a
fixed copy of XN , while the even part codes the increasing enumeration of
C by the usual interval pattern: before c0 it codes a well-order of type c0,
between cξ and cξ`1 it codes a well-order of type cξ`1, and it is empty on
the remaining intervals.

Consequently, if M is a countable transitive model of ZFC´`“ℵ1 exists2

and Y X ωM
1 P M , then M recognizes that ωM

1 P C. Inside its version of
LrY X ωM

1 s, it recovers XN X ωM
1 and hence a local transitive model N̄ of

size ℵM
1 . This local model contains the corresponding initial segment m of

M1, the local coding area, and the local selected branch sequence. Since m
defines the local version of S⃗, the model N̄ can read the same branch pattern
and verify the local statement that the pattern codes w.

Finally, over the model containing Y , force with the Jensen–Solovay al-
most disjoint coding forcing

ADpY q

relative to the fixed M1-definable family D. If rY is the generic real, then

α P Y ðñ rY X dα is finite

for every α ă ω1, and this equivalence remains absolute to all outer models
with the same interpretation of the initial segment of D.

26



For a real w we denote by

Codepwq

the two-step forcing which first adds an M1-Cohen subset g of ω1 and then
almost-disjointly codes the reshaped set Yg,w into a real:

Codepwq “ CM1 ˚
9ADp 9Y 9g,wq.

When w is a name over an initial segment of the later iteration, the same
formula is read as the corresponding name for this two-step forcing.

Later, once hybrid presentations have been introduced, we use the same
notation Codep 9uq for the hybrid coding operation associated with this two-
step forcing. Thus the CM1-factor is inserted as a fresh reservoir product
coordinate, while the almost-disjoint forcing 9ADp 9Y 9g, 9uq is inserted as the cor-
responding real-adding coordinate. In other words, Codep 9uq denotes an
ordinary two-step forcing in the local description above, but denotes this
product/iteration insertion when it occurs inside a hybrid presentation.

3.4 The predicates LocalCode, Ψ, and Φ

We isolate the projective content of the preceding construction. The notation

M |ù LocalCodepY,w,mq

will be used for the following first-order assertion over a transitive modelM of
ZFC´`“ℵ1 exists2, with m PM as a displayed parameter. The set Y Ď ωM

1

is a reshaped David code: its odd part decodes a set XN Ď ωM
1 , its even

part supplies the reshaping club, and XN codes a well-founded extensional
structure whose transitive collapse is a model

N̄

of size ℵM
1 such that

• N̄ |ù ZFC´ ` “ℵ1 exists2;

• N̄ contains the distinguished initial segment m P I with ωm
1 “ ωM

1 ;

• using m, the model N̄ computes the local versions of S⃗, ρ, and the
almost disjoint family D;

• N̄ contains an M1-Cohen coding area C computed from m, i.e. a set
of the form

C “ tρmpg æ αq | α ă ωm
1 u

for the M1-Cohen subset g Ď ωm
1 decoded in N̄ , and it contains an

indexed sequence of selected branches

B “ xcγ,n | γ P C, n ă ωy;
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• the branch sequence verifies, in N̄ , the pattern coding w:

n P w ðñ N̄ |ù “Sm
ω¨γ`2n`1 has an ωm

1 -branch2,

n R w ðñ N̄ |ù “Sm
ω¨γ`2n has an ωm

1 -branch2

for every γ P C and every n ă ω.

Here Sm
ξ denotes the ξ-th tree of the sequence computed from m. Thus Y

does not merely list branches; it codes a local universe in which the relevant
M1-initial segment defines the Suslin sequence, and the selected branches
then determine the real w.

Let Dm “ xdmα | α ă ωm
1 y denote the canonical almost disjoint family as

computed in m. We define Ψpr, wq by the following formula:

Ψpr, wq ðñ @M @m
´

M is a countable transitive model of ZFC´ ` “ℵ1 exists2

^ r, w,m PM

^ m P I
^ ωm

1 “ ωM
1

ùñ DY PM
”

Y Ď ωM
1

^ @α ă ωM
1 pα P Y ðñ r X dmα is finiteq

^ M |ù LocalCodepY,w,mq
ı¯

.

Thus Ψpr, wq says that every relevant countable transitive model which has
the correctM1-initial segment at its ω1 decodes from r, using the local almost
disjoint family, a reshaped code for a local transitive model whose branch
sequence codes w.

The assertion Ψpr, wq is a Π1
3 statement. The only non-arithmetic ingre-

dient is the recognition of the correct M1-initial segments, which is Π1
2 via

the class I; the remaining decoding and branch-pattern checks are absolute
first-order checks inside the countable transitive model. Therefore

Φpwq ðñ DrΨpr, wq

is a Σ1
4 predicate. We read Φpwq as “w is coded into the fixed Suslin sequence

S⃗”.

Lemma 3.3 (The inner model decoded by a Φ-witness). Assume that r
witnesses Φpwq, that is, assume that Ψpr, wq holds. Put

m8 “
ď

I “ JM1
ω1

.

Then the inner model Lrr,m8s contains the real w and contains the objects
decoded from r: a reshaped set Yr Ď ω1, a model code XN ,r Ď ω1, the
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transitive model Nr decoded from it, an M1-Cohen coding area Cr, and the
selected branch sequence through the trees of the fixed sequence S⃗. Moreover
Lrr,m8s sees the branch pattern coding w; more explicitly, in Lrr,m8s the
decoded objects satisfy

@γ P Cr @n ă ω n P w ðñ Sω¨γ`2n`1 has an ω1-branch,
@γ P Cr @n ă ω n R w ðñ Sω¨γ`2n has an ω1-branch.

Thus a witness r for Φpwq does not merely certify the projective statement
externally; together with JM1

ω1
it generates an actual inner model in which

the w-pattern is present.

Proof. All decoding procedures used below are the fixed canonical ones. In
particular, once r and an initial segment m P I are given, the almost-disjoint
decoding below ωm

1 is unique.
First Lrr,m8s can form the almost-disjoint decoding of r with respect

to the canonical family computed from m8:

Yr “ tα ă ω1 | r X d
m8
α is finiteu.

This set belongs to Lrr,m8s and is uniquely determined by r and m8.
We claim that the David decoding of Yr in Lrr,m8s succeeds and pro-

duces the asserted model code and branch data. Suppose not. Then some
finite part of the canonical decoding fails: either the reshaping test fails,
or the odd part does not decode a well-founded extensional structure of
the required kind, or the resulting collapse does not contain the required
distinguished objects, or one of the branch-pattern clauses fails. Choose a
sufficiently large regular Θ and take, in the ambient universe, a countable
elementary submodel

X ă HΘ

containing r, w, m8, and a witness to this failure. Let

π : X ÝÑ M̄

be the transitive collapse, and put m “ πpm8q. By the recovery and con-
densation facts for the cofinal system I, the model m is a member of I
and

ωm
1 “ ωM̄

1 .

Moreover M̄ is a countable transitive model of ZFC´ ` “ℵ1 exists2, and
r, w,m P M̄ .

Inside M̄ , the almost-disjoint decoding of r with respect to Dm is exactly

Yr X ω
M̄
1 .
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Indeed, for every α ă ωM̄
1 , the real dmα is the corresponding initial member

of the canonical almost disjoint family computed from m8, and hence

α P Yr X ω
M̄
1 ðñ r X dmα is finite.

The reshaping and odd/even decoding are first-order procedures over the
relevant transitive model, so the failure chosen above reflects to M̄ . Thus

M̄ ­|ù LocalCodepYr X ω
M̄
1 , w,mq.

But Ψpr, wq applies to the countable transitive model M̄ and the initial
segment m. It therefore yields some Y P M̄ such that

@α ă ωM̄
1

`

α P Y ðñ r X dmα is finite
˘

and
M̄ |ù LocalCodepY,w,mq.

By uniqueness of the almost-disjoint decoding, Y “ YrXω
M̄
1 , a contradiction.

Hence the global decoding in Lrr,m8s succeeds. Let XN ,r be the model
code decoded from the odd part of Yr, let Nr be the transitive collapse of
the structure coded by XN ,r, and let Cr and the selected branch sequence
be the distinguished objects decoded inside Nr.

It remains to see that the real read from this branch pattern is the original
real w. Since the global decoding has succeeded, Lrr,m8s defines a real w˚

by reading the decoded branches: for n ă ω, put n P w˚ iff, equivalently for
every γ P Cr, the decoded branch sequence witnesses that

Sω¨γ`2n`1 has an ω1-branch.

The local-code clauses ensure that this definition is independent of the choice
of γ P Cr.

Suppose toward a contradiction that w˚ ‰ w, and choose n ă ω such
that w˚pnq ‰ wpnq. Again take a sufficiently large countable elementary sub-
model X ă HΘ in the ambient universe containing r, w,m8, n and enough
of the decoded global data to witness the value of w˚pnq, and collapse it to
M̄ , with m “ πpm8q. As above, M̄ is a relevant countable transitive model,
m P I, ωm

1 “ ωM̄
1 , and the almost-disjoint decoding of r in M̄ is YrXωM̄

1 . By
elementarity and the absoluteness of the decoding procedure, M̄ reads the
n-th bit of the local branch pattern as w˚pnq. On the other hand, Ψpr, wq
says that the same uniquely decoded set satisfies

M̄ |ù LocalCodepYr X ω
M̄
1 , w,mq,

so M̄ reads the n-th bit of that same branch pattern as wpnq. This contra-
dicts w˚pnq ‰ wpnq.

Therefore w˚ “ w. Since w˚ is definable in Lrr,m8s from the decoded
objects, we have w P Lrr,m8s. The decoded objects also belong to Lrr,m8s

by construction, and the displayed branch-pattern equivalences hold there.
This proves the lemma.

30



3.5 Localized presentations of names

We now fix the presentation convention which will be used throughout the
construction. Recall that the first forcing over M1 is the finite-support
branch product

Br “
fs
ź

ξăω1

Sξ,

which adds a cofinal branch through every tree in the fixed independent
sequence S⃗. If H Ď Br is M1-generic, we write

W “M1rHs.

All later forcing is described over this branch extension. A local hybrid
presentation over W will be denoted by R, and its initial presentation up to
stage β by Rβ . Once the presentation is fixed, Pβ denotes the post-branch
forcing over W associated with Rβ . If R “ Rδ is a completed presentation,
then P “ Pδ denotes its terminal post-branch forcing.

The corresponding full forcing overM1, including the initial branch block,
is written

Br ˙hyb Rβ.

Here Br ˙hyb Rβ means: first force with Br, form W “ M1rHs, and then
force over W with the post-branch forcing Pβ associated with Rβ . The
symbol ˙hyb is only notation for this composition with a post-branch hybrid
presentation; it is not an ordinary iteration symbol. Equivalently, if H Ď Br
is generic, then the quotient of Br˙hybRβ over H is canonically isomorphic
to Pβ .

We also fix the convention for the forcings which deal with Lebesgue
measure and the Baire property; we call them the regularity forcings. If W 1

is a transitive inner model of the current ambient universe, with the relevant
ω1 and enough set theory to compute Borel codes, measure, category, and
the corresponding forcing notions, then

BW 1

rand

denotes the Random algebra as computed in W 1. Its conditions are the
positive Borel sets coded in W 1, modulo null equivalence as computed in
W 1. We also write

AW 1

N and AW 1

M

for the standard amoeba forcing for the null ideal, respectively for the meager
ideal, as computed in W 1. Thus AW 1

N adds a Borel null set covering every
Borel null set coded in W 1, and AW 1

M adds a Borel meager set covering every
Borel meager set coded inW 1. We use fixed Borel-code presentations of these
amoeba forcings in which they are σ-linked. In particular, these forcings
preserve Suslin trees from the ground model.
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The only bases used for regularity stages are finite-real-parameter bases
of the form

LrT2, a0, . . . , ak´1s.

Here T2 P M1 is the fixed Martin–Solovay tree from Subsection 2.4, and
the reals a0, . . . , ak´1 are read from the current generic extension. When a
regularity forcing computed in such a base is used inside a larger ambient
extension, it is not recomputed in the larger universe. The conditions and
the order are the ones computed in the displayed base.

The post-branch forcing is a hybrid of a product and an iteration. We
now give its official syntactic form. A resolved hybrid bookkeeping of length
β is a sequence

F “ xF pηq | η ă βy

whose η-th value is decoded over the already constructed initial forcing as
one of the following tags:

1, Coh, Codep 9uηq,

or one of the relative regularity tags

pRand; 9aη0, . . . , 9aηkη´1q, pAmN ; 9aη0, . . . , 9aηkη´1q, pAmM; 9aη0, . . . , 9aηkη´1q.

Here kη ă ω, 9uη is a name for a real over the current initial forcing, and each
9aηi is a name for a real over the current initial forcing. The word “resolved”
is important: this bookkeeping tells the hybrid presentation what forcing
to use next. The later allowability recursions may start from higher-level
bookkeeping data, such as a well-order pair or a uniformization tuple, but
before a hybrid stage is formed that data is resolved into one of the tags
listed above.

Given such an F , we recursively build a post-branch hybrid presentation

xRη | η ď βy

together with its associated post-branch forcings xPη | η ď βy. We put
P0 “ 1. At a successor stage η ` 1, after Pη has been constructed, we first
add a fresh reservoir coordinate Cη, a copy of the M1-computed ω1-Cohen
forcing. Thus the preliminary forcing at this stage is

pPη`1 “ Pη ˆ Cη,

where 9gη denotes the Cη-generic. The second-step forcing 9Qη over pPη`1 is
determined by the decoded tag F pηq:

1. If the tag is 1, then 9Qη is the trivial forcing.

2. If the tag is Coh, then 9Qη is ordinary Cohen forcing.
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3. If the tag is Codep 9uηq, then

9Qη “ 9ADp 9Y 9gη , 9uηq.

This is the Jensen–Solovay almost-disjoint coding forcing which codes
the reshaped set determined by the fresh reservoir generic and the real
named by 9uη.

4. If the tag is pRand; 9aη0, . . . , 9aηkη´1q, put

9Wη “ LrT2, 9aη0, . . . , 9aηkη´1s,

with all real names lifted to pPη`1. The second-step forcing is

9Qη “ 9B
9Wη

rand,

the Random algebra computed in the displayed base.

5. If the tag is pAmN ; 9aη0, . . . , 9aηkη´1q, respectively pAmM; 9aη0, . . . , 9aηkη´1q,
put

9Wη “ LrT2, 9aη0, . . . , 9aηkη´1s,

again with all real names lifted to pPη`1. The second-step forcing is the
measure-amoeba, respectively category-amoeba, forcing computed in
9Wη.

Finally we set
Pη`1 “ pPη`1 ˚ 9Qη.

At limit stages we take the mixed-support limit: countable support on the
reservoir product coordinates and finite support on the c.c.c. second-step
coordinates. Thus every successor stage carries a fresh reservoir coordinate,
but Φ reads such a coordinate only when the second step is an almost-disjoint
coding forcing. We call the resulting object a local hybrid presentation over
W .

We shall compare names by means of canonical localized presentations.
Since W “M1rHs, we use the fixed M1-coding of W -objects by Br-names.
Whenever an object of W is used as a parameter, it is represented by its
ăM1-least Br-name. Thus the collection of codes for the names and supports
below is ordered by the canonical M1-construction order.

Definition 3.4 (Admissible supports and canonical lifts). Let Rβ be a local
hybrid presentation over W , with resolved bookkeeping F , and let A Ď β. We
define, by induction on η ď β, the following objects simultaneously:

1. the assertion that AX η is admissible for Rη;

2. the restricted hybrid presentation RAXη and its forcing PAXη;
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3. the canonical complete embedding

iηA : PAXη ÝÑ Pη;

4. the canonical lift of names along this embedding.

At η “ 0, the restricted presentation is trivial and the embedding is the
identity.

At a limit λ ď β, A X λ is admissible if A X η is admissible for every
η ă λ and the restricted presentations are coherent. In that case RAXλ is
the mixed-support limit of the earlier restricted presentations, and iλA is the
coordinatewise direct limit of the embeddings iηA, η ă λ.

Suppose now that η ă β and that AX η has already been declared admis-
sible. If η R A, then the restricted presentation skips the η-th stage:

PAXpη`1q “ PAXη.

The embedding iη`1
A extends iηA by placing the trivial condition at the fresh

reservoir coordinate Cη and at the second-step coordinate 9Qη.
If η P A, then the η-th stage must be readable over the earlier restricted

forcing. We first keep the fresh reservoir coordinate and form

pPA,η`1 “ PAXη ˆ Cη,

with the embedding induced by iηA ˆ idCη . The second-step forcing is then
defined according to the resolved tag F pηq:

1. For the tags 1 and Coh, the restricted stage uses the same trivial,
respectively ordinary Cohen, second-step forcing.

2. If F pηq “ Codep 9uηq, then there must be a PAXη-name 9uAη such that

Pη , 9uη “ p 9uAη q
Òη.

If no such name exists, then A X pη ` 1q is not admissible. If such a
name exists, we use the ăM1-least one and put

9QA
η “

9ADp 9Y 9gη , 9uA
η
q

over pPA,η`1.

3. If F pηq is a relative regularity tag

pRand; 9aη0, . . . , 9aηkη´1q, pAmN ; 9aη0, . . . , 9aηkη´1q, or pAmM; 9aη0, . . . , 9aηkη´1q,

then for every i ă kη there must be a PAXη-name 9aη,Ai such that

Pη , 9aηi “ p 9aη,Ai qÒη.
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If one of these names does not exist, then AXpη`1q is not admissible.
If they exist, use the ăM1-least such tuple and let

9WA
η “ LrT2, 9aη,A0 , . . . , 9aη,Akη´1s.

The restricted stage uses the same kind of regularity forcing computed
in 9WA

η : Random, measure-amoeba, or category-amoeba according to
the tag.

If the relevant requirement is satisfied, then

PAXpη`1q “
pPA,η`1 ˚ 9QA

η ,

and the embedding iη`1
A is the natural two-step extension of iηA.

Once iηA has been defined, the canonical lift of a PAXη-name σ to a Pη-
name is the recursive name translation

σÒη “ tpτÒη, iηAppqq | pτ, pq P σu.

When η “ β and AX β “ A is admissible, we simply write PA, iβA, and σÒβ.

Thus, if Gβ Ď Pβ is generic and GA “ pi
β
Aq

´1rGβs, then GA is PA-generic
and

pσÒβqGβ “ σGA

for every PA-name σ. The embedding iβA identifies PA with a complete
subforcing of Pβ . In what follows we suppress the embedding and regard PA

as this complete subforcing.
If τ⃗ is a finite tuple of Pβ-names for reals or natural numbers, then an

admissible support A Ď β is admissible for τ⃗ if every member of τ⃗ is the
canonical lift of a PA-name. There may be many admissible supports for τ⃗ ,
and there need not be a unique inclusion-minimal one. We therefore set

supplocpτ⃗ ,Pβq :“ the ăM1 -least admissible support for τ⃗ .

The notation
Psupplocpτ⃗ ,Pβq

always means the complete subforcing determined by this least admissible
support. The definition of supploc has no size clause. Countable localization
is proved later for the presentations which come from the allowable recursion.

Definition 3.5 (Localized presentation). Let 9x be a Pβ-name for a real. A
localized presentation of 9x is a pair pA, σq such that A Ď β is an admissible
support, σ is a PA-name for a real, and

1Pβ
, 9x “ σÒβ.

We order localized presentations by the canonical ăM1-order of their codes.
The canonical localized presentation of 9x is the ăM1-least localized presen-
tation of 9x.
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If Gβ Ď Pβ is generic and pAi, σiq is the canonical localized presentation
of 9zi, then

zi “ 9z
Gβ

i “ σ
GAi
i ,

where GAi is the induced PAi-generic filter. For two names 9z0, 9z1 we write

9z0 Ÿloc 9z1

if the canonical localized presentation of 9z0 is ăM1-below the canonical lo-
calized presentation of 9z1. This is the comparison used by the well-order
coding stages below.

Definition 3.6 (Regularity-stage supports and branch footprints). Let Rβ

be a local hybrid presentation over W “ M1rHs, and let η ă β be a relative
regularity stage. Suppose that the resolved tag at η is one of

pRand; 9aη0, . . . , 9aηkη´1q, pAmN ; 9aη0, . . . , 9aηkη´1q, pAmM; 9aη0, . . . , 9aηkη´1q.

The base used at this stage is, by definition,

9Wη “ LrT2, 9aη0, . . . , 9aηkη´1s,

with the evident meaning LrT2s when kη “ 0. The regularity forcing at the
stage is the Random algebra, measure-amoeba forcing, or category-amoeba
forcing computed in this displayed base, according to the tag.

A support witness for the regularity stage is a tuple

pArb, x 9arbi | i ă kηy, B
0
rb,

9Brbq

such that:

1. Arb Ď η is a countable admissible support, and each 9arbi is a PArb
-name

for a real;

2. for every i ă kη,
Pη , 9aηi “ p 9arbi q

Òη;

3. every object of W “M1rHs occurring in the codes of the names 9arbi is
represented by its ăM1-least Br-name, and the union of the supports
of these Br-names is contained in the countable set B0

rb Ď ω1.

Let
9Wrb “ LrT2, 9arb0 , . . . , 9arbkη´1s

be the base read on the support Arb. Thus the canonical lift of 9Wrb to stage
η is forced to be the stage base 9Wη.

Using the notation from Definition 3.1, let EpArbq be the set of explicit
coding coordinates in Arb. If ν P EpArbq, let 9Cν be the PArb

-name for the
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coding area of the reservoir generic at ν, and let 9uν be the PArb
-name coded

at ν. The branch footprint of the witness is the PArb
-name

9Brb “ B̌0
rb Y

ď

νPEpArbq

Selp 9Cν , 9uνq.

Thus 9Brb is generated by countably many coding areas and a countable set of
branch coordinates. It may have size ω1.

Among all support witnesses for the stage, choose the ăM1-least one. We
call the associated quadruple

pAreg
η , 9W reg

η , B0,reg
η , 9Breg

η q

the canonical support witness for the regularity stage, where
9W reg
η “ LrT2, 9areg0 , . . . , 9aregkη´1s

is the base read on the least support witness. The regularity forcing is always
computed in the relevant LrT2, a⃗s-base. It is not recomputed after passing to
a larger ambient extension.

Remark 3.7 (Regularity bases and omission). Definition 3.6 records the
support and branch-footprint data which keep the regularity stages usable in
omitting models. If a stage used Random or amoeba forcing computed over
the whole branch extension W “M1rHs, then the stage would not in general
be interpretable over

M1rH æ pω1ztξuqs.

In the definition above the base is instead generated from finitely many real
parameters on a countable admissible support:

LrT2, a0, . . . , ak´1s.

The tree T2 is fixed ground-model data and contributes no branch-product
coordinate. The branch-product coordinates relevant to the base are precisely
those used by the W -parameters occurring in the names for the reals ai,
together with the coordinates generated by explicit coding stages in the ad-
missible support on which those names are read. This is recorded by the name
9Breg
η .

The branch footprint of such a base is not required to be countable; it is
generated by countably many coding areas and countably many ground branch
coordinates. Its complement has size ω1: above one bound, each block meets
at most one generating coding area, and from each pair tω¨γ`2n, ω¨γ`2n`1u
at most one coordinate is selected. This is the support form used in the branch
omission and no-unwanted-code arguments.

Thus, for a real parameter a with a countable local presentation, LrT2, as
is a base of the allowed form, and similarly for any finite tuple of real param-
eters read on a countable admissible support. The bookkeeping inserts relative
Random, relative measure-amoeba, and relative category-amoeba stages over
such bases cofinally often.
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3.6 Allowable and α-allowable local coding iterations

We now formulate the forcing recursion using the localized-presentation con-
vention. Fix, once and for all, a universal lightface sequence

xAm | m ă ωy

of Π1
4 subsets of p2ωq2 in the M1-case. Real parameters are handled later

by the standard pairing argument, i.e. by applying the lightface list to
relations in the paired variable pa, xq. In the higher Mn-case this sequence
is replaced by the corresponding universal lightface sequence of Π1

n`3 sets.
A bookkeeping function is an element of M1. Its values are M1-descriptions
which are decoded relative to the current associated post-branch forcing Pβ .
We suppress the decoding map and write, for example,

F pβq “ pRand; 9a0, . . . , 9ak´1q, F pβq “ 9w, F pβq “ p 9z0, 9z1q, F pβq “ p 9x, 9z, 9mq,

when the decoded value has the corresponding form. The regularity tags
may also be

pAmN ; 9a0, . . . , 9ak´1q or pAmM; 9a0, . . . , 9ak´1q.

Here the 9ai’s are Pβ-names for reals, and the base associated with the tag is,
by definition,

LrT2, 9a0, . . . , 9ak´1s.

Such a regularity tag is used only when it has a canonical admissibility
witness in the sense of Definition 3.6; equivalently, the finitely many real
parameters generating the base are read on a countable admissible support.
In the last case, 9m is a name for a natural number coding the relevant set
Am, 9x is the section parameter, and 9z is the bookkeeping guess for a possible
value in the x-section. The name 9z is disposable: at successor allowability
stages it is used only when it is not selected as the protected tentative value.

The successor stages use the same hybrid product/iteration form as
above. At every successor stage one first adds a fresh, independent copy of
the M1-Cohen coding-area forcing. The bookkeeping value then determines
the second-step forcing over the product with this fresh reservoir coordinate.
If the stage explicitly codes a real 9u, this second step is the Jensen–Solovay
almost-disjoint coding determined by 9u. Over the current intermediate model
the coding quotient is canonically isomorphic to the two-step forcing

CM1 ˚
9ADp 9Y 9g, 9uq,

but in the global hybrid presentation the first factor is inserted as an actual
product factor:

pcurrent forcingˆ Cβq ˚
9ADp 9Y 9gβ , 9uq.
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Here Cβ is the fresh reservoir coordinate for the stage and 9gβ is its canonical
generic. At relative Random, relative amoeba, ordinary Cohen, and trivial
stages the same reservoir coordinate is still present, but no almost-disjoint
code is written from it. The coding areas obtained from distinct reservoir
coordinates are mutually almost disjoint by the standard fusion argument
for CM1 .

Definition 3.8 (0-allowable local hybrid presentations). Let F P M1 be a
bookkeeping function of length δ ď ω2. A sequence

R “ xRβ | β ď δy

over W is a 0-allowable local hybrid presentation relative to F if it is ob-
tained by the following recursion.

First, R0 is the trivial post-branch presentation. Thus the associated
quotient forcing over W is

P0 “ 1,

whereas the corresponding full forcing over M1 is simply Br. At limit stages,
Rη is the mixed-support limit of the preceding hybrid construction, and Pη

is the associated post-branch forcing. Suppose that Rβ has been constructed,
and write Pβ for its associated post-branch forcing. Choose a fresh reservoir
coordinate Cβ, let 9gβ be its canonical generic, and put

pPβ`1 “ Pβ ˆ Cβ.

The second-step forcing 9Qβ over pPβ`1 is determined by the decoded value of
F pβq.

1. If F pβq is one of the relative regularity tags

pRand; 9aβ0 , . . . , 9aβkβ´1q, pAmN ; 9aβ0 , . . . , 9aβkβ´1q, pAmM; 9aβ0 , . . . , 9aβkβ´1q,

and this stage has a canonical admissibility witness in the sense of
Definition 3.6, let

pAreg
β , 9W reg

β , B0,reg
β , 9Breg

β q

be that witness. Thus, for the ăM1-least tuple of PAreg
β

-names for reals

x 9aβ,regi | i ă kβy reading the displayed real names, we have

9W reg
β “ LrT2, 9aβ,reg0 , . . . , 9aβ,regkβ´1s.

Let 9W reg,`
β be the canonical pPβ`1-name obtained by lifting this base,

equivalently the name for

LrT2, p 9aβ,reg0 qÒ, . . . , p 9aβ,regkβ´1q
Òs
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over the stage pPβ`1. The second-step forcing 9Qβ is the member of the
following list corresponding to the tag:

9B
9W reg,`
β

rand , 9A
9W reg,`
β

N , 9A
9W reg,`
β

M .

Thus the relative Random or amoeba forcing is computed in the lifted
base LrT2, p 9aβ,regi qÒ : i ă kβs. It is not recomputed in the larger ambient
extension. The local support Areg

β and the footprint name 9Breg
β are

recorded as data of this stage. If the displayed regularity tag has no
admissibility witness, put 9Qβ “ 1.

2. If F pβq is an ordinary Cohen tag, then

9Qβ “
9Cω.

3. If F pβq “ 9w, where 9w is a Pβ-name for a real, let

9uβ “ 9w

and put
9Qβ “

9ADp 9Y 9gβ , 9uβ
q.

4. If
F pβq “ p 9x, 9z, 9mq,

where 9x, 9z are Pβ-names for reals and 9m is a Pβ-name for a natural
number, let

9uβ “ x 9x, 9z, 9my

and put
9Qβ “

9ADp 9Y 9gβ , 9uβ
q.

5. If
F pβq “ p 9z0, 9z1q,

where 9z0, 9z1 are Pβ-names for reals, let pAi, σiq be the canonical local-
ized presentation of 9zi, for i ă 2. If

pA0, σ0q ăM1 pA1, σ1q,

let
9uβ “ x 9z0, 9z1y

and put
9Qβ “

9ADp 9Y 9gβ , 9uβ
q.

If instead
pA1, σ1q ăM1 pA0, σ0q,
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let
9uβ “ x 9z1, 9z0y

and put
9Qβ “

9ADp 9Y 9gβ , 9uβ
q.

If the two canonical localized presentations are equal, put

9Qβ “ 1.

If none of the preceding cases applies, put

9Qβ “ 1.

Finally define
Pβ`1 “

pPβ`1 ˚
9Qβ.

In cases (3), (4), and the nontrivial subcases of (5), we say that stage β
explicitly codes the name 9uβ. A forcing admitting such a presentation is
called locally allowable, or 0-allowable.

Lemma 3.9. Let Rδ be a 0-allowable local hybrid presentation over W . Then
the following hold.

1. Normal form. Over the branch extension W , the post-branch quotient
forcing described by Rδ can be rearranged into an equivalent presenta-
tion of the form

Cres ˚ 9S.

Here Cres is the countable-support product of all fresh M1-Cohen reser-
voir coordinates introduced at successor stages of the hybrid presenta-
tion, including stages whose second-step forcing is Random, amoeba,
ordinary Cohen, or trivial. The forcing 9S is a finite-support itera-
tion of c.c.c. real-adding forcings: ordinary Cohen forcing, fixed rel-
ative Random algebras, fixed relative amoeba forcings over their as-
sociated LrT2, a⃗s-bases, Jensen–Solovay almost-disjoint coding forcings
computed from the relevant reservoir generics and localized names, and
trivial factors. Equivalently, the full forcing Br ˙hyb Rδ over M1 is
equivalent to

Br ˚ pCres ˚ 9Sq.

2. The post-branch quotient Pδ is proper and preserves ω1; equivalently,
the full forcing Br˙hybRδ preserves ω1 over M1. Moreover, if δ ď ω2,
then the corresponding forcing preserves ω2.

3. Coding areas are almost disjoint: if g and h are distinct M1-Cohen
subsets of ω1, then the corresponding coding areas Cg and Ch have
bounded, hence countable, intersection. In particular this holds for
the reservoir generics added at distinct successor stages of the hybrid
presentation.
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4. Non-interference of coding blocks. A coding block attached to a
reservoir coordinate is read only from that reservoir area and from the
corresponding almost-disjoint coding real. Later stages use fresh reser-
voir coordinates. Hence later forcing cannot alter the decoding of an
earlier block, and a decoded area which agrees with the reservoir area of
an earlier explicit coding stage yields the real intentionally written at
that stage. Reservoir coordinates whose second-step forcing is Random,
amoeba, ordinary Cohen, or trivial write no almost-disjoint code and
therefore create no coding block.

5. If a stage explicitly codes a name 9uβ and uβ “ p 9uβq
Gβ , then in the next

intermediate extension there is a real rβ such that Ψprβ, uβq holds. In
particular Φpuβq holds at that stage. This instance of Φpuβq persists
to all later locally allowable extensions which preserve ω1 and use fresh
reservoir coordinates.

Proof. For (1), observe that the first component of every successor stage
is a fresh copy of the M1-computed ω1-Cohen reservoir forcing. These co-
ordinates are independent of one another and are ordered with countable
support. They may therefore be moved to a single product part Cres. The
second-step forcing at a stage is then read over the product extension. If
the stage is a relative regularity stage, the forcing remains the fixed forcing
computed in the lifted admissible base; it is not recomputed in the larger
universe. If the stage is an explicit coding stage, the almost-disjoint forcing
is computed from the lifted localized name and from the corresponding reser-
voir generic. Ordinary Cohen and trivial stages are unaffected. Canonical
lifting of localized presentations preserves the well-order comparison clauses.
This gives the stated normal form, and the forcing over M1 is obtained by
placing the initial branch product Br in front.

For (2), use the normal form from (1). The branch product Br is c.c.c.
and has size ℵ1. The reservoir part Cres is the M1-computed countable-
support product of copies of CM1 . We use its closure before the branch
product is performed: over M1 this reservoir block is σ-closed, hence it pre-
serves ω1 and preserves the finite-product Suslinity of the fixed sequence S⃗.
Thus, in the reservoir extension, Br is still c.c.c. After the branch product,
the real-adding part 9S is a finite-support iteration of c.c.c. forcings: ordinary
Cohen forcing, fixed relative Random algebras, fixed relative amoeba forcings
over admissible bases, Jensen–Solovay almost-disjoint coding forcings, and
trivial factors. Hence 9S is c.c.c. and therefore proper. This commuted pre-
sentation proves preservation for the full forcing over M1, and therefore for
the post-branch quotient over W . Notice that we do not use the post-branch
reservoir quotient as a literally σ-closed forcing over W .

If δ ď ω2, the same normal form gives preservation of ω2. Since M1

satisfies GCH and Br has size ℵ1, the branch extension W satisfies CH
and pω2q

ω “ ω2. The usual ∆-system argument therefore shows that the
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countable-support product of at most ω2 many ℵ1-sized reservoir coordi-
nates has the ℵ2-chain condition. In the reservoir extension, every real-
adding iterand in 9S has size at most ℵ1: this is clear for ordinary Cohen
forcing, Jensen–Solovay almost-disjoint coding, and trivial forcing, and for
relative relative regularity forcing it follows because admissible bases have
only ℵ1-many relevant Borel codes. A second ∆-system argument therefore
shows that the finite-support real-adding iteration has the ℵ2-chain condi-
tion. Thus ω2 is preserved.

Clause (3) follows from the definition of the coding areas. If g ‰ h, let
ξ ă ω1 be the first coordinate at which they differ. Then no proper initial
segment of g of length above ξ can equal a proper initial segment of h of
length above ξ. Since ρ is one-to-one, Cg X Ch is contained in the codes of
the initial segments of length at most ξ, and is therefore bounded in ω1.

For (4), the decoding predicate is local to a single reservoir area and to
the almost-disjoint real added for the reshaped set associated with that area.
Distinct reservoir areas are almost disjoint by (3), and all later stages use
fresh reservoir coordinates. Thus later coding blocks may add new codes,
but they do not change the old almost-disjoint pattern and cannot make
a disjoint block decode the same old object. If a purported decoding uses
the same reservoir area as an earlier explicit coding stage, then the David
decoding on that area is the one produced at that stage, so it yields the
intentionally coded real. If the reservoir area belongs to a non-coding stage,
there is no corresponding almost-disjoint coding real and hence no coding
block to decode.

For (5), after gβ is added, the set Ygβ ,uβ
is exactly the David reshaping

of the model code associated with uβ , and the real rβ added by ADpYgβ ,uβ
q

almost-disjointly decodes this Y over every relevant countable model. Hence
Ψprβ, uβq holds by the definition of Ψ. The persistence follows because later
locally allowable stages preserve ω1, use fresh reservoir coordinates, and do
not change the already added real rβ or the initial segment of the almost-
disjoint family used in the decoding.

We next fix the branch-footprint notation used in the omission argu-
ments. This notation is not part of the definition of admissibility.

Let A Ď δ be a countable admissible support, let σ⃗ be a finite tuple
of PA-names for reals, and let Gδ Ď Pδ be generic. The names in σ⃗, the
bookkeeping entries used on A, and the names appearing in the stages of RA

may use parameters from W “M1rHs. Each such parameter is represented
by its ăM1-least Br-name. Let

B0pA, σ⃗q Ď ω1

be the union of the supports of these Br-names. If η P A is a relative
Random, measure-amoeba, or category-amoeba stage, and

pAreg
η , 9W reg

η , B0,reg
η , 9Breg

η q
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is the canonical admissibility witness for its base, then we also put B0,reg
η

into B0pA, σ⃗q. Thus B0pA, σ⃗q is countable.
Let RpAq be the set of relative Random and relative amoeba stages in

A, and let EpAq be the set of explicit coding stages in A. If η P RpAq, set

Breg,G
η “ p 9Breg

η q
G

A
reg
η .

If η P EpAq, let CG
η be the coding area determined by the reservoir generic

at η, and let uGη be the real coded at η. Define

UpA, σ⃗,Gδq “ B0pA, σ⃗q Y
ď

ηPRpAq

Breg,G
η

Y
ď

ηPEpAq

SelpCG
η , u

G
η q.

Thus UpA, σ⃗,Gδq, informally the branch footprint of A and σ⃗ in the generic
extension, records the branch coordinates used by the restricted presentation
and the displayed names. It is generated by countably many coding areas
and a countable set of branch-product coordinates. It may have size ω1. At
a coding stage only the selected coordinates SelpCG

η , u
G
η q are included; the

other member of tω ¨γ`2n, ω ¨γ`2n`1u is not included unless it is selected
by another coding stage or belongs to a regularity-base footprint.

Lemma 3.10 (Countable localization and branch footprints). Let Rδ be a
0-allowable local hybrid presentation over W , and let Pδ be its associated
post-branch forcing. If τ⃗ is a finite tuple of Pδ-names for reals or natural
numbers, then there are a countable admissible support A Ď δ and a tuple σ⃗
of PA-names such that

Pδ , τ⃗ “ σ⃗Òδ.

Consequently, if Gδ Ď Pδ is generic and x PW rGδs X 2ω, then

x PW rGAs

for some countable admissible A Ď δ, where GA “ Gδ X PA.
Moreover, for every such A, every finite tuple σ⃗, and every Gδ, the branch

footprint has the form

UpA, σ⃗,Gδq “ B Y
ď

jPJ

SelpCj , ujq,

where J is countable, B P rω1s
ω, each Cj is a reservoir coding area occur-

ring in the local presentation, and each uj P 2ω. Thus the conclusions of
Lemma 3.2 apply to UpA, σ⃗,Gδq.

44



Proof. We prove the localization statement by induction on δ. We use the
normal form from Lemma 3.9, but in the commuted full presentation over
M1. Thus the full forcing is equivalent to

Cres ˚ pBr ˚ 9Sq,

where Cres is the M1-computed countable-support product of the reservoir
coordinates, and, in the Cres-extension, Br ˚ 9S is a finite-support c.c.c. it-
eration of the branch product together with the real-adding second-step co-
ordinates. The reservoir block is used here before the branch product. It is
σ-closed overM1, and hence adds no reals, and no countable sequences ofM1-
ordinals. We do not use the post-branch reservoir quotient over W “M1rHs
as a closed forcing.

Replace τ⃗ by equivalent names in this commuted presentation. In the
Cres-extension, take nice names for these reals and natural numbers with
respect to the c.c.c. forcing Br ˚ 9S. Thus, for each bit of each real name,
and for each natural-number name, there is a countable maximal antichain
deciding the relevant value. Each condition in such an antichain has finite
branch support and finite support in the real-adding second-step coordinates.
Since Cres adds no countable sequences of ground ordinals, the union of the
second-step supports appearing in all these antichains is represented by a
countable set of hybrid coordinates. Let this set be A0 Ď δ. The branch
coordinates which occur in the W -parameters of these names are recorded
separately in B0; they are not coordinates of the post-branch forcing.

We now close A0 under the dependencies needed to make the restricted
hybrid presentation meaningful. Given An, define An`1 as follows. If η P An

is a relative Random, measure-amoeba, or category-amoeba stage, let

pAreg
η , 9W reg

η , B0,reg
η , 9Breg

η q

be the canonical support witness for the regularity base at η. Thus

9W reg
η “ LrT2, 9aη0, . . . , 9aηkη´1s

for finitely many names for reals read on Areg
η . Put Areg

η Ď An`1. If η P An

is an explicit coding stage, apply the induction hypothesis below η to the
name which is coded at η, and add the resulting countable admissible support
to An`1. Ordinary Cohen and trivial stages require no additional support.
Finally let

A “
ď

năω

An.

Then A is countable.
By construction, every nontrivial stage kept in A has all earlier data

needed to interpret its tag: regularity stages have their finite real-parameter
base read on the included support, and coding stages have the coded real read
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on the included support. Hence A is admissible in the sense of Definition 3.4,
and the canonical embedding identifies PA with a complete subforcing of Pδ.
The nice names chosen above mention only stages in A, after replacing every
kept stage by its restricted version. Therefore they define a tuple σ⃗ of PA-
names such that

Pδ , τ⃗ “ σ⃗Òδ.

This proves the localization statement. The assertion for a real x P W rGδs

follows by applying the first part to a name for x.
It remains to record the footprint form. By definition, B0pA, σ⃗q is count-

able. Each explicit coding stage in A contributes one set SelpC, uq. If η P A
is a relative Random, measure-amoeba, or category-amoeba stage, then the
canonical support witness for its base contributes

B0,reg
η Y

ď

νPEpAreg
η q

SelpCν , uνq.

Here Areg
η is the countable support on which the finitely many real parame-

ters generating the displayed LrT2, a⃗s-base are read, and B0,reg
η is the count-

able branch-product support of the W -parameters occurring in those names.
Since A is countable, all selected coding-area contributions can be enumer-
ated as

pCj , ujqjPJ with J countable,

together with one countable set B Ď ω1. Hence

UpA, σ⃗,Gδq “ B Y
ď

jPJ

SelpCj , ujq.

Lemma 3.2 applies to every set of this form.

Lemma 3.11. Let Rδ be a 0-allowable local hybrid presentation over W , let
Gδ Ď Pδ be generic, and let A Ď δ be a countable admissible support. Let σ⃗
be a finite tuple of PA-names for reals. Suppose that ξ ă ω1 satisfies

ξ R UpA, σ⃗,Gδq.

Let H Ď Br be the branch-product generic used to form W , and set

Wξ “M1rH æ pω1ztξuqs.

Then RA is interpretable over Wξ. If GA “ Gδ X PA, then GA is generic
over Wξ, the interpretations of the names in σ⃗ belong to WξrGAs, and

WξrGAs |ù “Sξ is Suslin.2
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Proof. We argue by induction over the restricted presentation RA. Since
ξ R B0pA, σ⃗q, every ground-model parameter from W “ M1rHs used by σ⃗,
by the bookkeeping on A, or by a stage of RA, is represented by a ăM1-
least Br-name whose support omits ξ. Hence all such parameters are in Wξ.
Moreover the product on the branch coordinates different from ξ preserves
Sξ, by independence of S⃗.

Suppose first that η P A is a relative Random, measure-amoeba, or
category-amoeba stage. Let

pAreg
η , 9W reg

η , B0,reg
η , 9Breg

η q

be the admissibility witness for its base. Since A is admissible,

Areg
η Ď AX η.

Also
B0,reg

η Ď B0pA, σ⃗q and p 9Breg
η q

G
A
reg
η Ď UpA, σ⃗,Gδq.

Thus ξ is outside the branch footprint of the base. By Definition 3.6, this
witness is obtained from finitely many PAreg

η
-names for reals

9aη0, . . . , 9aηkη´1

and
9W reg
η “ LrT2, 9aη0, . . . , 9aηkη´1s.

The set B0,reg
η records the branch-product supports of the W -parameters

occurring in the codes of these real names, and p 9Breg
η q

G
A
reg
η records the branch

coordinates generated by the explicit coding stages in Areg
η . Since both are

contained in UpA, σ⃗,Gδq and ξ R UpA, σ⃗,Gδq, the finite tuple

x 9aηi | i ă kηy

is interpreted in WξrGAreg
η
s with the same value as in W rGAreg

η
s. Hence the

base interpreted in the ξ-omitting model is the same model

LrT2, a
η
0, . . . , a

η
kη´1s

as in the full extension; here T2 P M1 is fixed ground-model data. The
iterand at η is therefore the same relative Random, measure-amoeba, or
category-amoeba forcing computed in this base; it is not recomputed in
the ambient model. The relative Random algebra is Knaster, and the two
amoeba forcings used here are σ-linked. Hence the iterand preserves Sξ.

If η P A is an ordinary Cohen or trivial stage, the conclusion is imme-
diate. The reservoir coordinate at η is the fixed M1-Cohen forcing and is
independent of the branch coordinate ξ; in the normal form of Lemma 3.9 it
is placed before the branch product and preserves Sξ.
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It remains to consider an explicit coding stage η P A. Let 9uη be the
name coded at η, and let CG

η be the coding area of the reservoir generic. By
admissibility, 9uη is read on an earlier support contained in A. The branch
coordinates used by the David code at this stage are precisely

SelpCG
η , u

G
η q.

Since this set is contained in UpA, σ⃗,Gδq and ξ R UpA, σ⃗,Gδq, the branch bξ
is not used in forming Ygη ,uη . Hence the same reshaped set and the same
almost-disjoint coding forcing are computed over the ξ-omitting model. The
Jensen–Solovay almost-disjoint forcing is Knaster, and so preserves Sξ.

At limit stages the restricted presentation uses mixed support. The
support in A is countable on reservoir coordinates and finite on the c.c.c.
real-adding coordinates at each condition. The preceding successor analysis
therefore iterates along A. Thus RA is defined over Wξ, GA is generic over
Wξ, the tuple σ⃗GA belongs to WξrGAs, and no stage of the restricted forcing
adds a branch through Sξ. Hence Sξ remains Suslin in WξrGAs.

Lemma 3.12 (No unwanted Φ-codes). Let Rδ be a 0-allowable local hybrid
presentation over W , and let Gδ Ď Pδ be generic. Suppose that w PW rGδsX

2ω and
W rGδs |ù Φpwq.

Then there is an explicit coding stage β ă δ with coded name 9uβ such that

w “ p 9uβq
Gβ .

Equivalently, Random stages, amoeba stages, ordinary Cohen stages, trivial
stages, and coding stages for other reals do not create new instances of Φ.

Proof. Fix r PW rGδs such that Ψpr, wq. Put

m8 “ JM1
ω1

.

By Lemma 3.3, the model Lrr,m8s decodes a coding area Cr Ď ω1 and a
selected branch pattern. Thus |Cr| “ ω1, and for every γ P Cr and n ă ω, if

ξ “ τwpγ, nq,

then Lrr,m8s contains an ω1-branch through Sξ.
First suppose that r P W . Since W “ M1rHs is obtained by the finite-

support branch product, there is B P rω1s
ω such that r PM1rH æ Bs. Since

w P Lrr,m8s, also w PM1rH æ Bs. Choose γ P Cr such that

tω ¨ γ ` k | k ă ωu XB “ H.

Choose n ă ω, and set ξ “ τwpγ, nq. Then ξ R B. By independence of S⃗,
the tree Sξ is Suslin in M1rH æ Bs. But

Lrr,m8s ĎM1rH æ Bs
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contains an ω1-branch through Sξ, a contradiction. Hence r RW .
Choose a countable admissible support A Ď δ and a PA-name σ such

that
σGA “ r, GA “ Gδ X PA.

Enlarge A, if necessary, so that it contains the local supports needed for
this name. Let σ⃗ “ pσq. By the definition of the footprint, there are a
countable set J , a countable set B Ď ω1, coding areas pCj : j P Jq, and reals
puj : j P Jq, such that

UpA, σ⃗,Gδq “ B Y
ď

jPJ

SelpCj , ujq.

Each pair pCj , ujq comes from an explicit coding stage of Rδ. The set B
contains the branch-product supports of the W -parameters in the names
under consideration and the countable parts of the regularity-base witnesses.
The coding areas pCj : j P Jq are pairwise almost disjoint.

If there is j P J such that uj “ w, then w is the real explicitly coded at
the corresponding stage, and we are done. We therefore assume

@j P J uj ‰ w.

Let
J1 “ tj P J | Cr X Cj is unbounded in ω1u.

If J1 ‰ H, choose j0 P J1. Then uj0 ‰ w. Choose n ă ω with

uj0pnq ‰ wpnq.

By Lemma 3.2, applied to the countable family pCj : j P Jq, the set B, the
set Cr, and the index j0, there is γ P Cr X Cj0 such that

τwpγ, nq R UpA, σ⃗,Gδq.

Set ξ “ τwpγ, nq.
If J1 “ H, then every Cr X Cj , j P J , is bounded. By Lemma 3.2 there

is γ P Cr such that

tω ¨ γ ` k | k ă ωu X UpA, σ⃗,Gδq “ H.

Choose n ă ω, and set ξ “ τwpγ, nq.
In both cases

ξ R UpA, σ⃗,Gδq,

and Lrr,m8s contains an ω1-branch through Sξ. By Lemma 3.11, the re-
stricted extension WξrGAs contains r, and Sξ remains Suslin in WξrGAs.
Since m8 PM1 ĎWξrGAs, we have

Lrr,m8s ĎWξrGAs.

This contradicts the Suslinity of Sξ inWξrGAs. The contradiction shows that
the earlier case must occur: w is explicitly coded at some stage β ă δ.
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We now define the derivative hierarchy of allowable forcings. The point of
the hierarchy is to separate genuine candidates for a uniformizing value from
guesses which can be destroyed by further allowable forcing. A successor step
asks the following local question. Given the bookkeeping data px,Amq in the
current extension, is there already, in the local subextension determined by
the canonical support of these data, a real y such that px, yq is in the x-
section of Am and such that lower-rank allowable tails cannot force it out
of that section? If the answer is yes, y becomes a tentative value of the
least possible rank, and the construction codes some other real on the same
section. If the answer is no, the construction treats the bookkeeping value
as a guess and codes that guess. The hierarchy is defined by transfinite
recursion. Limit levels are pure intersections; successor levels are obtained
by the local test just described.

For ρ-allowability we work with pairs

pR, 9Iq PW,

where R is a mixed-support local hybrid presentation over W and 9I is a
name, over the terminal post-branch forcing associated with R, for a set of
quadruples px, y,m, ξq. After interpretation by a generic filter, I is the set
of tentative uniformizing values, and the ordinal ξ records the rank at which
the value was selected. The base level is

0-allowable “ locally allowable,

with 9I the canonical name for the empty set.

Definition 3.13 (Limit λ-allowability). Assume that λ is a nonzero limit
ordinal and that ζ-allowability has already been defined for every ζ ă λ. Let
AW

ζ denote the class of pairs pR, 9Iq PW which are ζ-allowable over W . We
define

AW
λ “

č

ζăλ

AW
ζ .

Thus pR, 9Iq is λ-allowable iff it is ζ-allowable for every ζ ă λ.

Definition 3.14 (Relative ρ-allowable extensions). Assume that ρ-allowability
has been defined. If pR, 9Iq and pS, 9Jq are pairs belonging to W , we write

pS, 9Jq Źρ pR, 9Iq

if S is obtained by appending to R a mixed-support local hybrid tail which
satisfies the same ρ-allowability clauses, starting with the auxiliary name 9I
instead of the empty name. Let P and P 1 be the terminal post-branch forcings
associated with R and S, respectively. If G Ď P is generic, then P 1{G is
called a ρ-allowable tail over the interpreted pair pR, 9IqG.
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Definition 3.15 (Successor ρ-allowability). Assume that ρ “ α`1 and that
ζ-allowability and relative ζ-allowability have been defined for every ζ ă ρ.
Let F PM1 be a bookkeeping function of length δ ď ω2. We say that pRδ, 9Iδq
is ρ-allowable relative to F if it is obtained by the following recursion in W .

At each stage β ď δ we construct a hybrid presentation Rβ and a Pβ-
name 9Iβ, where Pβ denotes the post-branch forcing associated with Rβ. We
start with W and with 9I0 the canonical name for the empty set. At a limit
stage η ď δ, Rη is the mixed-support limit of the preceding hybrid presenta-
tions, and 9Iη is the canonical Pη-name forced to be the union of the earlier
interpreted auxiliary names.

Suppose that β ă δ and that pRβ, 9Iβq has already been constructed. The
value F pβq is decoded relative to Pβ. If the decoded value is a relative Random
tag, a relative amoeba tag, a Cohen tag, a direct coding tag 9w, or a well-
order tag p 9z0, 9z1q, then the next stage is the hybrid operation prescribed in
Definition 3.8, and 9Iβ`1 is the canonical lift of 9Iβ.

It remains to describe the uniformization tag. Suppose that

F pβq “ p 9x, 9z, 9mq,

where 9x, 9z are Pβ-names for reals and 9m is a Pβ-name for a natural number.
Let

A “ supplocpp 9x, 9mq,Pβq.

A candidate value in the test below is a PA-name 9y0 for a real, lifted canon-
ically to a Pβ-name. We distinguish two alternatives.

(a) There are an ordinal ζ ă ρ and a PA-name 9y0 for a real such that

Pβ , p 9x, 9yÒβ
0 q P A 9m,

and no relative ζ-allowable extension in W can force this pair out of
the relevant section. More explicitly, for every relative ζ-allowable ex-
tension

pS, 9Jq Źζ pRβ, 9Iβq

in W , write PS for the terminal post-branch forcing associated with S.
If the displayed names are lifted to PS , then

Pβ , “there is no condition in PS{ 9Gβ which forces p 9xÒS , 9yÒS
0 q R A 9mÒS .”

If such witnesses exist, choose first the least possible ζ, and then choose
the ăM1-least localized presentation of a witnessing name 9y0.

In this case 9y0 is declared to be a tentative value of rank ζ. The next
forcing does not code this tentative value. Instead it codes another real
on the same section: if the bookkeeping guess 9z is forced to be different
from 9yÒβ

0 , use 9z; otherwise use the ăM1-least localized name 9z1 for a
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real forced to be different from 9yÒβ
0 . Denote the resulting name by 9u.

The next coding operation is

Codepx 9x, 9u, 9myq,

understood in the hybrid sense of Definition 3.8. The auxiliary name
is updated by letting 9Iβ`1 be the canonical Pβ`1-name forced to be

9I
9Gβ

β Y tp 9x
9Gβ , p 9yÒβ

0 q
9Gβ , 9m

9Gβ , ζ̌qu.

(b) If clause (a) fails, then the construction guesses. The bookkeeping guess
9z is used, unless the bookkeeping code does not provide a usable real
name, in which case we use the ăM1-least default real name. The next
coding operation is

Codepx 9x, 9z, 9myq,

again understood as the corresponding hybrid product/iteration step,
and no new tentative value is added:

9Iβ`1 “ 9Iβ

up to the canonical lift to the longer hybrid presentation.

If the decoded bookkeeping value is none of the recognized tags, the stage is
trivial and 9Iβ`1 is the canonical lift of 9Iβ. If there is a bookkeeping function
F PM1 such that pR, 9Iq is ρ-allowable relative to F , then we simply say that
pR, 9Iq is ρ-allowable.

Lemma 3.16 (Shrinking of allowability). Work in W . Let α ă β. Let
R be a hybrid presentation, and let P be its terminal post-branch forcing.
Suppose that R is β-allowable, say there is a P-name 9Iβ such that pR, 9Iβq
is β-allowable. Then there is a P-name 9Iα such that pR, 9Iαq is α-allowable.
In particular, the classes of underlying allowable hybrid presentations are
decreasing with the rank of allowability.

Proof. We prove the statement for the underlying hybrid presentation. The
auxiliary name is allowed to change, and in general it should change, because
the set of tentative values records the ranks at which values were selected.

If β is a limit ordinal, the assertion is immediate from Definition 3.13. If
α is a nonzero limit, it is enough to prove the assertion for all ξ ă α. Thus it
remains to consider the case in which β is a successor ordinal and α is either
0 or a successor ordinal.

Write β “ θ ` 1, and let F P M1 witness that pRδ, 9Iβδ q is β-allowable.
We construct a new M1-bookkeeping function Fα such that the α-allowable
recursion guided by Fα produces the same underlying hybrid presentation

xRη | η ď δy.
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At trivial, relative Random, relative amoeba, Cohen, direct coding, and well-
order coding stages we keep the same bookkeeping entry. These clauses are
independent of the rank of allowability.

At a uniformization stage, suppose first that the original construction
uses clause (b). Then no witness for clause (a) exists at any rank below β,
hence none exists at any rank below α. The α-construction therefore also
uses clause (b), coding the same real.

Suppose next that the original construction uses clause (a). Let ξ ă β be
the least rank witnessing clause (a), let 9y0 be the chosen local name, and let
9u be the name actually coded by the stage. If ξ ă α, then the same witness
is available in the α-allowable construction, and the same name 9u is coded.
If α ď ξ ă β, then by minimality of ξ there is no witness to clause (a) of
rank below α. In this case we alter the bookkeeping entry so that it decodes
to the uniformization tuple

p 9x, 9u, 9mq,

where 9u is the name actually coded by the original construction. If α “ 0,
this is a 0-allowable coding stage. If α is a successor, clause (a) fails below α,
so clause (b) prescribes the same coding operation. Thus the same underlying
forcing stage is reproduced.

This defines Fα recursively. The definition uses only M1-codes for the
original bookkeeping entries, the canonical localized presentations, the se-
lected names, and the relevant ordinals. Hence Fα PM1, and the α-allowable
construction guided by Fα produces the same underlying hybrid presenta-
tion.

Lemma 3.17 (Allowability of tails). Let pRδ, 9Iδq be ρ-allowable over W ,
witnessed by a bookkeeping function F PM1, and let

pRγ , 9Iγq, γ ď δ,

be the canonical initial hybrid presentations and auxiliary names produced by
this construction. If β ď γ ď δ, then

pRγ , 9Iγq Źρ pRβ, 9Iβq

as a relative ρ-allowable extension in W . Consequently, if Gβ Ď Pβ is generic
over W , then the quotient

Pγ{Gβ

is a ρ-allowable tail over W rGβs. If ξ ă ρ, then the same quotient also has
a W -presentation as a relative ξ-allowable tail. Finally, relative allowable
extensions are transitive.

Proof. Restrict the bookkeeping construction witnessing the ρ-allowability
of pRδ, 9Iδq to the interval rβ, γq. This restricted construction starts with the
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already built pair pRβ, 9Iβq and then appends exactly the same hybrid steps
which occur in the original construction between stages β and γ. At successor
stages, the decision is made from the current full hybrid forcing, the current
auxiliary name, the decoded bookkeeping entry, the localized presentations
of the names involved, and the forcing relation over that current hybrid
forcing. These are exactly the data available in the relative construction
starting from pRβ, 9Iβq. If the stage is a relative Random or amoeba stage,
its admissibility witness

pArb, 9Wrb, B
0
rb,

9Brbq

is carried with the stage: the tail uses the forcing computed in 9Wrb, and the
lifted footprint name records the branch coordinates generated by the local
support. At limit stages both constructions take the same mixed-support
hybrid limit and the same canonical union of the preceding auxiliary names.

The quotient assertion follows by interpreting the relative presentation
in W by a Pβ-generic filter. The assertion for lower ranks follows from
Lemma 3.16, applied to the relative tail. Transitivity is obtained by concate-
nating the two relative tail presentations, renaming reservoir coordinates to
fresh coordinates if necessary.

Lemma 3.18 (Products of allowable local hybrid presentations). Let ρ be
an ordinal. For i ă 2, suppose that

pRi, 9Iiq

is ρ-allowable over W , witnessed by a bookkeeping function Fi P M1. Let
H Ď Br be the fixed branch generic used to form W “ M1rHs. For i ă 2,
let P i be the terminal post-branch forcing over W represented by Ri. Then
the ordinary product P 0ˆP 1, computed over W , has a canonical ρ-allowable
local hybrid presentation.

More precisely, there are a local hybrid presentation Rb over W , an
auxiliary name 9Ib over its terminal post-branch forcing, and a bookkeeping
function Fb PM1, definable from F0 and F1, such that

pRb, 9Ibq

is ρ-allowable over W , witnessed by Fb, and its associated terminal post-
branch forcing is canonically forcing equivalent to P 0 ˆ P 1.

Proof. We argue by induction on ρ. Write

Ri “ xRi
β | β ď δiy pi ă 2q,

and let P i
β denote the post-branch forcing over W represented by Ri

β ; thus
P i “ P i

δi
. The product presentation Rb is obtained by first running R0, and
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then running a shifted copy of R1. Every name 9τ occurring in the second
block is replaced by its canonical lift 9τÒ to the corresponding product initial
segment, and all reservoir coordinates in the second block are renamed to
fresh coordinates. Let Pb

γ denote the post-branch forcing associated with
the initial product presentation Rb

γ . Thus, for every β ď δ1,

Pb
δ0`β – P 0 ˆ P 1

β .

The auxiliary names are defined by

9Ib
δ0`β “

9I0 Y p 9I1βq
Ò

with the evident interpretation at stages ď δ0. Limit stages use the same
mixed-support limits as the two original presentations.

For ρ “ 0, this concatenation witnesses 0-allowability. The ordinary
Cohen, direct coding, well-order coding, and trivial stages are lifted second-
block stages. If a shifted second-block stage is a relative regularity stage
with tag

pRand; 9a0, . . . , 9ak´1q, pAmN ; 9a0, . . . , 9ak´1q, or pAmM; 9a0, . . . , 9ak´1q,

then the product presentation uses the shifted tag obtained by lifting the
finitely many real names to the product initial segment. If the original stage
has canonical admissibility witness

pArb, 9Wrb, B
0
rb,

9Brbq,

where
9Wrb “ LrT2, 9b0, . . . , 9bk´1s

for the least tuple of names reading the displayed real parameters, then the
shifted stage has the lifted witness obtained from

Ab
rb, x9bÒ

i | i ă ky, B0
rb,

9BÒ

rb.

Here Ab
rb is the shifted copy of Arb in the second block, each 9bÒ

i is the canon-
ical lift of 9bi to the product initial segment, and 9BÒ

rb is the canonical lift of
the branch-footprint name. The lifted regularity base is therefore

LrT2, 9bÒ
0, . . . ,

9bÒ

k´1s

(with the evident meaning LrT2s if k “ 0). The Random or amoeba forcing
is computed in this lifted base, not in the larger product extension. Hence
the displayed product equivalence is preserved at the shifted regularity stage.

Now assume ρ “ α ` 1. By the successor uniformization clause we
mean the two alternatives (a) and (b) in Definition 3.15, evaluated at a
uniformization tag

pUF, 9x, 9z, 9mq.
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Thus clause (a) searches through ranks ζ ă ρ for a localized name 9y which is
forced into the relevant A 9m-section and cannot be forced out by any relative
ζ-allowable tail; clause (b) is used when no such witness exists.

Consider a shifted uniformization stage δ0 ` β, and let

pUF, 9x, 9z, 9mq

be the corresponding second-block bookkeeping value. For ζ ă ρ and a
localized P 1

β -name 9y, write
Kick1βpζ, 9yq

for the assertion that there are a relative ζ-allowable extension

pS, 9Jq Źζ pR1
β,

9I1βq

and, writing PS for the terminal post-branch forcing associated with S, a
quotient condition p P PS{ 9G1

β such that

p , p 9xÒS , 9yÒSq R A 9mÒS .

Define Kickb
β pζ, 9yÒq analogously over the product initial segment

pRb
δ0`β,

9Ib
δ0`βq.

Then
Kick1βpζ, 9yq ðñ Kickb

β pζ, 9yÒq.

The implication from left to right follows by taking the product of the fixed
first block with the displayed relative ζ-allowable tail and applying the in-
duction hypothesis. The implication from right to left follows by restricting
the witnessing product tail to the complete subpresentation generated by
the lifted second-block support of p 9x, 9y, 9mq, using Lemmas 3.17 and 3.16.

Similarly,

P 1
β , p 9x, 9yq P A 9m ðñ P 0 ˆ P 1

β , p 9xÒ, 9yÒq P A 9mÒ .

Hence the set of clause (a) witnesses in the product construction is exactly
the lift of the set of clause (a) witnesses in the second construction. Thus
clause (a) holds in the shifted product stage iff it holds in the original second-
block stage. When it holds, the least rank and the ăM1-least localized wit-
ness are the lifted ones. When it fails, clause (b) uses the lifted bookkeeping
guess 9zÒ. The auxiliary name is updated by

9I0 Y p 9I1β`1q
Ò.

This proves the successor step.
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Finally let λ be a nonzero limit ordinal. If both inputs are λ-allowable,
then by the induction hypothesis the product presentation is ζ-allowable for
every ζ ă λ. Since

AW
λ “

č

ζăλ

AW
ζ ,

the product presentation is λ-allowable. The bookkeeping witness at a limit
level is obtained by packaging the lower-level witnesses together with the
concatenation description. Thus Fb PM1 is definable from F0 and F1.

Lemma 3.19 (Tentative values remain in their sections). Let pR, 9Iq be α-
allowable over W with respect to an M1-bookkeeping function F , and let P
be the terminal post-branch forcing associated with R. Let G Ď P be generic
over W , and let IG “ 9IG. If

px, y,m, ξq P IG

for some ξ ă α, then
W rGs |ù px, yq P Am.

Moreover, for every relative ξ-allowable extension in W

pS, 9Jq Źξ pR, 9Iq,

the quotient over G forces preservation of this membership: if P 1 is the ter-
minal post-branch forcing associated with S, then

P 1{G , px, yq P Am.

Proof. Suppose that β is the stage at which the tuple px, y,m, ξq is added
to the auxiliary name. At that stage clause (a) of Definition 3.15 was used.
Let

9xβ, 9yβ, 9mβ

be the canonical names chosen there, and let ξβ “ ξ. Clause (a) gives

Pβ , p 9xβ, 9yβq P A 9mβ
,

and it also gives the preservation statement saying that no relative ξβ-
allowable tail over the stage-β initial segment can force the lifted pair out of
the relevant section.

By Lemma 3.17, the interval from stage β to the terminal forcing is a
relative ξβ-allowable tail. Therefore no condition in the terminal forcing can
force

p 9xβ, 9yβq R A 9mβ
.

The forcing theorem gives the membership in the final extension. If pS, 9JqŹξ

pR, 9Iq is any further relative ξ-allowable extension, then the concatenation
of the interval from β to the terminal forcing with this further extension is
again a relative ξ-allowable extension over stage β. The same preservation
statement therefore rules out any quotient condition forcing the pair out of
Am.
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Stabilization of the allowability hierarchy. We next pass from the
transfinite derivative hierarchy to its stabilized level. The following conven-
tion is used only to make the derivative classes into subsets of one fixed set.
It is unrelated to the projective coding predicate Φ.

Two pairs pR, 9Iq and pS, 9Jq, consisting of a local hybrid presentation
over W and its auxiliary name, are identified if their associated forcings
are canonically isomorphic over W , the isomorphism preserves the order of
stages and sends the auxiliary name 9I to 9J . This identification only removes
harmless choices such as the names of fresh reservoir coordinates. For each
equivalence class we take its ăM1-least representative and denote it by

repW pR, 9Iq.

Let CW be the set of all such representatives for pairs of the form used in
the definitions of ρ-allowability. For every ordinal ρ put

AW
ρ “ trepW pR, 9Iq | pR, 9Iq is ρ-allowable over W u Ď CW .

By Lemma 3.16, the sequence xAW
ρ | ρ P Ordy is decreasing, and at limit

stages it is defined by intersection. Since all terms are subsets of the single
set CW , the sequence stabilizes.

Definition 3.20 (The stabilized level and 8-allowability). Let α0 be the
least ordinal α such that

AW
β “ AW

α for every β ě α.

Set
α˚ “ α0 ` 1.

A pair pR, 9Iq, consisting of a local hybrid presentation over W and its aux-
iliary name, is called 8-allowable over W if

repW pR, 9Iq P AW
α0
.

Equivalently,
repW pR, 9Iq P AW

α˚ ,

since the hierarchy has stabilized at α0.

The passage from α0 to α˚ “ α0 ` 1 is only a technical convenience.
The class has already stabilized at α0, but α˚ is a successor ordinal, so the
successor clause of Definition 3.15 can be used literally. Thus, whenever an
8-allowable construction reaches a uniformization tag

pUF, 9x, 9z, 9mq
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after an initial segment pRβ, 9Iβq, it evaluates clause (a) of Definition 3.15
with ρ “ α˚. More explicitly, writing

A “ supplocpp 9x, 9mq,Pβq,

a candidate is a PA-name 9y for a real. In the displayed test below, PS denotes
the terminal post-branch forcing associated with the relative extension S.
The candidate is accepted at rank ζ ă α˚ iff

Pβ , p 9x, 9yÒβq P A 9m

and

@pS, 9Jq
`

pS, 9Jq Źζ pRβ, 9Iβq

ñ Pβ , “there is no p P PS{ 9Gβ such that
p , p 9xÒS , 9yÒSq R A 9mÒS ”

˘

.

If such candidates exist, the construction chooses the least possible ζ, and
then the ăM1-least localized presentation of such a name 9y in the sense
of Definition 3.5. If no candidate satisfies the displayed preservation test,
clause (b) of Definition 3.15 is used.

Countable local killing tails. We shall use the following consequence of
the local-support convention. Suppose that pR, 9Iq is a ρ-allowable pair over
W . Let P be the terminal post-branch forcing associated with R. Suppose
that 9x, 9y are P-names for reals, and that 9m is a P-name for a natural number.
If there is a relative ρ-allowable extension

pS, 9Jq Źρ pR, 9Iq

and a quotient condition p in the associated quotient which forces

p 9xÒS , 9yÒSq R A 9mÒS ,

then such a witness may be chosen so that S is obtained from R by ap-
pending a countable local hybrid tail. Indeed, write the complement of Am

as Dr θpr, x, y,mq, with θ a Π1
3 formula. Strengthen the quotient condition,

if necessary, and use the maximum principle to choose a quotient name 9r
such that the strengthened condition forces θp 9r, 9xÒS , 9yÒS , 9mÒSq. The condi-
tion and the names 9x, 9y, 9m, 9r are read on a countable admissible support
in the appended tail, after closing under the local supports appearing in
regularity-base witnesses and under the names coded at coding stages. The
regularity stages in this restricted tail keep their lifted footprint names and
still use the forcings computed in their witnessed bases. The induced com-
plete subpresentation is a countable local hybrid tail; by Lemmas 3.17 and
3.16, it is still relative ρ-allowable. Completeness preserves the displayed
forcing statement.
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For later reference we also isolate the intentional uses of the coding ma-
chinery. Let pR, 9Iq be a ρ-allowable pair over W , witnessed by a bookkeeping
function F . Let P be the terminal post-branch forcing associated with R,
and let G Ď P be generic. We write

IntΦpR, F,Gq

for the set of reals intentionally submitted to the coding machinery by the
presentation. Thus, if a direct coding stage uses a name 9w, the correspond-
ing element is 9wGβ . If a well-order stage uses a tag p 9z0, 9z1q, let pAi, σiq be
the ăM1-least localized presentation of 9zi, for i ă 2. If these presentations
are distinct, the stage contributes the well-order tag with the smaller presen-
tation placed first. If a uniformization stage is used, the stage contributes
the real

xUF, x, u,my

selected by clause (a) or clause (b) of Definition 3.15. With this notation,

w P IntΦpR, F,Gq ùñ Φpwq.

Conversely, Lemma 3.12 applies to the underlying locally allowable coding
presentation: in an allowable extension, every new instance of Φpwq is pro-
duced at an intentional coding stage, except for instances already present in
the previous initial segment.

4 The final iteration

We now define the forcing which will give the final model. The definition
is the local M1-analogue of the last iteration in the Π1

3-uniformization and
∆1

3-well-order construction. The iteration uses the stabilized class of 8-
allowable local hybrid presentations from Definition 3.20. The bookkeeping
places ordinary Cohen stages cofinally often and, for every finite tuple of
real names, places the corresponding relative Random, measure-amoeba, and
category-amoeba stages cofinally often over the associated base. The bases
used in the M1-case are precisely the finite-real-parameter models

LrT2, a0, . . . , ak´1s

whose real parameters are read on countable admissible supports. In partic-
ular, the one-parameter bases LrT2, as are included. The stages over these
bases yield the covering statement used with the Martin–Solovay tree T2 in
Hjorth’s proof of Lebesgue measurability and the Baire property.

Throughout this section, ω2 denotes the ordinal ωM1
2 , equivalently the

same ω2 in the preliminary branch extension W . We fix, in M1, a bookkeep-
ing function

F : ω2 ÝÑ HM1
ω2
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with the following properties. The values of F are decoded relative to the
current associated hybrid forcing. There is a cofinal subset of ω2 on which F
is the ordinary Cohen tag. Moreover, whenever finitely many real names over
a countable admissible support determine a regularity stage with canonical
admissibility witness

pArb, 9Wrb, B
0
rb,

9Brbq,

where
9Wrb “ LrT2, 9a0, . . . , 9ak´1s,

each of the corresponding finite-real-parameter tags

pRand; 9aÒ
0, . . . , 9aÒ

k´1q, pAmN ; 9aÒ
0, . . . , 9aÒ

k´1q, pAmM; 9aÒ
0, . . . , 9aÒ

k´1q

appears cofinally often after the stage at which the tuple becomes meaning-
ful. Thus the regularity bookkeeping ranges over the allowed bases of the
form LrT2, a⃗s, not over unspecified named models. The forcing at such a
stage is the one computed in the lifted base generated by the displayed real
names. The witness records the support on which the real parameters 9ai
are read, the countable branch-product support B0

rb of the W -parameters
occurring in those names, and the branch footprint 9Brb. Finally, whenever
an M1-description becomes meaningful over some initial segment as one of
the following objects,

pWO, 9z0, 9z1q, pUF, 9x, 9y, 9mq,

where the displayed symbols are names for reals, and 9m is a name for a
natural number, that code appears cofinally often after the stage at which
it becomes meaningful. We use disjoint recursive real codings for the two
kinds of coding actions and write

xWO, z0, z1y, xUF, x, y,my

for the corresponding tagged reals. Thus the well-order coding and the uni-
formization coding are syntactically disjoint.

Definition 4.1 (The main iteration). We define, in W , an increasing se-
quence

xpRβ, 9Iβq | β ď ω2y

of local hybrid presentations in W and auxiliary names. The subscript β
denotes the outer bookkeeping stage. In the second uniformization case below,
the extension appended at the stage is required to be a countable local hybrid
tail over the current presentation. Thus each successor step adds either one
hybrid coordinate or a countable block of hybrid coordinates. Since ω2 is
regular, every Rβ is again a single local hybrid presentation of length at
most ω2.
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Set R0 to be the trivial post-branch presentation, so that

P0 “ 1,

and the corresponding full forcing over M1 is simply Br. Let 9I0 be the canon-
ical name for the empty set. At a limit stage λ ď ω2, let Rλ be the mixed-
support direct limit of the earlier presentations, with countable support on
reservoir coordinates and finite support on the c.c.c. real-adding coordinates,
and let 9Iλ be the canonical name for the union of the earlier interpreted aux-
iliary names.

Assume that β ă ω2 and that pRβ, 9Iβq has been constructed. Let Pβ be
the post-branch forcing associated with Rβ. The next step is chosen by the
following cases.

Relative regularity and Cohen stages. In these cases the hybrid succes-
sor step first adds a fresh reservoir coordinate. Thus choose a fresh copy Cβ

of CM1, let 9gβ be its generic, and put

pPβ`1 “ Pβ ˆ Cβ.

If F pβq is one of the relative regularity tags

pRand; 9aβ0 , . . . , 9aβkβ´1q, pAmN ; 9aβ0 , . . . , 9aβkβ´1q, pAmM; 9aβ0 , . . . , 9aβkβ´1q,

and this stage has a canonical admissibility witness in the sense of Defini-
tion 3.6, let

pAreg
β , 9W reg

β , B0,reg
β , 9Breg

β q

be that witness. Let 9W reg,`
β be the corresponding pPβ`1-name for the lifted

base. Thus
9W reg,`
β “ LrT2, p 9aβ,reg0 qÒ, . . . , p 9aβ,regkβ´1q

Òs

for the least tuple of names reading the displayed real parameters. Let 9Qβ be
the member of the following list corresponding to the tag:

9B
9W reg,`
β

rand , 9A
9W reg,`
β

N , 9A
9W reg,`
β

M .

Then
Pβ`1 “

pPβ`1 ˚
9Qβ.

If the displayed regularity tag has no admissibility witness, the second-step
forcing is trivial and we set

Pβ`1 “
pPβ`1.

If F pβq is the ordinary Cohen tag, the second-step forcing is ordinary Cohen
forcing on ω:

Pβ`1 “
pPβ`1 ˚

9Cω.
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In all these cases 9Iβ is lifted canonically. Ordinary Cohen forcing is dis-
tinct from the M1-Cohen reservoir coordinate attached at the beginning of
the hybrid successor step.

Well-order stages. Suppose that F pβq decodes to

pWO, 9z0, 9z1q,

where 9z0 and 9z1 are Pβ-names for reals. Let pai, σiq be the canonical localized
presentation of 9zi, for i ă 2. As in every hybrid successor step, this case uses
the fresh reservoir coordinate attached at the beginning of the stage. If the
two canonical localized presentations are equal, the second-step forcing over
that reservoir coordinate is trivial and the auxiliary name is lifted. Otherwise
compare them by ăM1. If

pa0, σ0q ăM1 pa1, σ1q,

use the second-step coding forcing for

CodepxWO, 9z0, 9z1yq.

If
pa1, σ1q ăM1 pa0, σ0q,

use the second-step coding forcing for

CodepxWO, 9z1, 9z0yq.

In either nontrivial case this means, as in Definition 3.8, that the nontrivial
second step over the reservoir coordinate already attached at this stage is the
Jensen–Solovay almost-disjoint coding of the corresponding reshaped David
code into a real. The auxiliary name is lifted unchanged.

Uniformization stages. Suppose that F pβq decodes to

pUF, 9x, 9y, 9mq,

where 9x and 9y are Pβ-names for reals and 9m is a Pβ-name for a natural
number. Let

Lβ “ supplocpp 9x, 9mq,Pβq.

We apply the stabilized α˚-test from Definition 3.20. Thus we ask whether
there are an ordinal ζ ă α˚ and a PLβ

-name 9y0 for a real such that, after
canonically lifting 9y0 to a Pβ-name,

Pβ , p 9x, 9yÒβ
0 q P A 9m,

and no relative ζ-allowable extension in W can force this pair out of the
relevant section. Explicitly, for every

pS, 9Jq Źζ pRβ, 9Iβq
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in W , write PS for the terminal post-branch forcing associated with S. If the
displayed names are lifted to PS , then

Pβ , “there is no condition in PS{ 9Gβ forcing p 9xÒS , 9yÒS
0 q R A 9mÒS .”

If such witnesses exist, choose the least possible ζ and then the ăM1-least
localized presentation of a witnessing 9y0.

In this first case, 9y0 is put into the tentative uniformizing set with rank
ζ. We do not code 9y0 itself. Instead choose the ăM1-least usable real name
9u such that

Pβ , 9u ‰ 9yÒβ
0

and such that the tagged name

xUF, 9x, 9u, 9my

has not already been intentionally coded at an earlier uniformization stage.
If the bookkeeping guess 9y is already forced to be different from 9yÒβ

0 and has
not yet been so coded, we take 9u “ 9y. Now perform

CodepxUF, 9x, 9u, 9myq.

The new auxiliary name is the canonical Pβ`1-name forced to be

9I
9Gβ

β Y tp 9x
9Gβ , p 9yÒβ

0 q
9Gβ , 9m

9Gβ , ζ̌qu.

If the stabilized test fails, we use the other side of the 8-allowable di-
chotomy. Choose the ăM1-least description of a countable relative α˚-allowable
local hybrid tail

pS, 9Jq Źα˚ pRβ, 9Iβq

together with a quotient condition witnessing that the current bookkeeping
candidate can be forced out of the section. Writing PS for the terminal post-
branch forcing associated with S, after restricting the quotient below that
condition we have

PS{ 9Gβ , p 9xÒS , 9yÒSq R A 9mÒS .

The preceding countable-tail observation ensures that such a countable wit-
ness exists whenever any relative allowable tail can kill the candidate. We
replace S by this canonical restricted countable tail and set

pRβ`1, 9Iβ`1q “ pS, 9Jq.

Thus the stage does not merely remember that some condition could kill the
candidate; the appended countable quotient itself forces the negation.

If the value of F pβq is not meaningful over the current initial segment,
the hybrid successor step still attaches its fresh reservoir coordinate, but the
second-step forcing is trivial and 9Iβ is lifted canonically.
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Let
P˚ “ Pω2 ,

9I˚ “ 9Iω2 .

If G˚ Ď P˚ is W -generic, we write

W ˚ “W rG˚s, I˚ “ p 9I˚qG
˚

.

Lemma 4.2 (The final presentation is 8-allowable). The pair pRω2 ,
9Iω2q be-

longs to W and is 8-allowable. More precisely, there is an M1-bookkeeping
function F ˚ such that every initial segment of the final presentation is α˚-
allowable relative to F ˚. In addition, ordinary Cohen forcing occurs co-
finally often. If a finite-real-parameter regularity stage becomes meaningful,
with canonical support witness pArb, 9Wrb, B

0
rb,

9Brbq, then the relative Random
forcing, measure-amoeba forcing, and category-amoeba forcing computed in
9Wrb occur cofinally often in the final presentation.

Proof. We argue by induction on the construction stages. At stage 0, the
presentation is the trivial post-branch presentation, which is allowable by
Lemma 3.9. At limit stages, the construction takes the countable-support
direct limit of the earlier presentations. This is allowed by the limit clause
in the derivative hierarchy defining α-allowability.

Consider a successor stage. The relative regularity cases, the ordinary
Cohen case, and the well-order case are instances of the successor clauses in
the local allowable recursion. In each of these cases the construction first
adds the freshM1-Cohen reservoir coordinate and then performs the specified
second step, or the trivial second step if the relevant bookkeeping value is
not meaningful. Therefore the resulting presentation remains α˚-allowable
over the preceding initial segment.

The first uniformization case is the stabilized successor clause from Def-
inition 3.20. The chosen tentative value is added to the auxiliary name with
its rank, and the construction intentionally codes only a competing reserved
tag. Thus the new presentation is again α˚-allowable over the preceding
initial segment.

It remains to check the second uniformization case. In this case the
construction starts with a relative α˚-allowable continuation

pS, 9Jq Źα˚ pRβ, 9Iβq,

a quotient condition q P PS{ 9Gβ , where PS is the terminal post-branch forcing
associated with S, and a name 9r such that

q , θp 9r, 9xÒS , 9yÒS , 9mÒSq.

By the local-support convention for hybrid presentations, the condition q,
the name 9r, the lifted names

9xÒS , 9yÒS , 9mÒS ,
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and the data needed to interpret these objects are contained in a countable
localized subpresentation of pS, 9Jq over pRβ, 9Iβq. The construction chooses
the ăM1-least such support and restricts the corresponding presentation be-
low the witnessing condition q. The resulting presentation

pSB, 9JBq Źα˚ pRβ, 9Iβq

is still relative α˚-allowable, because the derivative clauses are closed under
passing to localized subpresentations and under restricting below a condition.
Moreover its quotient forces

p 9xÒSB
, 9yÒSB

q R A
9mÒSB .

Thus the second uniformization case also preserves α˚-allowability.
It remains to record the bookkeeping. Whenever the construction ap-

pends a countable presentation in the second uniformization case, we use
the bookkeeping function witnessing that chosen presentation on the newly
added coordinates. On the coordinates coming from the original stages we
use the original bookkeeping function F . Since ω2 is regular, the concatena-
tion of ω2-many countable presentations has length at most ω2, and hence
can be indexed by ω2 in the order in which it is built. This gives a single
M1-bookkeeping function F ˚ for the final presentation.

The cofinality requirements are inherited from F . The original bookkeep-
ing function places ordinary Cohen tags cofinally often. Once a finite tuple
of real names becomes meaningful as an admissibly based regularity stage,
with witness pArb, 9Wrb, B

0
rb,

9Brbq, F places the three corresponding finite-
real-parameter tags cofinally often, using the Random, measure-amoeba,
and category-amoeba forcings computed in the lifted base generated by that
witness. Adding countably many coordinates at individual stages does not
destroy cofinality in the final indexing of length ω2. Therefore the final
presentation has all the required cofinal regularity and Cohen stages, and
every initial segment is α˚-allowable relative to F ˚. Hence pRω2 ,

9Iω2q is
8-allowable.

The next step will be to prove the final dichotomy. For each m and x,
either I˚ contains a tentative value px, y,m, ξq of least rank, in which case
Lemma 3.19 keeps px, yq in Am through all further 8-allowable tails, or else
the second uniformization case is applied cofinally often to every candidate
name for a value in the x-section and the final model forces that section of
Am to be empty.

Before proving the dichotomy we isolate the exactness property of the
reserved tags used below.

Lemma 4.3 (Exactness for reserved tags). Let

w “ xUF, x, y,my or w “ xWO, z0, z1y
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be a real of one of the reserved tagged forms in W ˚. If

W ˚ |ù Φpwq,

then this instance of Φpwq was introduced by an intentional coding step of
the construction. More precisely, a code for a real of the form xUF, x, y,my
is introduced only by a uniformization coding step, and a code for a real of
the form xWO, z0, z1y is introduced only by a well-order coding step.

Proof. Fix a real r PW ˚ witnessing Φpwq. Thus Ψpr, wq holds in W ˚, where
Ψ is the predicate used in the definition of Φ. By the local-support property
of the hybrid presentations, the real w, the witness r, and the data needed to
verify Ψpr, wq are read in a countable localized subpresentation of the final
construction over W . Closing this support under the local data used by the
relevant names gives a 0-allowable local hybrid presentation RA over W and
a generic filter GA such that

r, w PW rGAs and W rGAs |ù Ψpr, wq.

Hence
W rGAs |ù Φpwq.

Apply Lemma 3.12 to this localized presentation. There is an explicit
coding coordinate η of RA and a name 9uη such that

w “ p 9uηq
GA .

Thus every occurrence of Φpwq for a reserved tag is produced by an explicit
coding coordinate of the actual local presentation which reads the witness.

It remains only to identify which coding coordinates may write reserved
tags. The construction uses the tags UF and WO only for the reserved
uniformization and well-order decisions. Direct coding clauses do not use
reals whose outer tag is UF or WO. The same convention is part of ev-
ery countable localized presentation appended in the second uniformization
case. Therefore an explicit coding coordinate which writes a real of the form
xWO, z0, z1y must be a well-order coding step, and an explicit coding coordi-
nate which writes a real of the form xUF, x, y,my must be a uniformization
coding step.

This proves the claimed exactness of the reserved tags.

Lemma 4.4 (Final dichotomy for the uniformization stages). In W ˚, for
every real x P 2ω and every m P ω, exactly one of the following alternatives
holds.

1. There are a real y and an ordinal ξ ă α˚ such that

px, y,m, ξq P I˚.
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In this case there is a unique real y0 such that

W ˚ |ù px, y0q P Am and ␣ΦpxUF, x, y0,myq.

Moreover, if y ‰ y0 and px, yq P Am, then

W ˚ |ù ΦpxUF, x, y,myq.

2. For every real y and every ordinal ξ ă α˚,

px, y,m, ξq R I˚.

In this case
W ˚ |ù Am,x “ H.

Here xUF, x, y,my denotes the fixed recursive real coding of the tagged quadru-
ple used at the uniformization coding stages.

Proof. The two alternatives are mutually exclusive and exhaustive by their
first displayed clauses. We prove the corresponding conclusions.

Assume first that

Xx,m “ tpy, ξq | ξ ă α˚ and px, y,m, ξq P I˚u

is nonempty. Let ξ0 be the least ordinal such that py, ξ0q P Xx,m for some y.
Among all names whose interpretation gives such a tuple of rank ξ0, choose
the one with ăM1-least localized presentation. Let its value be y0, and let
β0 ă ω2 be the first stage at which the corresponding tuple

px, y0,m, ξ0q

is inserted into the auxiliary name. By Lemma 3.19, applied to the tail of
the final 8-allowable presentation after β0,

W ˚ |ù px, y0q P Am. (1)

We show that ΦpxUF, x, y0,myq fails in W ˚. Suppose otherwise. By
Lemma 4.3, there is an intentional uniformization coding stage η ă ω2 which
codes

w0 “ xUF, x, y0,my.

Choose η least with this property.
First suppose that η ě β0. At every stage η1 ě β0, the lift of the name

for y0 is still a rank ξ0 tentative value, by Lemma 3.19. If the construction
at η selected some value different from y0, then that value would have either
smaller rank than ξ0, or rank ξ0 and a strictly earlier localized presentation.
Its tuple would belong to I˚, contradicting the choice of pξ0, y0q. Hence y0
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is the selected value at η. The first uniformization clause never codes the
selected value itself, so w0 is not coded at η, a contradiction.

Now suppose that η ă β0. If w0 is coded at η by the second uniformiza-
tion case, then there are a relative ξ0-allowable continuation pS, 9Jq over
pRη, 9Iηq, a quotient condition q, and a name 9r, all contained in the count-
able localized subpresentation chosen at stage η, such that, writing PS for
the terminal post-branch forcing associated with S,

q ,PS{ 9Gη
θp 9r, 9xÒS , 9yÒS

0 , m̌q,

where pu, vq R Am is written as Dr θpr, u, v,mq with θ P Π1
3. By Lemma 3.18

and Lemma 3.17, composing this continuation with the actual interval from
η to β0 gives a relative ξ0-allowable continuation over pRβ0 ,

9Iβ0q which forces
the lift of p 9x, 9y0q out of Am. This contradicts the fact that y0 is inserted at
stage β0 as a rank ξ0 tentative value.

Thus stage η used the first uniformization case. It selected some value yη
and coded y0 as a different candidate. If a relative ξ0-allowable continuation
over pRη, 9Iηq forced the lift of p 9x, 9y0q out of Am, then the same composition
argument would contradict the insertion of px, y0,m, ξ0q at β0. Hence y0
was already eligible at η as a rank ξ0 tentative value. Since the construction
chooses first the least rank and then the ăM1-least localized presentation, the
selected value yη has rank below ξ0, or has rank ξ0 with an earlier localized
presentation. Then the tuple for yη belongs to I˚, again contradicting the
choice of pξ0, y0q. Therefore

W ˚ |ù ␣ΦpxUF, x, y0,myq. (2)

Let now y ‰ y0 and suppose that W ˚ |ù px, yq P Am. Choose localized
names 9x, 9y, 9y0 and, by the usual mixing below a condition in G˚, arrange
that

1 , 9y ‰ 9y0, 9xG
˚

“ x, 9yG
˚

“ y, 9yG
˚

0 “ y0.

By bookkeeping, there is a stage γ ą β0 with

F pγq “ pUF, 9x, 9y, m̌q

after these names are available. At stage γ, the lift of y0 is the selected
tentative value by the preceding minimality argument. If xUF, x, y,my has
not already been coded, the first uniformization case codes

xUF, 9x, 9y, m̌y,

since 1 , 9y ‰ 9y0. Hence, in all cases,

W ˚ |ù ΦpxUF, x, y,myq. (3)

Equations p1q–p3q prove the first alternative.
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Assume now that
Xx,m “ H. (4)

Suppose toward a contradiction that W ˚ |ù px, yq P Am. Choose localized
names 9x, 9y for x, y, and choose a later stage γ ă ω2 such that

F pγq “ pUF, 9x, 9y, m̌q.

The first uniformization case cannot occur at γ, since it would add some
tuple px, y1,m, ξq with ξ ă α˚ to I˚, contradicting p4q. Therefore the second
uniformization case is used. Thus the construction appends a countable
localized relative α˚-allowable presentation, restricted below a witnessing
quotient condition q, and a name 9r such that

q , θp 9r, 9xÒ, 9yÒ, m̌q, (5)

where again pu, vq R Am is written as Dr θpr, u, v,mq with θ P Π1
3.

The presentation added at γ is an initial segment of the final presentation,
and the remaining quotient is an allowable local hybrid tail. By the T2-
absoluteness used for allowable tails, the Π1

3-statement in p5q remains true
in the final extension for the same witness r “ 9rG

˚ . Hence

W ˚ |ù px, yq R Am,

contradicting the choice of y. Therefore Am,x “ H in W ˚, as required.

Corollary 4.5 (The final Π1
4-uniformizing relation). In W ˚, the Π1

4-uniformization
property holds for the relations in the fixed universal list. More precisely, for
each m ă ω define

Umpx, yq ðñ px, yq P Am ^ ␣ΦpxUF, x, y,myq.

Then Um is a Π1
4 relation. Moreover, for every real x, if the x-section of

Am is nonempty, then there is exactly one real y such that Umpx, yq. Conse-
quently W ˚ satisfies the lightface Π1

4-uniformization property. By the usual
relativization, it also satisfies the boldface Π1

4-uniformization property.

Proof. Fix m ă ω and a real x P W ˚. If the x-section of Am is empty, then
no real y satisfies Umpx, yq, by definition. Suppose therefore that Am,x ‰ H.
The second alternative of Lemma 4.4 is then impossible. Hence the first
alternative holds, and the lemma gives a real y0 such that

W ˚ |ù px, y0q P Am and W ˚ |ù ␣ΦpxUF, x, y0,myq.

Thus Umpx, y0q holds.
The same lemma also gives uniqueness. Namely, if y ‰ y0 and px, yq P

Am, then
W ˚ |ù ΦpxUF, x, y,myq,
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so Umpx, yq fails. If px, yq R Am, then Umpx, yq fails already by its first
conjunct. Therefore y0 is the unique value selected by Um on the x-section
of Am.

It remains to record the projective complexity. By the choice of the
universal list, px, yq P Am is Π1

4. The local coding predicate Φpwq was
defined in the coding section as a Σ1

4 predicate. Therefore

␣ΦpxUF, x, y,myq

is Π1
4. Since the class Π1

4 is closed under finite conjunctions, Umpx, yq is Π1
4.

For the boldface conclusion, let Apx, yq be Π1
4paq. Using the fixed recur-

sive pairing of reals, regard this as a lightface Π1
4 relation in the pair pa, xq

and the value y, say as a section of some member of the universal list. Apply-
ing the preceding lightface uniformization to the relation on ppa, xq, yq and
then fixing the parameter a gives a Π1

4paq uniformizing relation for A.

Lemma 4.6 (The final ∆1
4-well-order). In W ˚ the reals admit a ∆1

4-definable
well-order.

Proof. We first describe the underlying order independently of the projective
definition. If z P W ˚ is a real, let πpzq be the ăM1-least localized presen-
tation, in the final hybrid presentation, of a name whose interpretation is
z. Such a presentation exists because every real in the final mixed-support
hybrid iteration has a bounded local support. If z0 ‰ z1, then πpz0q ‰ πpz1q,
since the same localized name has only one interpretation in the fixed generic
extension. Hence

z0 Ÿ z1 ðñ z0 ‰ z1 and πpz0q ăM1 πpz1q

defines a well-order of the reals in W ˚. It is the order induced by the fixed
ăM1-well-order of the canonical localized presentations.

We claim that, for distinct reals z0, z1 PW ˚,

z0 Ÿ z1 ðñ W ˚ |ù ΦpxWO, z0, z1yq.

Assume first that z0Ÿz1. Choose localized names 9z0, 9z1 whose final canonical
localized presentations are πpz0q and πpz1q. The supports of these presenta-
tions are bounded in ω2, so there is an initial segment Pβ over which these
names are already available. By the bookkeeping property of F , there is a
later stage γ ą β at which

F pγq “ pWO, 9z0, 9z1q.

At stage γ the well-order clause compares the same canonical localized pre-
sentations. The localization convention and the product/tail lemmas ensure
that passing to the larger initial segment, or later appending a countable
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local tail, does not change the ăM1-comparison of these presentations. Since
πpz0q ăM1 πpz1q, the stage explicitly codes

xWO, 9z0, 9z1y.

After interpreting by G˚, Lemma 3.9 yields

W ˚ |ù ΦpxWO, z0, z1yq.

Conversely suppose that z0 ‰ z1 and

W ˚ |ù ΦpxWO, z0, z1yq.

By Lemma 4.3, this code was introduced at an intentional well-order coding
stage of the final presentation. Thus, at some stage, the construction decoded
a well-order tag, compared the canonical localized presentations of two names
whose interpretations are z0 and z1, and coded the ordered tag with the
smaller presentation placed first. Again the localization and product/tail
conventions imply that this comparison agrees with the comparison of the
final canonical presentations πpz0q and πpz1q. Therefore πpz0q ăM1 πpz1q,
and hence z0 Ÿ z1. This proves the claim.

Now define, in W ˚,

z0 ă∆ z1 ðñ z0 ‰ z1 ^ ΦpxWO, z0, z1yq.

By the claim, ă∆ is exactly Ÿ, and hence is a well-order of the reals.
It remains to record the projective complexity. Since Φ is the local Σ1

4-
coding predicate, the displayed definition of ă∆ is Σ1

4. The claim also gives,
for distinct reals z0, z1, that exactly one of

ΦpxWO, z0, z1yq, ΦpxWO, z1, z0yq

holds. Hence, in W ˚, the same relation is equivalently defined by

z0 ă∆ z1 ðñ z0 ‰ z1 ^ ␣ΦpxWO, z1, z0yq.

This second definition is Π1
4. Thus ă∆ is both Σ1

4 and Π1
4, and consequently

is a ∆1
4-definable well-order of the reals.

Lemma 4.7 (Localized covering over LrT2, as). Let a P W ˚ be a real and
put

Na “ LrT2, as.

Then there is a Borel null set ZN
a PW ˚ such that

ď

tB | B is a Borel null set coded in Nau Ď ZN
a .
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There is also a Borel meager set ZM
a PW ˚ such that

ď

tB | B is a Borel meager set coded in Nau Ď ZM
a .

Consequently

Ra “ tz P ω
ω : z is not Random-generic over Nau

is null, and

Ca “ tz P ω
ω : z is not Cohen-generic over Nau

is meager.

Proof. Fix a PW ˚. By Lemma 3.10, choose a countable admissible support
A Ď ω2 and a PA-name σ such that

σGA “ a,

where GA “ G˚ X PA. Since ω2 is regular, choose β ă ω2 with A Ď β. Let

9a “ pσqÒβ

and let 9N be the Pβ-name for LrT2, 9as. Then the corresponding regularity
tags for 9N are admissibly based. Indeed, this is the one-parameter instance
of Definition 3.6: take

Arb “ A, k “ 1, 9a0 “ σ, 9Wrb “ LrT2, σs.

No further presentation data are needed. The set B0
rb is the countable union

of the branch-product supports of the W -parameters occurring in the name
σ, and 9Brb is the corresponding branch footprint generated by B0

rb and by
the explicit coding coordinates in A. Thus the bookkeeping for admissible
bases applies to 9N , and it must eventually schedule the relative measure-
and category-amoeba stages over this base.

By the final bookkeeping, at some stage λN ą β the tag

pAmN , 9NÒλN q

is used. At this stage the forcing is

ANa
N ,

computed in the interpreted base Na “ LrT2, as. Let ZN
a be the Borel null

set added by this amoeba forcing. By the definition of amoeba forcing for
the null ideal,

B Ď ZN
a
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for every Borel null set B coded in Na. Later forcing preserves the Borel
code for ZN

a and the statement that it is null. Hence the first displayed
inclusion holds in W ˚.

The meager case is identical. The bookkeeping later uses the tag

pAmM, 9NÒλMq

for some λM ą β. The forcing ANa
M adds a Borel meager set ZM

a covering
every Borel meager set coded in Na, and this covering relation remains true
in the final extension.

Finally, a real is not Random-generic over Na iff it belongs to some Borel
null set coded in Na. Hence

Ra Ď ZN
a ,

so Ra is null. Similarly, a real is not Cohen-generic over Na iff it belongs to
some Borel meager set coded in Na. Hence

Ca Ď ZM
a ,

so Ca is meager.

Lemma 4.8 (Hjorth–Solovay regularity in the final model). In W ˚, every
boldface Σ1

3 set of reals is Lebesgue measurable and has the Baire property.

Proof. We give the argument in the form in which it is used in Hjorth’s
proof of Corollary 2.4 of [3], with the use of Martin’s Axiom replaced by
Lemma 4.7. Let a PW ˚ be a real parameter and put

Na “ LrT2, as.

Here T2 is the Martin–Solovay tree fixed in the preliminaries. By Lemma 4.7,
almost every real in W ˚ is Random over Na, and comeagerly many reals in
W ˚ are Cohen over Na.

Let A Ď ωω be Σ1
3paq, say

A “ tz :W ˚ |ù φpz, aqu,

where φpv, aq is a Σ1
3paq formula. We prove first that A is Lebesgue measur-

able. Work in Na with the Random algebra BNa
rand and let 9r be its canonical

name for the Random real. The Boolean value

}φp 9r, aq}BNa
rand

is represented by a Borel set B Ď ωω, coded in Na, modulo null sets. If z is
Random over Na, then the forcing theorem for BNa

rand gives

z P B ðñ Narzs |ù φpz, aq.
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The Martin–Solovay tree T2, together with its absolute complement from
Corollary 2.28, gives the required Σ1

3 generic absoluteness through all forcing
extensions used here. Hence, for every z Random over Na,

Narzs |ù φpz, aq ðñ W ˚ |ù φpz, aq.

Thus A and B can differ only on Ra, the set of reals which are not Random
over Na. By Lemma 4.7, Ra is null. Therefore A△B is null, and A is
Lebesgue measurable.

The proof of the Baire property is the category analogue. Work in Na

with ordinary Cohen forcing CNa and let 9c be its canonical Cohen real. The
Boolean value

}φp 9c, aq}CNa

is represented, modulo meager sets, by a Borel set C Ď ωω coded in Na. If
z is Cohen over Na, then the forcing theorem gives

z P C ðñ Narzs |ù φpz, aq.

The same T2-absoluteness yields

Narzs |ù φpz, aq ðñ W ˚ |ù φpz, aq

for every such Cohen real z. Hence A△C Ď Ca, where Ca is the meager set
of reals which are not Cohen over Na. Therefore A differs from the Borel set
C by a meager set, and A has the Baire property.

Since the parameter a was arbitrary, the conclusion holds for all boldface
Σ1

3 sets of reals in W ˚.

4.1 Σ1
3-uniformization in small M1-generic extensions

It remains to record the lower-level Σ-uniformization conclusion. Unlike the
Π1

4-uniformization theorem, this part does not use the coding predicate Φ.
It follows from the relativized Steel capture analysis of M1psq.

What is used is the standard Steel analysis of M1 and of its relativiza-
tions. We only need this analysis for the small generic extensions which
occur in the construction. Thus, throughout this subsection, a small generic
extension of M1 means an extension M1rGs by a set forcing whose size in
M1 is below the Woodin cardinal of M1 and to which the canonical iteration
strategy of M1 lifts. All intermediate models used in the construction, and
in particular the final model W ˚, are of this form.

For a real s in such an extension, let M1psq denote the canonical proper
class mouse over s with one Woodin cardinal. The relevant mice exist and
are iterable by the lifted M1-strategy. The argument below uses a capture
theorem for this canonical mouse over s; it does not identify M1psq with the
forcing extension generated by s.
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Definition 4.9. A simple s-mouse is a sound, Π1
2-iterable s-premouse which

projects to ω and is an initial segment of the canonical construction of M1psq.

The assertion that a real c codes a sound simple s-mouse is a Π1
2ps, cq

condition. Any two such mice compare by initial segment. Hence the reals
of M1psq carry the usual good Σ1

3psq well-order ă1
s: first compare the least

simple s-mouse containing the real, and then use the canonical well-order of
that mouse.

We shall use the following standard form of Steel’s relativized capture
theorem at the first mouse level; see the projective definability and compar-
ison analysis of M1 in [13, 12].

Fact 4.10. Let N “ M1rGs be a small generic extension of M1, and let
s P RN .

1. If N satisfies a Σ1
3psq statement of the form

Du Dv θps, u, vq,

where θ is Π1
2, then there are such witnesses u, v PM1psq.

2. For reals from M1psq, Π1
2 truth is computed correctly by M1psq and is

preserved to N . Equivalently, if u, v PM1psq and θ is Π1
2, then

M1psq |ù θps, u, vq ðñ N |ù θps, u, vq.

3. The well-order ă1
s is good for Σ1

3 definitions. More explicitly, for every
Π1

2 formula θps, u, vq, the relation

Leastθps, uq

saying that u P M1psq and u is the ă1
s-least real for which there is a

v PM1psq with M1psq |ù θps, u, vq is uniformly Σ1
3psq.

For completeness, let us spell out why this is the right theorem to ap-
ply. The mouse M1psq is the canonical mouse over the parameter s. The
comparison theorem for Π1

2-iterable s-mice identifies its countable initial seg-
ments with the segments captured by the Π1

2 mouse condition. Therefore a
small generic extension of M1 cannot create a new Σ1

3psq witness without
some countable initial segment of M1psq already capturing the correspond-
ing branch. The same comparison analysis gives the Π1

2 correctness used in
item (2), and the usual definition of the well-order by least simple s-mouse
gives item (3).

Theorem 4.11. Every small generic extension of M1 satisfies boldface Σ1
3-

uniformization. In particular, W ˚ satisfies Σ1
3-uniformization.
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Proof. Let N “M1rGs be a small generic extension of M1. Work in N , and
let A Ď R2 be a boldface Σ1

3 relation. The same argument also works for
lightface Σ1

3-relations. Fix a real parameter a and a Π1
2 formula ψ such that

Apx, yq ðñ Dz ψpa, x, y, zq.

For each real x, put s “ a‘ x. Define A˚px, yq to hold iff

Leastθps, yq,

where θps, y, zq is the Π1
2 formula obtained from ψpa, x, y, zq after decoding

s “ a‘ x. By Fact 4.10(3), the relation A˚ is Σ1
3paq, hence boldface Σ1

3.
We verify that A˚ uniformizes A. If A˚px, yq holds, then by definition

there is some z PM1pa‘ xq such that

M1pa‘ xq |ù ψpa, x, y, zq.

By Fact 4.10(2), N |ù ψpa, x, y, zq. Hence Apx, yq holds.
The relation A˚ is single-valued because ă1

a‘x is a well-order and A˚px, yq
asserts that y is the ă1

a‘x-least real in M1pa‘xq for which a suitable z exists.
Finally suppose that the x-section of A is nonempty in N . Then

N |ù DyDz ψpa, x, y, zq.

By Fact 4.10(1), there are witnesses y, z P M1pa ‘ xq. Therefore the set
of ă1

a‘x-candidates is nonempty, so it has a least element. For this least
element y0, Fact 4.10(3) gives A˚px, y0q.

Thus A˚ is a boldface Σ1
3 uniformization of A in N . The final model W ˚

is a small generic extension of M1 by the forcings fixed in the construction,
so the final assertion follows.

Theorem 4.12 (The main theorem in the M1 case). Assume that M1 exists.
There is a forcing extension W ˚ such that

W ˚ |ù 2ℵ0 “ ℵ2,

every boldface Σ1
3 set of reals is Lebesgue measurable and has the Baire prop-

erty, the Σ1
3- and Π1

4-uniformization properties hold, and the reals admit a
∆1

4-definable well-order.

Proof. Let W ˚ “ W rG˚s be the final model obtained from Definition 4.1.
By Lemma 3.9 and Fact 4.2, the final forcing is a proper, ℵ2-c.c. hybrid
presentation of length ω2 “ ωM1

2 with iterands of size at most ℵ1. Since W
satisfies CH, the final forcing has size at most ω2. Hence W ˚ |ù 2ℵ0 ď ℵ2.
On the other hand, ordinary Cohen forcing occurs cofinally often in the final
presentation, and each such nontrivial coordinate adds a new real. Therefore
W ˚ has at least ω2 many reals. Thus W ˚ |ù 2ℵ0 “ ℵ2.
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Theorem 4.11 gives the boldface Σ1
3-uniformization property. Corol-

lary 4.5 gives the boldface Π1
4-uniformization property. Lemma 4.6 gives

a ∆1
4-definable well-order of the reals. Finally, Lemma 4.8 gives Lebesgue

measurability and the Baire property for all boldface Σ1
3 sets of reals. These

are exactly the asserted conclusions.

5 The uniform Mn-version

The preceding sections were written in full detail for the first nontrivial case,
namely for the construction over M1. We now record the uniform form of
the argument. The point of this section is not to introduce a new forcing
construction, but to make explicit the replacements which turn the M1-
argument into the general Mn-argument and to isolate the few places where
the shift in projective complexity is used.

Fix for the rest of this section a natural number n ě 1, and assume that
Mn exists. Let

κn “ pω2q
Mn .

We work over the canonical Mn-ground in exactly the same way as above.
Thus we let

S⃗n “ xSn
ξ | ξ ă ωMn

1 y

be the Mn-least independent sequence of Suslin trees obtained from the
canonical Mn-diamond sequence of Lemma 2.20, and we first pass to the
finite-support branch extension

Wn “Mnrxbξ | ξ ă ωMn
1 ys.

All subsequent forcing is a hybrid coding iteration over Wn. It uses the same
reservoir convention as the detailed M1-construction. Thus every successor
stage first attaches a fresh Mn-Cohen reservoir coordinate, added by the
Mn-computed countably closed forcing. The second-step forcing is then a
finite-support real-adding coordinate: a relative Random algebra, a relative
amoeba forcing for measure or category, ordinary Cohen forcing, a Jensen–
Solovay almost-disjoint coding forcing, or the trivial forcing. Random and
amoeba coordinates are understood in the relative sense: the stage is tagged
by an admissible base of the form LrTn`1, a⃗s, with finitely many real param-
eters read on a countable admissible support, and uses the forcing computed
in that base, not the corresponding forcing recomputed in the ambient uni-
verse. At an explicit coding coordinate, the fresh reservoir generic chooses
the coding area in S⃗n; the construction writes the relevant real into the as-
sociated ω-blocks of the Suslin sequence, reshapes in the sense of David, and
finally almost-disjointly codes the reshaped set by a real.

The following dictionary will be used throughout this section:

M1 ù Mn, T2 ù Tn`1,
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Σ1
3 ù Σ1

n`2, Π1
4 ù Π1

n`3, Φ ù Φn.

Here Tn`1 is the canonical weakly homogeneous tree fixed in Definition 2.26;
by Theorem 2.25 and Lemma 2.27, it represents the universal Σ1

n`2 set and
has the required small-generic absoluteness properties. In the Mn-version,
Definition 3.6 is read with M1 replaced by Mn and with T2 replaced by Tn`1.
Thus a relative regularity stage is generated by finitely many real names over
a countable admissible support, and its base has the form

LrTn`1, 9a0, . . . , 9ak´1s.

Definition 5.1 (The Mn-localized coding predicate). Let Φnprq be the pred-
icate obtained from the construction of Φ in Section 3 by replacing M1 by
Mn, the M1-least Suslin sequence by S⃗n, and the M1-local presentation order
by the Mn-local presentation order. Thus Φnprq asserts that r is decoded by a
correct Mn-localized coding witness: a lower-part Mn-mouse code, a bounded
localized presentation of the relevant hybrid forcing, a fresh Mn-Cohen coding
area, a David-reshaped set of ordinals, and a final Jensen–Solovay almost-
disjoint code.

For the two tags used in the final construction we reserve the forms

xWO, n, z0, z1y and xUF, n, x, y,my.

These tags are not used as direct coding tags except at the corresponding
well-order and uniformization stages.

Lemma 5.2 (Complexity and exactness of Φn). In the final Mn-construction,
Φn is a Σ1

n`3 predicate. Moreover, for the reserved tags the following exact-
ness statement holds. If

W ˚
n |ù ΦnpxWO, n, z0, z1yq,

then this code was introduced at an intentional well-order coding stage com-
paring the canonical localized presentations of z0 and z1. If

W ˚
n |ù ΦnpxUF, n, x, y,myq,

then this code was introduced at an intentional uniformization stage for the
triple px, y,mq. Conversely, every intentional coding of either of these re-
served tags gives the corresponding instance of Φn in the final model.

Proof. The complexity calculation is the uniform version of the calculation
for Φ in the M1 case. A witness to Φnprq is a real coding a countable
localized presentation together with the associated decoding data. The cor-
rectness of the lower-part mouse and of the localized Mn-initial segment is
expressed using the Πn-iterability analysis from Definition 2.11, Fact 2.12,
and Lemma 2.15. Steel’s definability theorem places the relevant verifica-
tion one projective level above the definition of the Mn-well-order, hence at
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level Σ1
n`3. The remaining clauses–that the displayed Suslin-tree pattern

is present, that the reshaping is correct, and that the almost-disjoint code
decodes the reshaped set–are arithmetic or projective of lower complexity
relative to that mouse witness. Thus the whole predicate is Σ1

n`3.
The exactness assertion is the Mn-version of Lemma 4.3. The proof of no

unwanted codes uses independence of the Suslin sequence, freshness of the
Mn-Cohen coding areas, and branch omission for selected coordinates. The
branch-footprint part is unchanged: the finitely many real names generating
a regularity base are read on countable admissible supports, and hence gen-
erate only countably many coding areas; the footprint records the selected
coordinates coming from those areas. Hence the proof of Lemma 3.12 applies
after replacing M1 by Mn. Since the two reserved tag forms are excluded
from direct coding and are used only by the well-order and uniformization
clauses, any final occurrence of Φn on such a tag is intentional, and every
intentional code is read by Φn.

Let
xAn

m | m P ωy

be a fixed universal enumeration of lightface Π1
n`3 subsets of pωωq2. Boldface

parameters are handled, as usual, by allowing the bookkeeping to range over
names for real parameters and by coding the parameter into the first coor-
dinate. Thus it is enough to define uniformizing relations for the displayed
universal family.

Definition 5.3 (Mn-ρ-allowability and Mn-8-allowability). The classes of
Mn-ρ-allowable and Mn-8-allowable hybrid presentations are obtained from
Definitions 3.8, 3.13, 3.14, 3.15, and 3.20 by making the following replace-
ments:

M1-localized presentation ù Mn-localized presentation,

T2 ù Tn`1, LrT2, 9a0, . . . , 9ak´1s ù LrTn`1, 9a0, . . . , 9ak´1s,

Φ ù Φn, Π1
4 ù Π1

n`3, Am ù An
m.

In particular, the regularity bases in the Mn-version are precisely the finite-
real-parameter models

LrTn`1, a0, . . . , ak´1s

whose real parameters are read on countable admissible supports. At a suc-
cessor uniformization stage for a triple p 9x, 9y, 9mq the construction asks the
same stabilized question as before: is there, locally and relative to the current
Mn-allowable presentation, a tentative value in the 9x-section of An

9m which
cannot be removed by the relevant future Mn-allowable tails? If yes, the
least such value, ordered by rank and by the Mn-canonical order of localized
presentations, is protected and all competing candidates are coded with their
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reserved UF-tags. If no, a countable relative Mn-ρ-allowable local hybrid tail
is chosen which forces the candidate out of the section.

Lemma 5.4 (Structural lemmas for Mn-allowability). The shrinking, tail,
product, and persistence lemmas for allowability hold for the Mn-allowable
hierarchy. More explicitly:

1. if a presentation is Mn-β-allowable and α ă β, then it is Mn-α-
allowable;

2. tails of Mn-ρ-allowable presentations are relative Mn-ρ-allowable; more-
over, any tail witnessing that a candidate can be forced out of an An

m-
section can be replaced by a countable local hybrid tail with the same
forcing property;

3. products of Mn-ρ-allowable presentations are again represented by Mn-
ρ-allowable presentations after the usual concatenation and renaming
of the hybrid supports;

4. tentative values remain in their Π1
n`3 sections through all later Mn-8-

allowable tails.

Proof. The first three assertions are formal consequences of the recursive
definition, exactly as in Lemmas 3.16, 3.17, and 3.18. The proof uses only
the fact that the class at a later derivative stage has more restrictions, that
the hybrid presentation can be factored into an initial part and a relative tail,
that relative regularity tags carry finitely many real parameters and branch
footprints under products, and that the fresh coding areas for a product can
be renamed to fresh coordinates. The countable-tail refinement in (2) is the
same local-support argument used in the M1 construction: choose a name
for the witness to the relevant Σ1

n`3 statement and restrict to the countable
complete subpresentation generated by that name, the condition, and the
parameters.

For (4), suppose a value has been declared tentative at a successor stage.
By definition, every relevant future Mn-ρ-allowable tail preserves its mem-
bership in the relevant Π1

n`3 section. The only possible loss of membership
would be witnessed by a Σ1

n`3 statement in a later extension. This statement
is represented, relative to the real parameters already present, by the canon-
ical tree Tn`1 and its Martin–Solovay absolute complement. Lemma 2.27
therefore gives the same small-generic absoluteness used in the T2 argument.
Hence the proof of Lemma 3.19 lifts with T2 replaced by Tn`1.

Definition 5.5 (The final Mn-iteration). Let

Fn : κn ÝÑ HMn
κn

be the Mn-least bookkeeping function with the following properties. It places
ordinary Cohen tags cofinally often. Moreover, whenever finitely many real

81



names over a countable admissible support determine a regularity stage with
canonical admissibility witness

pArb, 9Wrb, B
0
rb,

9Brbq,

where
9Wrb “ LrTn`1, 9a0, . . . , 9ak´1s,

the corresponding finite-real-parameter tags

pRand; 9aÒ
0, . . . , 9aÒ

k´1q, pAmN ; 9aÒ
0, . . . , 9aÒ

k´1q, pAmM; 9aÒ
0, . . . , 9aÒ

k´1q

appear cofinally often after that point. The forcing is computed in the lifted
base generated by the displayed real names, and the witness records the sup-
port on which the real parameters are read, the countable branch-product
support B0

rb of their Wn-parameters, and the branch footprint 9Brb. The book-
keeping also lists, cofinally often and in all possible localized presentations,
well-order tags

pWO, 9z0, 9z1q

and uniformization tags
pUF, 9x, 9y, 9mq.

We define by recursion a hybrid presentation

xpRn
β,

9Inβ q | β ď κny.

At every single-coordinate successor stage of this presentation we first attach
the fresh Mn-Cohen reservoir coordinate. At relative regularity stages the
second-step forcing is the Random or amoeba forcing computed in the lifted
base LrTn`1, a⃗s generated by the displayed finite tuple of real names, and at
Cohen stages the second-step forcing is the ordinary Cohen iterand. At well-
order stages we compare the final canonical localized presentations of the two
interpreted reals and, if they are distinct, use the second-step almost-disjoint
coding forcing to intentionally code exactly one of

xWO, n, z0, z1y, xWO, n, z1, z0y,

namely the tag with the smaller canonical presentation first. At uniformiza-
tion stages we apply the Mn-8-allowable successor rule from Definition 5.3.
Thus, if a tentative value is found, the least tentative value is protected and
the non-selected candidates are coded with their tags

xUF, n, x, y,my.

If no tentative value is found, we append the chosen countable relative Mn-
8-allowable local hybrid tail, restricted below the quotient condition which
forces the current candidate out of its An

m-section. At limits we take the
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mixed-support hybrid limit, with countable support on reservoir coordinates
and finite support on the c.c.c. real-adding coordinates. The final forcing is
denoted by

Pn
8 “ Pn

κn
,

and if Gn
8 is generic, we write

W ˚
n “WnrG

n
8s, I˚

n “ p
9Inκn
qG

n
8 .

Fact 5.6. The final presentation pRn
κn
, 9Inκn

q is Mn-8-allowable. Moreover
ordinary Cohen forcing occurs cofinally often. If a finite-real-parameter reg-
ularity stage becomes meaningful, with canonical support witness

pArb, 9Wrb, B
0
rb,

9Brbq,

then the relative Random forcing, measure-amoeba forcing, and category-
amoeba forcing computed in the lifted base generated by that witness occur
cofinally often in the final presentation.

Proof. This is the same countable-tail argument as in Fact 4.2. The book-
keeping function Fn supplies cofinally many ordinary Cohen coordinates,
cofinally many relative Random and amoeba coordinates for every finite-
real-parameter regularity stage once it becomes meaningful, and cofinally
many names for the well-order and uniformization tasks. At a relative regu-
larity stage the forcing is the one computed in the witnessed base LrTn`1, a⃗s.
The witness carries the support on which the finitely many real parameters
a⃗ are read, the countable branch-product support of the Wn-parameters oc-
curring in those names, and the branch footprint through later tails and
products. A second-case uniformization stage appends a countable relative
Mn-8-allowable local hybrid tail rather than a single coordinate. Since κn
is regular, inserting countable blocks at κn many stages still gives a presen-
tation of length at most κn, and the witnessing bookkeeping functions for
the countable tails can be concatenated with the original bookkeeping into
one global bookkeeping function. The Mn-allowability clauses are preserved
by this countable-tail construction.

Lemma 5.7 (The Mn final dichotomy). Let x P ωω, m P ω, and work in
W ˚

n . Exactly one of the following alternatives holds.

1. The final auxiliary object contains a tentative value for the pair px,mq.
In this case there is a rank-and-presentation least such value y0, and

px, y0q P A
n
m.

Moreover, for every y,

px, yq P An
m and y ‰ y0 ùñ ΦnpxUF, n, x, y,myq.

Also
␣ΦnpxUF, n, x, y0,myq.
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2. The final auxiliary object contains no tentative value for px,mq. In this
case

An
mpx, ¨q “ H.

Proof. The proof is the proof of Lemma 4.4, with the complexity shifted by
n´ 1. We indicate the points where something has to be checked.

Suppose first that a tentative value occurs. By Lemma 5.4(4), tentative
values remain in their Π1

n`3 sections through later Mn-8-allowable tails.
Let y0 be the least tentative value according to the fixed rank and Mn-
localized-presentation order. The bookkeeping revisits every later candidate
y in the same section. Whenever y ‰ y0 is still a member of the x-section,
the uniformization clause intentionally codes the tag xUF, n, x, y,my. By
Lemma 5.2, these intentional codes are exactly the final instances of Φn on
reserved UF-tags. The selected value y0 is never coded with its own UF-tag,
again by the exactness lemma. This gives the first alternative.

Now suppose that no tentative value occurs. Let y be any real in the final
model and choose a bounded localized name for y. By the cofinality of the
bookkeeping, some later uniformization stage considers the corresponding
triple px, y,mq. Since no tentative value is available, the construction uses the
second case and appends a countable relative Mn-8-allowable local hybrid
tail, restricted below a quotient condition forcing

px, yq R An
m.

The complement of An
m is Σ1

n`3. The witness to this Σ1
n`3 statement is

preserved through the remaining tail by the Tn`1 absoluteness supplied by
Lemma 2.27. Hence px, yq R An

m in W ˚
n . Since y was arbitrary, the section is

empty.

Corollary 5.8 (The Mn uniformizing relations). In W ˚
n , every Π1

n`3 set of
pairs of reals has a Π1

n`3 uniformization. More precisely, for each m P ω,
define

Un
mpx, yq ðñ px, yq P An

m ^ ␣ΦnpxUF, n, x, y,myq.

Then Un
m uniformizes An

m.

Proof. Since An
m is Π1

n`3 and Φn is Σ1
n`3, the displayed relation is Π1

n`3.
If the x-section of An

m is empty, then the x-section of Un
m is empty. If the

x-section of An
m is nonempty, Lemma 5.7 gives a unique value y0 in the

section whose UF-tag is not Φn-coded. Hence Un
mpx, yq holds exactly for

y “ y0. This is uniformization. The boldface version follows by the usual
coding of real parameters into the universal family and by the fact that the
bookkeeping ranges over names for those parameters.

Lemma 5.9 (The ∆1
n`3 well-order in the Mn extension). In W ˚

n , the reals
admit a ∆1

n`3-definable well-order.
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Proof. For a real z P W ˚
n , let πnpzq be the least canonical Mn-localized

presentation of a name whose interpretation is z, ordered by the fixed Mn-
well-order of localized presentations. Every real has such a presentation
because the final hybrid forcing has countable support and every real name
has bounded local support. Distinct reals have distinct least presentations.

Define the underlying order by

z0 Ÿn z1 ðñ z0 ‰ z1 and πnpz0q ăMn πnpz1q.

This is a well-order of the reals. The well-order stages of Definition 5.5
intentionally code

xWO, n, z0, z1y

exactly when z0 Ÿn z1. By Lemma 5.2, for distinct reals z0, z1,

z0 Ÿn z1 ðñ ΦnpxWO, n, z0, z1yq.

Thus
z0 ă∆,n z1 ðñ z0 ‰ z1 ^ ΦnpxWO, n, z0, z1yq

is a Σ1
n`3 definition of the well-order. Since exactly one of the two opposite

well-order tags is intentionally coded, the same relation is equivalently given
by

z0 ă∆,n z1 ðñ z0 ‰ z1 ^ ␣ΦnpxWO, n, z1, z0yq.

This is a Π1
n`3 definition. Hence the well-order is ∆1

n`3.

Lemma 5.10 (Localized covering over LrTn`1, as). Let a P W ˚
n be a real

and put
Nn

a “ LrTn`1, as.

Then there is a Borel null set ZN
n,a PW

˚
n such that

ď

tB | B is a Borel null set coded in Nn
a u Ď ZN

n,a.

There is also a Borel meager set ZM
n,a PW

˚
n such that

ď

tB | B is a Borel meager set coded in Nn
a u Ď ZM

n,a.

Consequently the set of reals which are not Random-generic over Nn
a is null,

and the set of reals which are not Cohen-generic over Nn
a is meager.

Proof. Fix a P W ˚
n . By the Mn-version of Lemma 3.10, choose a countable

admissible support A Ď κn and a PA-name σ such that

σGA “ a,

where GA “ Gn
8 X PA. Choose β ă κn with A Ď β. Let 9a “ σÒβ , and let 9N

be the Pβ-name for LrTn`1, 9as. Then the corresponding regularity tags for
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9N are admissibly based. This is the higher-level version of Definition 3.6,
with

Arb “ A, k “ 1, 9a0 “ σ, 9Wrb “ LrTn`1, σs.

The set B0
rb is the countable union of the branch-product supports of the

Wn-parameters occurring in σ, and 9Brb is the corresponding branch footprint
generated by B0

rb and by the explicit coding coordinates in A.
By the final bookkeeping, at some stage λN ą β the tag

pAmN , 9NÒλN q

is used. At this stage the forcing is

ANn
a

N ,

computed in the interpreted base Nn
a . Let ZN

n,a be the Borel null set added
by this amoeba forcing. By the definition of amoeba forcing for the null
ideal,

B Ď ZN
n,a

for every Borel null set B coded in Nn
a . Later forcing preserves the Borel

code for ZN
n,a and the statement that it is null. Hence the first displayed

inclusion holds in W ˚
n .

The meager case is the same. The bookkeeping later uses the tag

pAmM, 9NÒλMq

for some λM ą β. The forcing ANn
a

M adds a Borel meager set ZM
n,a covering

every Borel meager set coded in Nn
a , and this covering relation remains true

in the final extension.
Finally, a real is not Random-generic over Nn

a iff it belongs to a Borel
null set coded in Nn

a . Hence the non-Random reals over Nn
a are contained

in ZN
n,a. Similarly, the non-Cohen reals over Nn

a are contained in ZM
n,a. This

proves the lemma.

Lemma 5.11 (Hjorth–Solovay regularity in the Mn extension). In W ˚
n ,

every boldface Σ1
n`2 set of reals is Lebesgue measurable and has the Baire

property.

Proof. Let A Ď ωω be Σ1
n`2paq, where a P W ˚

n is a real parameter, and put
Nn

a “ LrTn`1, as. By Lemma 5.10, almost every real is Random over Nn
a

and comeagerly many reals are Cohen over Nn
a .

For Lebesgue measurability, work in Nn
a with the Random algebra BNn

a
rand

and let 9r be the canonical Random real. The Boolean value of the statement
“ 9r P A” is represented, modulo null sets, by a Borel set B coded in Nn

a . If z
is Random over Nn

a , the forcing theorem for BNn
a

rand gives

z P B ðñ Nn
a rzs |ù z P A.
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Since A is Σ1
n`2paq and Tn`1 is the canonical weakly homogeneous tree rep-

resenting the universal Σ1
n`2 set, Lemma 2.27 identifies this truth with the

truth of z P A in the final model. Therefore A△B is contained in the null set
of reals which are not Random over Nn

a . Hence A is Lebesgue measurable.
For the Baire property, the same argument is carried out in Nn

a with
Cohen forcing. The Boolean value of “ 9c P A” for the canonical Cohen real is
represented by a Borel set C coded in Nn

a , and for every Cohen real z over
Nn

a we have
z P C ðñ z P A

by the same Tn`1 absoluteness. Thus A△C is contained in the meager
set of reals which are not Cohen-generic over Nn

a . Hence A has the Baire
property.

5.1 Σ1
n`2-uniformization in small Mn-generic extensions

We shall argue for Σ1
n`2-uniformization now. Again, as in the case n “

1, this follows from a more general fact. Throughout this subsection, a
small generic extension of Mn means an extension MnrGs by a set forcing
in Mn of Mn-cardinality below the least Woodin cardinal, in the class of
forcing extensions considered here, so that the canonical Mn-strategy and
the relevant comparison arguments are preserved.

Proposition 5.12. Let N be such a small generic extension of Mn, and let
s P RN . Let Mnpsq be the canonical proper class s-mouse with n Woodin
cardinals. Then the following hold in N .

1. If
N |ù Du Dv θps, u, vq,

where θ is Π1
n`1, then there are witnesses u, v P RXMnpsq such that

Mnpsq |ù θps, u, vq.

2. For reals u, v PMnpsq, Π1
n`1 truth is computed correctly by Mnpsq and

is preserved to N . Thus, for every Π1
n`1 formula θ,

Mnpsq |ù θps, u, vq ðñ N |ù θps, u, vq.

3. The canonical mouse order ăn,s on RXMnpsq is a good Σ1
n`2psq well-

order. More explicitly, if θps, u, vq is Π1
n`1, then the relation

Leastnθ ps, uq

saying that u P Mnpsq and u is the ăn,s-least real for which there is a
v PMnpsq with Mnpsq |ù θps, u, vq is uniformly Σ1

n`2psq.
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Proof. This is the relativized Steel analysis of the canonical mice Mnpsq, in
the same form as Fact 4.10 for n “ 1. We recall the ingredients in order to
make clear that no new coding argument is being used here.

The projective description of the sound initial segments of Mnpsq is the
relativized version of the Πn-iterability analysis recalled in Section 2. In the
codes, the relevant s-premice are described by a Π1

n`1psq condition: they are
sound, project to ω, are n-small over the parameter s, and have the required
Πn-iterability. Steel comparison linearly orders these premice by initial seg-
ment and identifies the correctly iterable ones with the initial segments of
the canonical mouse Mnpsq.

The usual comparison-and-capture argument then gives the first two
clauses. If a small generic extension satisfies a Σ1

n`2psq assertion, write
it in the form DuDv θps, u, vq with θ Π1

n`1. The tree or mouse witnessing
this assertion is captured by a countable initial segment of Mnpsq; otherwise
comparison with the canonical construction would produce the same contra-
diction as in Steel’s proof of the projective correctness of Mnpsq. Conversely,
once the witnesses belong to Mnpsq, Π1

n`1 correctness follows from the same
comparison theorem and the preservation convention for the generic exten-
sions considered here.

Finally, define ăn,s by first taking the least sound initial segment of
Mnpsq containing the real in question, and then using the canonical well-
order of that premouse. Since membership in the relevant initial segment
class is Π1

n`1psq and comparison gives initial-segment linearity, initial seg-
ments of ăn,s are uniformly Σ1

n`2psq. Therefore least-witness assertions for
Π1

n`1 matrices are again Σ1
n`2psq.

Theorem 5.13. Every small generic extension of Mn satisfies boldface Σ1
n`2-

uniformization. In particular, W ˚
n satisfies Σ1

n`2-uniformization.

Proof. Let N be a small generic extension of Mn. Work in N , and let A Ď R2

be a boldface Σ1
n`2 relation. Choose a real parameter a and a Π1

n`1 formula
ψ such that

Apx, yq ðñ Dz ψpa, x, y, zq.

For each real x, put s “ a‘x, and let θps, y, zq be the Π1
n`1 formula obtained

from ψpa, x, y, zq after decoding s as a‘ x. Define Upx, yq to hold iff

Leastnθ pa‘ x, yq.

By Proposition 5.12(3), U is Σ1
n`2paq, hence boldface Σ1

n`2.
If Upx, yq holds, then for some z PMnpa‘ xq,

Mnpa‘ xq |ù ψpa, x, y, zq.

By Proposition 5.12(2), N |ù ψpa, x, y, zq, and therefore Apx, yq holds. Thus
U Ď A.
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The relation U is single-valued because ăn,a‘x is a well-order and Upx, yq
asserts that y is the least real in Mnpa‘ xq for which a suitable z exists.

Finally suppose that the x-section of A is nonempty in N . Then

N |ù DyDz ψpa, x, y, zq.

By Proposition 5.12(1), there are witnesses y, z PMnpa‘xq. Hence the set of
ăn,a‘x-candidates is nonempty, and it has a least element y0. By definition,
Upx, y0q holds. Thus U uniformizes A.

Theorem 5.14 (The main theorem, uniform form). Assume that Mn exists,
where 1 ď n ă ω. There is a forcing extension W ˚

n such that

W ˚
n |ù 2ℵ0 “ ℵ2,

every boldface Σ1
n`2 set of reals is Lebesgue measurable and has the Baire

property, the Σ1
n`2- and Π1

n`3-uniformization properties hold, and the reals
admit a ∆1

n`3-definable well-order.

Proof. Let W ˚
n be the final extension from Definition 5.5. The forcing has

length κn “ pω2q
Mn , preserves ω1, has the ℵ2-chain condition by the same

size and ∆-system argument used in Lemma 3.9, and every iterand has size
at most ℵ1 in the relevant intermediate model. Since the preparatory model
satisfies CH, the final forcing has size at most κn, so

W ˚
n |ù 2ℵ0 ď ℵ2.

Cofinally many ordinary Cohen coordinates add new reals, and hence W ˚
n

has at least κn many reals. Therefore

W ˚
n |ù 2ℵ0 “ ℵ2.

Theorem 5.13 gives Σ1
n`2-uniformization. Corollary 5.8 gives Π1

n`3-uniformization.
Lemma 5.9 gives a ∆1

n`3 well-order of the reals. Lemma 5.11 gives Lebesgue
measurability and the Baire property for all boldface Σ1

n`2 sets of reals. This
proves the theorem.
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